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Abstract: In this paper, we analyze dynamical behaviors of the non-even-aged forests affected by insect pest system. This system is
described by a cubic system of three ordinary nonlinear differential equations with five real parameters. We confirm that the forest pest
system displays local Hopf bifurcations under certain conditions. Moreover, we show that a Hopf bifurcation occurs at four equilibrium
points for the system. Also, we obtain sufficient conditions for supercritical and subcritical bifurcations via the normal form theory.
More precisely, we show that the forest pest system admits limit cycles. Numerical examples are given to validate the theoretical
analysis
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1 Introduction

Characterizing whether periodic solutions exist or not is one of the most basic problems in the qualitative theory of
autonomous differential systems depending on parameters [12,8]. Normally, there are no ways to study the periodic
solution in a three-dimensional system. A bifurcation of a system is a qualitative change in its dynamical behaviors
yielded by varying parameters. The bifurcation can be divided into a local bifurcation and a global bifurcation. The Hopf
bifurcation is a kind of typical local bifurcation. It is the birth of a limit cycle from an equilibrium point for the system.
The Hopf bifurcation Theorem [16,19,21] provides the simplest criterion for a family of periodic solutions to bifurcate
from a known family of equilibrium solutions of a dynamical system. Then, there exists a family of periodic solutions
bifurcating at Hopf bifurcation. However, the aim of this paper is to use Hopf bifurcation and normal form theory to
investigate this phenomenon.

The simplest mathematical models of non-even-aged forests affected by insect pests have been proposed by Antonovsky
etal.in [1,2]. In dimensionless and performing some simplifications by a linear change of variables, parameters, and time,
the forest pest system takes the form

x=by—(y—1)%x—ax—xz,
y=x—dy, (D
= —ez+cxz,

where x,y are densities of old and young trees, z is insect density and the terms with xz and yz represent the insect
forest interaction, with a,b,c,d and e are real parameters. The model is studied and analyzed in [2]. Moreover, in [2,
3] the authors used analytical methods such as bifurcation theory and numerical methods to study qualitative behaviors
and dynamics of a nonlinear forest pest system. In [23] the authors analyzed the one-parameter transcritical bifurcation
diagram for the forest pest system 1. Some detailed investigations of the forest pest system have been carried out in
references [1,2,3,4,6,7,8,9,10,11,12,15,18,19,20].

Since systems 1 in general cannot be solved explicitly, the qualitative information provided by the theory of dynamical
systems is the best that one can expect to obtain in general. There is no general analytical approach to finding an analytical
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solution. The stability of equilibrium points and the bifurcation theory such as the Hopf bifurcation of dynamical systems
play quite important roles in studying the dynamics of many differential systems. One of the most classical problems of
the qualitative theory of polynomial differential systems depending on parameters is characterizing the existence or not of
limit cycles.

A Hopf bifurcation is a local bifurcation in which an equilibrium point of the dynamical system loses stability as a pair of
complex conjugate eigenvalues of the linearization around the equilibrium point crosses the imaginary axis of the complex
plane. To find the limit cycle (isolated closed orbits), we will use the Hopf bifurcation theorem [16,21] of the forest pest
model applying the normal form theory introduced by Hassard et al. [10].

The remainder of this paper is organized as follows. In Section 2, we study the local stability of equilibrium points and
the existence of local Hopf bifurcations. Using the normal form theory, the direction of the Hopf bifurcations and the
stability of bifurcating periodic solutions are analyzed in detail in Section 3. Finally, in Section 4, numerical examples are
presented to illustrate the main results.

2 Stability equilibrium points and Hopf bifurcations analysis

The Hopf bifurcation and the analysis of the equilibrium points of a forest pest model are the topics of this section. The
local stability of every equilibrium point is investigated by analyzing the characteristic equation. After that, the Hopf
bifurcation around the equilibrium points is found. By simple analysis, it is easy to obtain the following statements for
the system 1.

