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Abstract: This study aims to employ novel numerical approaches for the constant-order conformable fractional derivative. By utilizing
the fractional power series theorem, two innovative numerical techniques have been devised: the constant-order conformable Euler
method and the constant-order conformable Runge Kutta 2-stage method. Furthermore, these techniques account for various fractional
constant-order derivatives. Different models have been analyzed to demonstrate their behavior under varying constant orders, and their
agreement and validation with standard Runge-Kutta and Euler methods have been confirmed. Notably, both methods hold promise
for application in fractional financial models. The study includes a comparative analysis of these methods against classical derivatives,
supported by tabular data showcasing the numerical outcomes.
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1 Introduction

Extensive research into fractional calculus was conducted throughout the 20th century and documented in scientific and
engineering literature. Fractional calculus has found applications in diverse fields such as fluid mechanics, integral
equations, electrochemistry, biological modeling, and viscoelasticity models [4], [6], [8]. It serves as a valuable
mathematical tool for addressing a wide range of problems across science, engineering, and mathematics. This article
aims to highlight the relevance of fractional calculus by showcasing new and contemporary applications in biological
and engineering sciences, with the intent to garner increased interest in the subject and demonstrate its practical utility
[31, [7]. Moreover, recent studies have employed fractional calculus as a method to analyze the nonlinear dynamics of
various problems [1], [2].

Analytical solutions are often unattainable for fractional differential equations with constant order. Therefore,
comprehending the impacts of nonlinear problem solutions necessitates the utilization of semi-analytical and numerical
methods [9]. Over recent decades, numerous techniques for addressing both linear and nonlinear dynamical systems have
been devised by various researchers [13], [12], [20], [5]. These advancements have led to the emergence of two novel
numerical approaches: the o-differentiable Euler and ¢-differentiable Runge-Kutta 2-stage methods of constant orders.
Various models have been examined to illustrate the behavior across different constant orders, and their conformity and
validation with standard Runge-Kutta and Euler methods have been established.

The analytical solutions for constant-Order fractional differential equations are very difficult to find because of the
constant fractional derivative. As a result, it is necessitating the use of numerical approaches to comprehend the results of
solutions to linear and nonlinear problems. There are a number of numerical approaches that have been presented to date,
like: Polynomial methods [16], Lagrange multipliers technique [17], collocation method [18], Galerkin finite element
method [19], wavelet methods [20], Homotopy Analysis Method [21]-[22], Homotopy Sumudu approach method[23]
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and another method using artificial neural network [24].

The following is the research strategy. In section-2 based on the definition as well as a few characteristics of the
conformable fractional derivative of constant order introduced in [9], and also we give conformable constant orders
Taylors theorem. Derive the conformable constant orders Euler method and conformable constant orders Rung-Kutta
2-stage method by using the conformable constant orders Taylors theorem in section -3 and 4. Afterwards, applied the
proposed numerical methods on different constant orders of fractional differential equations and present the numerical
results in section - 5. In section-6 the fractional financial model of constant orders chaotic oscillator are presented.

2 Basic definition and Tools

Definition 1.If f : [0,00) — R is a differentiable function,the a- differentiable fractional derivative of constant order o, is
defined as [9]
R0 f(t+et' %) —1(t)

o _ — 1 <
Df(t) I gg% c WVt>0,0<a <1

Theorem 1.Fractional power series theorem

At a point ty, if 0 < oo < 1 and f is an a-differentiable function . The fractional power series expansion of f is then as
follows [15]:

= (D) (o) (t— to) ™ 1
f(t) = . to<t<ty+Ro,R>0.
() l;,) aii! s W0 0+ 5

Here (Do‘f)i(to) means applying the fractional derivative i multiple times.

3 o-differentiable Euler methods constant order

In order to obtain the - differentiable Euler methods constant orders to determine the numerical solution of an IVP with
a constant orders fractional derivative in ¢¢-differentiable sense, we take a look at the problem of initial value in the form

O —£(1,y(t), (0<a<l)

(1)
y(0) = yo.

where D%y(t) represented derivative operator. We are trying to solve the problem in Eq.(1) for an interval denoted by
[0,b]. A set of points [t;, y(tj)] is used to determine an approximation. The interval [0,b] is subdivided into n sub intervals
[ti,ti1] of equal step size h = 2 using the nodal point t; = ik for i = 0,1,2,...n. Assume that y(t), D%y(t) and D**y(t)
are continuous functions on the interval [0,b] and further applying fractional power series theorem involving fractional
constant order derivatives leads to

2

1) = haDa h" D2a h
y(t+ )—y(t)+E y(t)+m y(t)+...+n!a”

no

D"%y(1). )

We ignoring the higher terms involving 2% or higher for small step sizes, and by replacing the value of D*y(t) in Eq.(2),
we obtain

41 = (0 + ey ),

ha
y(t+h) =y + £t y(1).
obtain the following iterative formula
o

h
Yn+1 :yn‘i‘gf(tnayn)- 3)

