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Abstract: The aims of this paper are threefold: the first is to prove the existence and uniqueness of common fixed points for two pairs
of maps satisfying a new concept in a complete b-metric space, the second purpose is to produce two illustrative examples; on one hand,
to show the applicability, validity and credibility of our results, and on the other hand, to show their superiority over several results, for
instance the one’s of Roshan et al. [17], and the third and last objective is to apply one of our results to solve an integral equation.
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1 Introduction

The subject of fixed points is nowadays a forceful branch. Furthermore, the contraction theorem is looked at as the starting
point to prove the existence and uniqueness of fixed points. To improve, prolong and generalize this famous result, the
authors were divided into three groups; in the first group, many authors raised the number of maps to search common
fixed points, in the second group, many others focused on the underlying complete metric space, more precisely, they
introduced a number of other spaces like, weak partial, rectangular, quasi-metric, s-metric, s,-metric, b-metric, b-metric-
like, multiplicative, ultra metric spaces, and so on. In particular, according to [1] and [2], the idea of b-metric spaces
was initiated by [4], [7] and [8]. Note that, several authors worked in b-metric spaces (see for instance [1]-[4], [5]-[12],
[14]-[18]). In the third group, several mathematicians emphasized the contractive condition, they improved, extended and
generalized the contraction in Banach’s theorem by giving different conditions. For instance, recently in 2022, a novel
notion was introduced in order to find common fixed points under minimum conditions. In this paper, we will use our
notion to refine and extend some results in complete metric and complete b-metric spaces especially the main results of
[17].

2 Preliminary
Definition 1.(/4], [7], [8]) Let X # 0 be a set and let s > 1 be a real value. Consider the function d : X x X — [0, 4-o0).
(X,d,s) is a b-metric space if for each A, U, v € X, the next axioms are satisfied:
1dA,u) =04 =u;
2d(A,pu) =d(u,2);
3.d(A,v) <s(d(A,p)+d(u,v)).
Definition 2.(/13]) Let (X,d) be a metric space and let F, G : X — X. We say that F and G are compatible if and only if

lim d(FGt,,GFt,) =0,

n—yoo

whenever {t,} is a sequence in X such that limFt, = lim Gt, = [ for some | € X.
n—soo n—soo
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Definition 3.(/6]) Y, Z : X — X are occasionally weakly Y-biased (respectively, Z-biased) of type (<) iff, there is & in
X such that YE = Z& implies

d(YYE,Z8) < d(ZYE,YE),
d(226,Y§) < d(YZE,ZG),

respectively.

3 Results of Roshan et al.

In their paper [17], the following theorems are proved:

Theorem 1.Let (X,d,s) be a complete b-metric space and let A, B, C, D : X — X satisfying:

1.C and D are continuous,

2.A(X) CD(X), B(X) C C(X),

3.A and C (respectively B and D) are compatible,
4.for everyx, y € X

T
d(Ax,IBy) < E max{d((Cx,]D)y),d(Ax,(Cx),d(IB%y, ]D)y)v

1
5 [dm(Cx,By) +d(Ax, Dy)]},
where ¢ > 1 is a given real number and 0 < T < 1.

Then, A, B, C and D have a unique common fixed point in X.

Theorem 2.Let (X,d,s) be a complete b-metric space and let A, B, C, D : X — X be maps satisfying:

1.C and D are continuous,

2.A(X) CD(X) and B(X) C C(X),

3.A and C as well as B and D are compatible,
4.forall x,y € X,

d(Ax,By) < 5 (61d(CxDy) + Gad (A, Dy) + 5 (Cx, By)
+ad (A, C) + Lsd By, D),

where 8 > 1 is a given real number and §; > 0 (i =1,2,3,4,5) are real constants with §; +p S +p &+ 8+ 85 < 1,
where p +p =2, for p, p € NU{0}.

Then A, B, C and D have a unique common fixed point.

In this paper, we will improve the above results and some other ones by removing the continuity and the inclusions,
using our recent notion which is more general than the concept of compatibility.