I) The system has only two equilibrium points, which are the origin and

g (¢ —(ad*c* — bdc?® + d*c? — 2dec + ¢?)
T \eae

e ), where d,c # 0.
c

I) If I > 0 and d # 0, then the system has two other equilibrium points
r
Er3 = d¢F,1:FE,O ,  where I' = \/bd — ad?.

D) If b= d = 0 and e # 0, the system has infinitely many equilibrium point E4 = (0,y,0).
IX) If b= d = 0 and e = 0, the system has infinitely many equilibrium point Es = (0,,z).

Note that the Hopf bifurcation does not occur at the equilibrium points E4 and E5 of system 1, because the eigenvalues
of the Jacobian matrix of system 1 at E4 and Es are (0, —e, —y> —a+2y— 1) and (0,0, —y> —a+2y — 1 —z), respectively.

2.1 Hopf bifurcation analysis at E¢(0,0,0)

The Jacobian matrix for system 1 at Ey(0,0,0) is given by

—(a+1) b 0
JE, = 1 —d 0
0 0 —e
The characteristic equation of the matrix Jg,is
AL —Jg,| = A+ TiA* + KiA + Dy = 0, (2)

where Ty =a+d+e+1,K; =((a+e+1)d+ (a+ 1)e—Db), D; = e((a+ 1)d — b). Therefore, the eigenvalues of the
—(a+d+1)F+/(a—d+1)2+4b and Az —
. 5=

Jacobian matrix Jg, are A1, = —e.

Proposition 1.The equilibrium point Eo(0,0,0) is a Hopf bifurcation if and only if a = ap; = —(d + 1), d*> +b < 0 and
e # 0, which satisfy Re(A'(an1)) # 0, i.e., the system | undergoes a Hopf bifurcation.
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Proof.The origin is a Hopf bifurcation point if and only if 71K} +D; = 0,K; <0 and T} # 0, since T1K; +D; = (a+d +
((a+e+1)d+ (a+1)e+e*—b) =0, this implies that @ = a;,; = —(d + 1), then equation 2 can be rewritten into

(A+e)(—A*+d*+b) =0, 3)
Obviously, equation 3 has a pair of purely imaginary conjugate roots, and a real root A3 = —e # 0, where
®=+—d*—b,(d>+b<0).
Let A = A(a), define the relation from the characteristic equation 2

f(A(a),a) = A(a)’ + T1A(a)* + KiA(a) + Dy =0, (4)

Differentiation of equation 4 with respect to a yields,ﬁ—{ % + g—a =0, implies

dA(a) of (df\ " A2 4 (e+d)A+ed
da  da (ﬁ) T 3A2+2(atd+e+)Ata(dte)tdetdte—b )
Taking the root A (a) = A(ay1) = i®, evaluating a = a;,1, and substituting it into equation 5, we have
ol (0) = <7d Retdla) >= =3 #0 (6)
and o/(0) = (d Im(A (a))> _d 7
da a—ay, 20°

Obviously, the first and second conditions for the Hopf bifurcation Theorem hold. Hence, by [8], we know that the the
system 1 undergoes a Hopf bifurcation equilibrium point at Ey(0,0,0) when a = ay;.

2.2 Hopf bifurcation analysis at E;

Now, we shift the equilibrium point £} of the system 1 to the origin under the following linear transformation x; = x — £
ad*2—bdc*+d*c* —2dec+e?

V1 =y— g andz =z+ e , which transforms system 1 into the following:
. ) e , 2(dc—e) b 2e e 2¢?
X1 = —x1y1 +by; — Eyl + Txlyl — X121 — Exl + ?yl — ;ZI - ﬁyla
y1 =2x1 —dyi, 6]
. ad*c* — bdc? +d*c* — 2dec + €*
Q== Xy +cxqzg-

cd?