If o = 1, o- differentiable Euler methods constant order reduced to standard Euler method
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4 a-differentiable Runge-Kutta 2-stage method of constant order

Consider constant orders fractional derivative with initial value problem in Eq. (1)

the fractional power series formula is

200 no

h
D**y(t)+... + mey(t), 4)

(t+h)= (t)-i—ﬁDa (t)+ h
y -y o7 2102

where )
D*%y(t) = DZ(t,y) + f(t,y)Dyf(t,y).
Therefor Eq.(4) becomes

ho hZ(X
y(t+h) =y (O + DO + 5 [DH(ny) + £t y) DYt y)l, (5)
Rearranging the previous Eq.(5)
(t+h) = (t)+EDa (t)+ﬂ f(t )—I—EDO‘f(t )+Ef(t )D%1(t,y) (6)
y _y a y Z(X 7y o t 7y a 7y y ay 9
It can also be written
h* . h“f h* h"‘ft 7
t+h)=y(t —D t —I|(t+— t — .
y(t+h)=y(O) + —-D%y(t) + o f{ t+ - y() + f(t,y) (

The following formula defines the ¢-differentiable Runge-Kutta 2-stage method of constant order, It depends on the
expression given above

Yn+1 =Yt % {ki+ka}

kl = f(t7 Y)7

ky = f(tn + A ya+ %f(tn,yn)) .
If a=1, then the conformable Runge-Kutta 2-stage method of constant order changed to standard Runge-Kutta second
order method.

S Examples

Two distinct models are analyzed, and the validation outcomes of the exact solution and constant order are compared, in
order to introduce the a-differentiable Euler method of constant orders and a-differentiable RungeKutta 2-stage method
of constant order.

Example 1.Solve the following constant order of fractional differential equation using ¢-differentiable Euler methods
constant order:

T —y(t), (e<a<1) 8)

where 7 € (0,1) and step h = 0.1
Using the a-differentiable Euler methods constant order; the iterative relation for Eq. (8) to obtain

o

h
Yo+l =Yn+ Ef(tnayn)

f(tnayn) = —Yn-
This solution given the following table-1
The exact solution in this problem is
doc
T = —y(0), (o<a<l)
y(0)=1
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using the conformable fractional derivative formula is

tl—ocﬂ —

a7

The solution is

eay(t)=c
using the intial condition ¢ = 1
Therefore
@
y(t)=e
If oo = 1 then the exact solution is
y()=e"

This exact solution given in the following table-2

Table 1: Results of Example-1 for o = 0.86 and step 7 = 0.1.

t Exact y Approximate y Error
1 1 0
0.1 | 0.8517094 0.83949 0.0122194

0.2 | 0.7472679 0.704744 0.0425239

0.3 | 0.6617404 0.591626 0.0701144

0.4 0.589324 0.496664 0.09266
0.5 | 0.52695374 0.416944 0.18999026
0.6 | 04726517 0.350021 0.1226307
0.7 0.425015 0.293839 0.131176
0.8 | 0.3829879 0.246675 0.1363129
0.9 0.345741 0.207081 0.13866

1 | 031261255 0.173843 0.138769

Example 2.Solve the following constant order of fractional differential equation using o-differentiable Runge-Kutta 2-

stage method of constant order:
d%y(

’_§ —
[

|

<

=
-
=
—
)

A
S
IA
=

Table 2: Results of Example-1 for o = 1 and step 7 = 0.1.

t Exacty Approximate y Error

0 1 1 0
0.1 0.904837 0.9 0.00837418
0.2 | 0.818730753 0.81 0.00873075
0.3 | 0.74081822 0.729 0.011818
0.4 | 0.6703200046 0.6567 0.01422004
0.5 | 0.60653065 0.59049 0.01604065
0.6 | 0.5488116361 0.531441 0.0173706
0.7 | 0.49658530 0.478297 0.01828830
0.8 | 0.4493289641 0.430467 0.01886196
0.9 | 0.40656965 0.38742 0.0191496

1 0.367879441 0.348678 0.01920144
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where 7 € (0,1) and step h =0.1.
Using the a-differentiable Runge-Kutta 2-stage method of constant order; The iterative relationship corresponding to Eq.
9)is

Yn+1 =Yn+ % {kl +k2}7
kl = f(t7),)7

ka =f(tn+%,yn+%f(tn,yn)).