4 Main Results

Theorem 3.Let (X,d,s) be a complete b-metric space. Consider four maps A, B, C, D : X — X. Assume that for each x,
y € X these four maps satisfy the following inequality:

q
d(Ax,By) < 7 max{d(Cx, Dy),d(Ax, Cx),d(By, Dy),d(Cx, By),d(Ax, Dy) } M
where k> 1 and 0 < g < % are real values. If the pairs of maps (A,C) (respectively, (B,D)) are occasionally weakly

C-biased (respectively D-biased) of type (). Then, there is a unique term say 8 in X which satisfies § = A6 =B6 =
Coé =Dé.
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Proof.According to the conditions, there exist elements s and ¢ which verify
As = Cs implies d(CCs, As) < d(ACs,Cs),
Br = Dt implies d(DDz, Br) < d(BDz,Dt).

We will use four steps to prove the existence and uniqueness of the common fixed point.
Firstly: We show that As = Br. If we assume that d(As,Br) > 0, then, we obtain

d(As,Br) < %max{d((Cs,Dt),d(As,(Cs),d(IB%t,Dt),d((Cs,IB%t),d(As,Dt)}

o 9 max{d(As,Bt),0,0,d(As,Br),d(As,Br)}

= k_4d(AS7IBt)

< d(As,Br)

thus, As = Br.
Secondly: If d(AAs, As) > 0, then, we acquire

d(Ahs, As) = d(Ahs,Br) < k%max{d((CAs,Dt),d(AAs,(CAs),d(IB%t,Dt),
((CAs Bt),d(AAs,Dr)}
= k4 max{d(CCs, As),d(AAs,CCs),0,d(CCs, As),
(AAS As)}
< k_4 max{d(CCs, As),k(d(AAs,As) + d(As,CCs)),

0,d(CCs,As),d(AAs,As)}.
Since A and C are occasionally weakly C-biased of type (&), we get
d(Ahs, As) < % max{d(ACs,Cs),k(d(AAs, As) +d(Cs, ACs)),0,
d(ACs,Cs),d(AAs,As)}
= % max{d(AAs, As),2kd(AAs, As),0,d(AAs, As),
d(AAs,As)}
2q
= k_3d (AAs, As)
< d(AAs,As)

a contradiction, thus, AAs = As, consequently, CAs = As.
Thirdly: We prove that BB = Br. If we suppose that we have the contrary, then, (1) gives

d(As,BBr) < k%max{d(cs,DEt),d(As,cs),d(EBz,DB;),d((Cs,BEz),
d(As,DBt)};

max{d(Bt,DDt),0,d(BB¢, DDt ), d (Bt, BBt ),d (B, DDr) }

max{d(Bt,DDr),0,k(d(BBt,Bt) + d(Br,DDt)),d(Bt, BBr),

By the relationship between B and D, we find
d(Bt,BBr) < %max{d(BDt,Dt),O,k(d(IB%IB%t,IB%t) + d(BDr,Dxt)),d(Br, BBt),
d(BDrz,Dr)}

;max{d(BBt Bt),0,2kd(BBt, Br),d(Bt, BBr),d (BBr, Br) }

2q
== Fd(Bt,BBI)
d (B, BBr)
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this contradiction confirms that BBs = Bt and consequently DBt = Br. Therefore As = Cs = Br = Dr = 4.
Fourthly and lastly: Let ¢ be another fixed point, then, we get

d(A8,Bo) < k%max{d(c(s,mo),d(m,ca),d(Bo,Do),d(@é,Bo),

d(AS, Do)}
ie.,
d(8.0) < & max{d(8,0),0,0.d(3,0).d(5,0)}
- %d(&c)
<d(8,0)

which is a contradiction, hence, o = §.

The next example clarifies our theorem.