Then the stability analysis reduces to that of the equilibrium point E1(0,0,0) of system 8. The Jacobian matrix at the
E;(0,0,0) is

b 2e e e
—a b+ (=) —¢
Jg, = 1 —d 0
_ad*2—bdP+d*cr—2dec+e* 0 0
cd?

Obviously, the following characteristic equation of Jg, is

AL —Jg,| =A%+ A% + KA + Dy = 0, )
d*+b —e(ad® 2 —bdP+d? 2 +2d*c—2dec—2de+e? —e(ad®c*—bdr*+d*c2 —2dec+e?
where T = ( ; );KZ _ (=elad”c c“+ (22-:2) c—2dec—2de+e )),Dz _ (ze(ad’c 2d—£2) c ecte ))

Proposition 2.The equilibrium point E; in the system 8 is a Hopf bifurcation if and only if
212 322 nad ap 2 3 ) _ 2
A R Z(ZZIC;;z)bdesz etabdebe ), (zeflfff) d 0) and — ¢ ;m,b,c,d,e = 0. Also, in the equation 9,
which satisfies (””“52(“) Ja=ay, 7# 0, then the forest pest system 1 displays a Hopf bifurcation.

a=dap =
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Proof.-The equilibrium point E; is a Hopf bifurcation point if and only if 7K, + D, = 0,K, < 0 and 75 # 0, since
_ 202 3225 122 4 2. g3, 2
Ky + Dy = e(abd=c*—b*c=d—d*c=b+2d" c+2bd=c—2bdec—2d> e—2bde+be~) — 0, and e 7& 0 by K» < 0, then must be

243
a=ap = (b*dc®—bd? 272d4c7ZiyjzzgibdechZd%Jerde7bez)’ s0 equation 9 becomes
(d*>+b) 5, 2ed(dc—e)
Ad+—) (A*+——————= ] =0. 10
( e t (10)
Equation 10 has a pair of purely imaginary conjugate roots A; » = Fi®, where ® = % and areal root A3 = — dzd—er.
Suppose that A = A (a), define the relation from the characteristic equation 9
f(A(a),a) = A(a)* + TaA(a)* + KzA(a) + Dy =0. (11)
Differentiation of 11 with respect to a yields g—f % + % =0, implies
dA(a)  df (df - _ Ad*cCe+d3c?e (12)
da da \JA © 3A2d%c% + (2bdc? 4 2d3c?)A + dec(2e + be — dc — 2d — adc) +2de? — 3
Taking the root A (a) = A(a;2) = i@, evaluating a = a;,, and substituting it into 12, we have
dRe(A(a)) b*c*de
a(0)=—= =-— 0 13
0) < da a—ap 2b(d? 4 b)2c? + 4d%ec — Ad3e? 70, (13)
and
©'(0) = dIm(A(a)) ~ 1+/(2bde(dc — e))dc(bd*c? + b*c? + 2dec — 2de?) (14)
B da i—ay 4 (b(d? +b)2c? +2d*ec — 2d3e?)(dc — e)

So, first and second conditions for Hopf bifurcation are met and the Hopf bifurcation Theorem holds. Hence, by [8], we
know that the system 8 undergoes a Hopf bifurcation at E; when a = ay;.

2.3 Hopf bifurcation analysis at E 3

First translation of the equilibrium point E; to the originby x; =x—d+1,y; =y—1+ % ,Z1 = Z, which transforms system
1 into the following:
x=by1+(14+I/d))-S,
y=x1—dy, (15)
z=clx1+(d+TI))z) — ez,

where § = (yi + )2 (v1 + (d+ ) +a(x + (d+ 1))+ (x1 4+ (d+T))z1.
The Jacobian matrix for system 15 at £,(0,0,0) is

b
—=2ad—b-2I —(d+T)
= {
Ep 1 —d 0 ’
0 0 cd—e+cIl’

and its corresponding characteristic equation of |41 — Jg,| = 0 is

A+ TBA+ KA +D3 =0, (16)
where T3 = —c(d+T)+d+e+ % Ky = —de(d+T) —be(l + %) —2ad + de +2I' + 2b + %, and
D3 = 2(c(d +T)—e)(—ad + I + b). The eigenvalues of the Jacobian matrix of system 15 at E, are

(—(d+5)F [ (Sad+a2—8r—6b+123))
3,1722 5 and A3 =cd —e-+cI.