This solution given the following table-3
The exact solution in this problem is

0 — _y(1), (o<a<l)

y(0)=1.

using the conformable fractional derivative formula is

tl—aﬂ _
dt

The solution is

exy(t)=c
using the intial condition ¢ = 1
Therefore u

Wr)=eT
If o« = 1 then the exact solution is

y)=e

This exact solution given in the following table-4

Table 3: Results of Example-2 for & = 0.85 and step 2 =0.1.

t Exacty Approximate y Error
0 1 1 0
0.1 | 0.8517094 0.847627 0.00824

0.2 | 0.7472679 0.718472 0.028795
0.3 | 0.6617404 0.608996 0.0527444
0.4 0.589324 0.516202 0.073122
0.5 | 0.5269537 0.437547 0.0894067
0.6 | 0.4726517 0.370876 0.1017757

0.7 0.425015 0.314365 0.11065
0.8 | 0.3829879 0.266464 0.1165239
0.9 0.345741 0.225862 0.119879

1 | 0.31261255 0.191447 0.1211655

6 Application

Numerical method for constant orders Fractional Financial system
Consider the constant orders Fractional Financial model expressed by the equations, by Mohammed, et.al [14]

oDEx(t) = z(t) + (y(t) —a)x(t)
oDZy(t) = 1 —by(t) — x*(t) (10)
oDZz(t) = —x(t) — cz(t)
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Table 4: Results of Example-2 for o = 1 and step 7 = 0.1.

t Exact y Approximate y Error

0 1 1 0
0.1 0.904837 0.905 0.00916
0.2 | 0.818730753 0.819025 0.00294247
0.3 | 0.74081822 0.741218 0.0039978
0.4 | 0.670320046 0.670802 0.00481954
0.5 | 0.60653065 0.607076 0.005923639
0.6 | 0.5488116361 0.549404 0.005923639
0.7 | 0.49658530 0.49721 0.006247
0.8 | 0.4493289641 0.449975 0.006460359
0.9 | 0.40656965 0.407288 0.0065835

1 | 0.3678794412 0.368541 0.006615588

conditions are
x(0) =2,y(0) = —1,andz(0) = 1 (11)

and valuesarea=1,b=0.1, andc= 1. where

x(t): Interest rate.

y(t): Demand for investment.

z(t): Price index.

Solution: The numerical solution of the constant orders fractional financial system using the a-differentiable Euler
methods constant order with 2 = 0.01; the iterative Eq. (10) reflected as

Xp+1 = Xn+ %(Zn"’ (Yn—a)xa),
YIH—l:}'n‘f'%(l_b)’n_xl%)v (12)
Znil = Zn+ %(fxnfczn).

The numerical solution to Eq.(12) for various values of fractional constant order and standard order using the
a-differentiable Euler methods constant order is expressed in the following figures.
The numerical solution of the constant order fractional financial system using the a-differentiable Runge-Kutta 2-stage

a=1

Fig. 1: The a-differentiable Euler methods constant order for fractional financial system of exact solutions o = 1.
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Fig. 2: The Euler method of the constant order fractional financial system of @ = 0.976.

method of constant order with 7 = 0.01; the iterative Eq.(10) represented as

Xn+1 :Xn+g—a(k|+k2),
Y+l =yn+’§79(11+lz), (13)
Znil = Zn+ g—a(ml +my).

where
kl :f(tl‘HXl‘Hyl‘l)Zn)a
ll = g(tl‘la Xn; ¥n, Zl‘l)7
mj :h(tnaxnaYnaZn)a
o o o o
ky=f tﬁ%,xn+%k1,yn+%11,zn+%m1), (14)
L=g tﬁ%,xn+%k1,yn+%ll,zn+%m1),
m2:h(thr%,xn+%kl,yn+%l1,zn+%ml).
here

f(tm Xn; ¥n; Zn) = (Zn + (}’n - a) Xn) s
g(tﬂaxnayﬂvzn): (17by117X1%); (15)
h(tn, Xn, Yn, Zn) = (—Xn — CZn).
The numerical solution to Eq.(14) for various value of fractional constant order, and standard order using the
a-differentiable Runge-Kutta 2-stage method of constant order is expressed in the following figures.

7 Results and conclusion

This research’s main goal is to develop the numerical scheme needed to solve fractional differential equation of constant
order. The fractional numerical method was used to achieved the objective. The two new constant order fractional
numerical methods are applied to achieve the goal, one is a-differentiable Rung-kutta 2-stage methods constant order
and other is o-differentiable Euler methods constant order. The fractional power series theorem is applied to present the
derivation of these two methods. Example-1 shows the constant order of a fractional differential equation. The solution is
determined by comparing it with the approximate solutions of fractional differential equations. Table-1 and 2, however,
show these results along with the computation of error. Example-2 goes on to illustrate the constant order of a fractional
differential equation and how it is handled by «-differentiable Runge-kutta 2-stage constant order method. Furthermore
examined are the chaotic dynamics of a constant order fractional financial system. Figures 1-4 shows that the constant
order derivation is a valuable tool for explaining chaotic phenomena, as demonstrated by the outcomes of the Euler and
Runge-kutta 2-stage method.
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Fig. 3: The a-differentiable Runge-Kutta 2-stage method for fractional financial system
of standard order o¢ = 1.

a=0976

Fig. 4: The a-differentiable Runge-Kutta 2-stage method for fractional financial system
of constant order ot = 0.976.
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