Example 1.Endow X = [0, +e0) with the b-metric d(x,y) = (x

Br—{
Dx={

Lifx € [0,1]
2 ifx e (1,+00),

Ax:{
Zrifxe(0,1]

Cr= { 500 if x € (1, o),
First of all, the bias condition is satisfied. We have

Lin [0,1], Ax=1,By =1, Cx = 2;,

1 2 3 \? 2 \?
0 < —max _— ) (-,
48 x+1 y+2 x+1
2
(1 3> ’
y+2

2.in (1,400), Ax= 2, By = zly, Cx = 500, Dy = 1000 and

3 1)?
—_——) <
4x 2y)

Dy = )% and

1\% /3 2
- 2
(500 Zy) ( . 000) }

3forx€[0,1],y € (1,40), Ax=1,By = %,(Cx:

1\? 1 2
1—— < — max
2y 48 x+1

— y)z, where k = 2. Take ¢ = % and define

lifx € [0,1]
7 if x € (1,+e0),

s if x € [0,1]
1000 if x € (1,+o0).

L a (500)? 3 500 (! 1000 ’
2 max 2 L
48 "\ 4x "\ 2y ’

2 2
—IOOO) ,(1— 2 ) ,
x+1

L 1000 (2 Ly? (999)*
2y \x+1 2/ ’

4.forx € (1,+),y € [0,1], Ax= 2, By =1, Cx = 500, Dy

3 2
1) <
(&)
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therefore, all the requirements are satisfied and 1 is the unique common fixed point.

Remark.It is noticed that Theorem 2.1 of [17] is not usable since the four maps are discontinuous, AX = (0, %) u{1} ¢
DX = [1,2] U{1000} and BX = (0,4) U{1} € CX = [1,2]U{500}, and neither A and C nor B and D are compatible.
For this end, consider the sequence x, = 1 — % for n € N. We have

Ax, =1—1whenn— +oo,

2
Cx, = — 1 when n — oo,
Xn +
Bx, = 1— 1 whenn — oo,
3
Dx, = — 1 when n — oo,
X, +2
however,

3 S|
d(A(CXn,(CA_Xn) — (Zl) 71—6#0,

1

2
1
d(BDxn,DIB%xn) — (5 — 1) = Z 7é 0;

i.e., neither A and C nor B and D are compatible.
Remark.In Theorem 3, we can change condition (1) by:

d(Ax,By) < % max {d((Cx, Dy), %d(m, Cx), %d(IB%y, Dy),d(Cx, By),d(Ax, Dy)}

with0 < g < 1.

FNJI

k*
with0 < g < 1.

d(Ax,By) < 9 max {d((Cx,]D)y)7

d(Ax,By) < L max {d((Cx, Dy), — (d(Ax,Cx) +d(By, Dy)),d(Cx, By),d(Ax, ]D)y)}

N —

k*
with 0 < ¢ < 3.

(d(Ax,Cx) +d(By,Dy)),d(Cx,By),d(Ax, ]D)y)}

Corollary 1.Let (X,d,s) be a complete b-metric space. Let A : X — X be a map which verifies

d(Ax.Ay) < fymax{d(x.y).d(Ax.x).d(Ay.).d(x.Ay).d(Ax.y)} @)

foranyx, y € X, where 0 < g < % and k > 1 is a given real number. Then, A has a unique fixed point.

ProofiLet ny € X, then, there is a point 177 in X such that 17; = Ay, for this point 17; there exists another element 1, such
that 11, = A1, continuing in this manner we get the sequence 7,4+ = An, forn =0,1,2,.... If there is a natural element
m which verifies 1,11 = N, then N, = An,,; i.e., A has a fixed point and the proof is ended. Suppose that 1,1 # 1, for
each n € NU{0} then

d(A, A1) < 2 max{d(,Mas1) (AT, 1), d (AT M),
d(Mns ANps1),d (AT, Mav1) }
1.e.,
d(Mn+1,Mnv2) < k%max{d(nn,nn+n),d(nn+n,nn),d(nm,nnﬂ),
d(Mns Mnt2),d (M1, M)
= 7 max{d (M, Mn+1),d(Mn+2, Mnt1),d(Mns Mat2), 0}