Next, we will use the system 15 at the equilibrium point E; to apply the Hopf bifurcation Theorem.
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Proposition 3.The origin of system 15 is a Hopf bifurcation if and only if b = byz = —d*. Moreover, which satisfy
Re(A(by3)) # 0 in equation 16, i.e. system 15 undergoes a Hopf bifurcation.

Proof.-When b = b3, equation 16 at a point E, can be rewritten into

(A — (cA +dcfe))<12+\/72ad—2d2+2A) =0, (17)

when A = v/—ad? —d? . Obviously, equation 17 has a pair of purely imaginary conjugate roots and a real root A3 =

cA +dc — e #0, where ® = v/ —2ad — 2d? + 2A(—2ad — 2d*> +2A > 0).
Then a root A (b) of the characteristic polynomial satisfies the relation

FA(b),b) = A(b)* + TsA(b)* + KsA(b) + D3 =0, (18)

Differentiation of 18 with respect to b yields g—ﬁ % + % = 0 implies

dr(b)  Af (Af\T' (wi+ws)
db __£<_) :(172 (19

- IA wil +wy)’

where wi = d(8d%c + (2Ac —de —4A)d — 24 (e + A))[,wa = —(c(6a — A —2)d* + ((2aA — A? — 6b)c +2e +2A)d —
3bcA), w3 = (—2d3c+ (—4rd —da+2e+41)d*+ (—2bc +4ed + 612 +4b)d +2b(e+2A)) and wy = 2d(ad — b)(d*c +
(2Ac —2)d+ be).

Taking the root A (b) = A(b) = iw, evaluating b = b3, and substituting it into 19, we have

, dRe()L(b))) 1
o (0) = (L28A0)) —__— o, (20)
(0) ( db )y, 2 7
and
o (dIm(A(b)) o om
w(O)(—db )bhm 3 e

where m; = @(d>c* + 2d4g1 +c*(a—1))+ ((a®> —2a—5/2A)c* +3ce +4a—1)d> + (—=5/2A(a—1/5)c? + ce(3a+
2A) +2a* —e® —a—3A)d*+ (Ace(2a—1) —a(e* +3A))d +1/2Ae?) and my = ((d>c? +d*(2+ (2a — 3)c?) + ((a® —
3a—3A)c?+dce+4da—2)d> + ((—3aA+A)c? +ce(da+2A)+2a*>—e* —2a—4A)d*>+ ((2ceA(a—1) —a(e* +4A))d +
Ae)d(a+d)).

Evidently, the first and second requirements for the Hopf bifurcation theorem [8] are satisfied. That is, system 15 undergoes
a Hopf bifurcation at the equilibrium point at E; when b = by;3.

We can classify the local stability analysis of equilibrium points and types from the results in [6] and the Routh-
Hurwitz criteria. Table 1 shows how equilibrium points Ey, E; and E, can be categorized based on the roots of equations
2,9 and 16. So, we have the following conclusions.

3 Supercritical and subcritical Hopf bifurcations

In this section, we apply the normal form theory [10] to study the direction, stability, and period of bifurcating periodic
solutions for the system 1. In the remainder of this part, we use the three-dimensional classical Hopf bifurcation theory
and symbolic computing to analyze parametric changes in the system 1.

Theorem 1.The system 1 exhibits a Hopf bifurcation when a passes through ay at equilibrium E.

1. If d*> + b+ 4d > 0, the Hopf bifurcation is supercritical,and bifurcating periodic solutions exist for a > ay,, with the
bifurcating periodic solution is stable.