S max{d(nnann+1)ad(nn+2;nn+l)7

d s Mn+1 ) +d(ﬂn+1mn+2)),0}
(d(nnv NMn+1 ) er(nnJrl ) 77n+2))7

o [ NESN RSN [N
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which implies that

4
d(nn+17nn+2) < 1f3id(77n,77n+1)-
i3
By the same manner, we get
q
el
d(nnvnnJrl) < 1 ild(nnflann)v
3
in consequence
q g \?
K k3
d(nmnn-kl) < 1 q d(nn—lvnn) < (1 q ) d(nn—Zvnn—l)
8 8
q n
3
<...< <1 g q ) d(n()vnl)a
TR
4
at infinity d(n,, My+1) — 0 because lfi% <L

Now, for each integer m > 0, we obfain
d(nm nner) S k(d(nn; nn—H) +d(nn+17 nn+2) +...+ d(nn+zn—17nn+m))

<k <d(nnvnn+l)+ <1 f*l> d(nnann+1)

i3

m—1
K ) d(nnann—H)

k% k% m—1
— < +...+ T—< d(nnann—H)

_ﬁ_ d(Mn, Mn+1)

— q m -
1<lk3q3> g\
<k n <1ki> d(no,m),
3 3
R k
L =5/
%

at infinity d (M, Mntm) hich means that {7, } is a Cauchy sequence and since X is complete, {1, } converges to g.
Moreover, we have

d(Ag,An,) < %max{d(gnn),d(Agg),d(Anmnn),d(gAnn%

o
£

d(AQ, nn)}§

ie.,

d(Ag,Mnt1) < k%max{d(g,nn)vd(Ag,g),d(nnH,nn),d(c:,nnm,
d(Ag, M)},

at infinity, we obtain

d(hg,g) < Zhmax{d(,6).d(Ag.6).d(s.6).d(5.6),d(Ag,5))
= & max{0,d(Ag.¢)}
= Ld(Ac.¢)

i
<d(Ag,g)
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a contradiction, hence, Ag = ¢.
If we assume that there exists another fixed point say 6, then

d(hg,AB) < Zrmax{d(.0).d(AS,5),d(A8,0).d(5.A0).d(Ag.0)):
1.e.,
d(5,0) < Zrmax{d(c,8).d(5.¢),d(6.6),d(s,6).d(,0)}

= Jrmax{d(c,6),0}

4q

= k_4d(ga9)

<d(s,6)
a contradiction, thus 8 = g.

Theorem 4.Consider a complete b-metric space (X,d, s). Define four maps A, B, C, D : X — X. Suppose that the following
conditions hold

1.A and C are occasionally weakly C-biased of type (),
2.B and D are occasionally weakly D-biased of type (<),
3.foreveryx, y e X

d(AxBy) < 5[0d(Cx Dy) + B (Ax, Cx) + d (B, Dy) 3)
+6d(Cx,By) + nd(Ax,Dy)],

where k > 1 is a real value and a., B, ¥, 6, N € (0,+00) such that .+ 2k +5+n <loro—+2ky+6+n<1.
Then, there is a unique value & which verifies AE =BE =CE =D& =E&.
Proof.According to hypotheses, there exist m and n such that
Am = Cm implies d(CCm, Am) < d(ACm,Cm) and
Bn = Dn implies d(DDn,Bn) < d(BDn,Dn).

If we suppose that Am # Bn, then, using inequality (3) we get
%[ad(@m, Dn) + Bd(Am, Cm) + yd(Bn, Dn) + 5d(Crm, Bn)
+nd(Am,Dn))

d(Am,Bn) <

= k%[ad(Am, Bn) + Bd(Am, Am) + yd(Bn,Bn) + dd(Am,Bn)

+nd(Am,Bn)]

= %[ad(f\xm,lﬂ%n) + 8d(Am,Bn) + nd(Am,Bn)]

o+d0+n
= Td (Am,Bn)
< d(Am,Bn)
a contradiction, so, Am = Bn.
Now, assume that AAm # Am, the use of condition (3) gives

d(AAm,Bn) < k%[ad((CAm, Dn) + Bd(AAm,CAm) + yd(Bt,Dn)
+0d(CAm,Bn) 4+ nd(AAm,Dn));
ie.,

1
@ [ad(CCm, Am) + Bd(AAm,CCm) + §d(CCm,Am)
+nd(AAm, Am)]

%[ad(@@m,Am) + kB(d(AAm, Am) +d(Am,CCm))
+0d(CCm, Am) + nd(AAm,Am)).

d(AAm,Am) <

<
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Since A and C are occasionally weakly C-biased of type (<), we obtain

%[ad(&@m, Cm) + kB (d(AAm, Am) + d(Cm, ACm))
+06d(ACm,Cm) 4+ nd(AAm, Am))

oa+2kB+ 6+

- #d(AAm, Am)

< d(AAm,Am)

thus AAm = Am, which implies that CAm = Am.
Now, suppose that BBn # Bn, then

d(AAm,Am) <

d(Am,BBn) < %[ad(@m, DBn) + Bd(Am,Cm) + yd(BBn,DBn)
+06d(Cm,BBn) + nd(Am,DBn)];

ie.,

1
d(Bn,BBn) < @ [ad(Bn,DDn) + yd(BBnr,DDn) + 6d(Bn, BBn)

+nd(Bn,DDn))
1
< [z [ad(Bn,DDn) + ky(d(BBn,Bn) + d(Bn,DDn))
+06d(Bn,BBn) + nd(Bn,DDn)).

Using the relationship between B and D, we get

1
@ [ad(Dn,BDn) + ky(d(BBn,Bn) + d(Dn,BDn))
+06d(Bn,BBn) + nd(Dn,BDn)]
o+2ky+0+n
= = a(Bn, BBn)
< d(Bn,BBn)

d(Bn,BBn) <

this contradiction implies that Bn = BBn and hence Bn = DBn. Therefore, Am = Cm = Bn = Dn = & is a common fixed
point of maps A, C, B and D.
Now, suppose there is another common fixed point called {, of A, C, B and D, then

d(§,8) =d(Ag,BE) < k%[ad(CévDC)+ﬁd(A§,C§)+Yd(EC,DC)Jrde((Ci,BC)
+nd(A§,DE)]
= %[ad(§7C)+ﬁd(évé)+Yd(CaC)+5d(§7C)+nd(€aC)]

< CE0 e )

<d(&,8)

a contradiction, so, { = &.
Now, we give an example to support our result.

Example 2.Let X = [0, +o0) be endowed with the b-metric d(x,y) = (x —y)?, where k = 2. Define

_ 2ifx€]0,2] [ 2ifx€]0,2]
A)C{%if)c€(2,+f><>), Ex{z%ifxe(Zﬁw),
S ifxe0,2] 12 ifx €0,2]
Cx = o ) Dx = x+4 )
1000 if x € (2, +o0), 2000 if x € (2, +o0).

First of all, the bias hypothesis is satisfied. Take ot = %, B=vy=0=n= 4, weget
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Lforx,y€[0,2], Ax=2,By=2,Cx= %, Dy = y% and

6 12 \> 1 6 \?
- +_ 2_
x+1 y+4 41 x+1

1 12 \> 1 2
+—(2-—=) += 6 ,
41 y+4 41 \x+1
(2

1
=g [ad(Cx,Dy) + Bd(Ax,Cx) + yd (By,Dy) 4+ 6d(Cx, By)
+nd(Ax,Dy)],

2.forx, y € (2,+00), Ax = 2 By:%,(Cx:IOOO,ID)y:ZOOOand

=55

3 5)?
d(Ax,By) = (ﬂ_z_y)

1 (3 1 /3 2 1/5 2
— | =(1000)2 + — [ = — 1000 — [ = —2000
16 [4( ) a <2x ) T <2y >

1 5\ 1 /3 2
— (1000- = — (2 ~2000
n ( 2y) T <2x ) ]

1
=g [ad(Cx,Dy) + Bd(Ax,Cx) + yd (By,Dy) 4+ 6d(Cx, By)