2. If d <0, the Hopf bifurcation is subcritical and bifurcating periodic solutions exist for a < ay, with the bifurcating
periodic solution is orbitally unstable.
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Table 1: Local stability of all equilibrium points.
Equilibria Conditions Stability
a+d+1>0e>0 stable spiral
(focus)
Ifa+d+1<0,e<0 unstable spiral
a—d+ + < ocus
(a—d+1)24+4b<0 (focus)
a+d+1<0,e>0,or unstable
(a+d+1)>0e<0 saddle-spiral
(focus)
Ja@a—-d+1)?+4b>@+d+1)or —
Ja@—-d+1)2+4b>(@+d+1)and e<0 unstable node
E Ja@a—-d+1)2+4b<(a+d+1)or —
0 (@—d+1)2+4b>0 Ja@—-d+1)?+4b<(a+d+1)ande >0 Stable node
Ja@a—-d+1)2+4b>a+d+
lor(—/(a—d+1)?+4b)>a+d+1lande > saddle node
0
a+d+1<0ande<0 unstable node
) a+d+1>0ande >0 Stable node
(a—d+1)*=-4b a+d+1<0,e>0,
ora+d+1>0e<0 Saddle node
(d2+b) >0, —e(adzcz—bdc2+32c2—2dec+ez) >0 '
E; saec—zate *° 2 asymptotically
and T —2deraicE t o stable
b stable spiral
(d +E) >0,cd—e+cl' <0 (focus)
b unstable spiral
(8ad +d* — 8I' = 6b +2) < 0 (d+3)<0'6d_e+cr>° (focus)
(d + 2) <0,cd—e+cl <0, unstable
d b saddle-spiral
or (d+5) >0,cd—e+cl>0 (focus)
by — b2
—(d +E)+J8ad+d2 —8F—6b+§> Oand | | ctoble node
cd—e+c[ >0
by — b2
—(d +E)+J8ad+d2—8f—6b+ﬁ<0and Stable node
E, b2 cd—e+cl <0
8ad+d2—81"—6b+ﬁ >0 ) -
—(d+3)$\/8ad+d2—81"—6b+;>Oand
by —
cd—e+cl"<0,0r—(d+;)+ saddle node
J8ad+d2—8F—6b+Z—z< Oandcd —e +
c >0
d+ % <0,andcd —e+cl >0 Unstable node
5 2 d+2>0,andcd —e+cl <0 Stable node
8ad +d —8F=6b—ﬁ 5 d 5
d+E<O,andcd—e+c1">0,ord+;>0,and Saddle node
cd—e+c[ <0
©2025 YU
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Proof-We know that it can display Hopf bifurcation at the point Ey as a = aj;. We consider the linear change of

x X2 d—v—-d*—b0
variables| y | =P | y» |, where P= | 1 0 0 |, the differential system 1 will be changed to
z 22 0 0 1
X =~/ =& by,
Y2 =V —d?—bxy+ F(x2,y2,22), (22)
B =—en+F3(x,y2,22),
where FB(x,y2,22) = 2xy — Xz — \/%y% + ﬁxz@ - x%yz + \/hxg and

F3(x2,2,22) = =V —d* — beyrzp +dexoz.
Next, we follow the procedures proposed by Hassard et al. [10] to work out the necessary quantities. We can get