+nd(Ax,Dy)],
3forx € [0,2],y € (2,+), Ax=2,By = ziy, Cx = %, Dy = 2000 and

IN

5 2
d(Ax,By) = (2— =
(Ax,By) ( 2y>
3/ 6 2 6 \°
Z<m2000) +H<2x+1>

1 /5 16 5\ 1 5

JFH (2—yZOOO> +H <m2—y> +H(1998) ]

1

=g [ad(Cx,Dy) + Bd(Ax,Cx) + yd (By,Dy) 4+ 6d(Cx, By)
+nd(Ax,Dy)],

4.forx € (2,+00),y €[0,2], Ax = £, By =2, Cx = 1000, Dy = y% and

1
16

d(Ax, By) = (% _ 2)2

1 (3 12\> 1/3 2
— 12 (1000 - —= — (=2 ~1000
16 [4< y+4) My <2x )

1 12\> 1 1 /3 12 \?
— (2= — 2, ([ _ =
+41( y+4) +41(998) T (zx y+4)

1

=g [ad(Cx,Dy) + Bd(Ax,Cx) + yd (By,Dy) 4+ 6d(Cx, By)

+nd(Ax,Dy)],

IN
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s0, all hypotheses of Theorem 4 are satisfied and 2 is the unique common fixed point of the four maps.

Remark.Note that Theorem 2.7 of [17] is not applicable because the four maps are discontinuous, AX = (0, %) u{2} ¢
DX = [2,3]U{2000} and BX = (0,2) U{2} £ CX = [2,6]U{1000}, and neither A and C nor B and D are compatible.
For this end, consider the sequence x,, =2 — % for n € N. We have

Ax, =2 —2whenn — +oo,

Cx, = — 2 when n — oo,

Xn +
Bx, =2 — 2 when n — oo,

Dx, = — 2 when n — oo,
Xn
however,
3 225
d(A(C)Cn,(CA)Cn) — (Z 2) = 1_6 7& O,

d(B]D) DB )—) §—2 2—2750'
Xn Xn 2 ~ 16 5

i.e., neither A and C nor B and D are compatible.

Corollary 2.Let (X,d,s) be a complete b-metric space. Let A : X — X be a map such that

d(Ax,Ay) < rlod(x.y) + Ba(Ax) + yd(Ax)
+3d(x,Ay) +nd(Ax,y)]

holds for all x, y € X, with a given real number k > 1, where o, B, ¥, 8, N € (0,+o0) such that 0. +2kB+8+1n < 1 or
o+ 2ky+ 8+ n < 1. Then, A has a unique common fixed point.

Proof.Let Yy € X, then, there is a point yj in X such that y; = Ay, for this point y; there exists another element y, such
that y» = Ay, continuing in this manner we get the sequence Y, = Ay, forn =0,1,2,.... If there is a natural element
m which verifies y,,11 = ¥, then y,, = Ay,,; i.e., A has a fixed point and the proof is ended. Suppose that y,, .| # ¥,
for each n € NU{0} then

1
d(AY, Ayyp) < F[ad(l//n;l//n+l)+ﬁd(AWn;Wn>+Yd(AWn+17Wn+l)
+5d(wnaA‘/’n+l)+nd(AanWH+l)];
ie.,
1
d(‘/’n+1a‘/’n+2) < F[ad(l/’nal/’n+l)+ﬁd(l/ln+lvV/il)+yd(ll/n+25l/’n+l)
+6d(Y, Wn+2) +Nd(Wt1, Wns1)]

1
= k_4 [(OC + ﬁ)d(wna V41 ) + }’d(l]/n+2, Yn+1 ) + 6d(‘/’nv II/nJrZ)]

1
< F [(Oﬂ + ﬁ)d(ll/n, l/’n+1) + yd(Wn—}—Za l/’n+1)
+k&(d(Wn, Y1) +d (Wt 1, Yns2))]

= @t Bk Y1)+ (7SN (12, i)

which implies that

o+ B +kd
d(Wni1, Yni2) P )d(wn,u/n+n)-

< _
Tk (1—y+ko

By the same manner, we get

d(‘/’na‘/’n+1) < a+B +k5

= k4(1 — ‘J/+k6)d(ll/"_1’wn)’
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consequently
a+B+ks a+B+ks \?
dnv n Sid n77n§7 dnf;nf
a+pB+ks \"
<. <|————"-—+
< _(k4(1y+k5)) d(Yo, y1)
at infinity (W, W, +1) — 0 because % <.

Now, for each integer m > 0, we obtain
d(u’nv Wn+1n) S k(d(Wn; Yi+1 ) +d(wn+l ’ lI/nJr2) +... +d(wn+m71 ’ lI/n+m))

o+p+ko
< I
= k <d(‘l’n;‘I’n+l)+ <k4(1 —'y+k5)> d(‘l/nﬂWYlJrl)

a+pB+ks \"!
—l—-‘r(m) d(llfnﬂlln—}—l))

B o+ B+kd o+B+ks \"!
k<1+(m)+...+(m) )d(‘/’na‘/’nJrl)

(] _ (_otB+ks \™7
B (1—7+kd)

|- (i) |

|
Pl

d(‘l/m WVH—I)

<k

(1 (M)m n

B (1—7+kd) a+p+ko Ao, v1)

17( a+f+kd ) (1 —y+kd) 0: Y1)
L K (1-y+k8) )

at infinity d (¥, Wy+m) — 0 which means that {y,,} is a Cauchy sequence and since X is complete, {y, } converges to ©.

Moreover, we have
1

d(Ao,Ay,) < Zlod(0, )+ Bd(Ac, o) +yd(Ays, yi)
+6d(o,Ay,) +nd(Ao,y,);

1.e.,

1
d(AGa ‘Ianrl) < k_4 [OCd(G, ‘I/n) + Bd(AGv G) + Yd(‘/’nJrl ’ ‘/’n)

+5d(6a Yn+1 ) + nd(Acv wn)]v
at infinity, we obtain

d(Ao,o) < k%[ad(c,o) +Bd(Ac,o0)+vd(o,0)
+éd(c,0)+nd(Ac,o)]
= IB +nld(Ac.0)
< d(Ao,0)

a contradiction, hence, Ac = o.
If we assume that there exists another fixed point say @, then

d(Ac, AG) < %[ad(o, @)+ Bd(Ac, o)+ yd(AG, )
+0d(o,Aw)+nd(Aoc,D));

1.€e.,

d(6,®) < %[ad(o,(ﬁ)—kﬁd(o,c)—i—yd(af,w)+5d(c,w)+nd(o,w)]
- %[a+6+n]d(c,&7)
<d(o,m)
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a contradiction, thus @ = ©.

5 Application
Consider the following integral equation:

m(u) :x(u>+a/01¢(p,u7m(u>>du “)

where 0 < & < % X, © € C([0,1],R). Take the following b-metric:

d(m,n)=sup |m(p)—n(p)|*.
pel0,1]

Theorem 5.Suppose that for all m, n € C([0,1],R) and p, u € [0,1]

Then, integral equation (4) has a unique solution.

ProofDefine A : X — X by Am(u) = x(u) + chol D(p,u,m(u))du for all p, p € [0,1], where X = C([0,1]). For all m,
n € X, we have

2
|Am(p) — An(p)P =

@ [ 19(p.1m(u)) — B(p. p.n(3e)dn
0

IN

(o 1 |¢<p,u,m<u>>@(p,u,nw)ndu)z

o (/01 jmi(u) —n(u)ldu)2
2

< o’ sup |m(y)—n(u)|2,

nefo.1]

IN

hence,
d(Am,An) = sup [Am(u)— An(w)[?
uel0,1]

o sup |m(u)—n(u)®
uelo,1]

o*d(m,n)
< o? max{d(m,n),d(Am,m),d(An,n),d(m,An),d(Am,n)};

IN

that is, condition (2) of Corollary 1 is satisfied, therefore, there is only one element (say p) in X which verifies Ap = p, in
consequence, p is the only solution of integral equation (4).
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