1 (9*F, 0°F, . [0*F 9°F id
g.l—< R 2'+z< N 22)>7, (23)
4\ dx3  9dy; dx5  dy; —d>—b
1 (d*°F, 9°F 0’F, [ 9°F 9*h 0%F id
g2 = N 2 32 =-1- ’ 24
4\ dx5  dy; 0x0y, dx5  dy; dxp0y; —d2—b
1 (9%F, J%°F 0’°F, [ 9°F 9*h 0°F id
8§20 = 4 2 T o2 2 T o2 =l-— (25)
4\ 9x3 dy3 0x0y, dx3 dy3 dxp0y; —d2—p
Gor — l 83F1 33F1 83F2 33F2 4 33F2 33F2 _ 33F1 _ 33F1 _ _l n g d (26)
S 0x3  dxpdy}  9x3dy,  9y3 0x3  Oxpdy; 9x3dy,  9y3 44
Next, we calculate
1 (9’F;  9°F3
hi=-|—=—+—-1]=0, 27
1 (0%F; 0% 0%F;
hy = — - —2i — | =0. 28
20 4 ( 8x§ 8y§ lanyz) ( )
By solving the following equations
A1 = —hyy,
(A3 —2i®) ¢oo = —hao,
the solution is
011 = ¢20 = 0. (29)
Furthermore, we have
1 [ d°F J’F 9’F,  J°F 1 d
G|10—< L 2+i< - ')>—+17 (30)
2\ dnz  Inzn dx72  dyrzo 2 2—-d?’—»p
1 (0°F, J°F 0°F,  9*F 1 i d
G101=—( L2 i( 24 1)):——1—17 (31
2\ dxzo Iy 0x220  9dyr20 2 2v-d2-b
From 26, 29, 30 and 31, we get
— Gy + (2611001 + Grorfa) = —~ 4 2L (32)
gl 1 = 21 110¥11 101 0) — 4 4 m

We now can compute the direction and stability of periodic orbits of system 1 at the origin via i, and period of periodic
solution and its characteristic exponent from 3, and 7, respectively.
From the above analysis, one can compute the following quantities:

i 1 1 1d?>+b+4d = i 4b—9d°—36d> —9bd

1(0) Zw(gzogu g1l 3|goz| )+2821 8 L+ +24 b ;
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Re(M;(0)) 1d*>+b+4d

=— = 33
H a(0) 4 &tb (33)
1d>+b+4d

=2Re(M(0)) = - ——— 34
B2 e(M1(0)) =~ FEA (34)
. _ Im(M(0)) +pp@'(0) 1 3d’43bd +12d* —2b 35)

2T @0(0) T 12 (d?+b)? '
From the system 1 exhibits a Hopf bifurcation at the equilibrium Ej as a passes through a;; = —d — 1. Since u,

determines the type of Hopf bifurcation and the direction of bifurcating periodic solutions; B, determines the stability of
the bifurcating periodic solutions; 7, determines the increases (decreases) of the period of bifurcating periodic solutions.
If d* + b+ 4d > 0, from equations 33 and 34, then y, = B, = ((—1)/4(d*> +b+4d)/(d*> + b)) > 0. Hence the Hopf
bifurcation is supercritical and the bifurcating periodic solution is orbitally stable with bifurcating periodic solutions exist
for a > ay,;. But if d < 0, from equations 33 and 34 then pp = B = ((—1)/4 (d*> +b+4d)/(d*> + b)) < 0, so Hopf
bifurcations is subcritical and bifurcating periodic solutions exist for a < ay; and the bifurcating periodic solutions are
orbitally unstable. If 7, > 0, in equation 35, the period of bifurcating closed orbits increases. whereas, if 7, < 0, in 35, the
period of bifurcating closed orbits decreases.

Now we use the normal form theory to determine the direction of Hopf bifurcations and the stability of bifurcating limit
cycles at equilibrium points E; and E,. However, the calculations are not challenging, just large. They were carried out
using Maple.

Analogously to the above analysis at Ey, we have the following results for the equilibrium point E of system 8&:

. ~ Re(Mi(0)) 4(b(d? + b)*c® +2d*ec — 2d3e*)(dc — e) )+
? a'(0) 16¢2(d? + @?)*(d* + d?>®2 4 2bd? + b%)2\/(2bde(dc — e))dc(bd?c? + b2c? + 2d2ec — 2de?) :

1
8@2bdc?(d* +4d>@? — 2bd? + b2)(d* + d>@?* + 2bd? + b2)2(d? + ©?)3
1
8c2(d? + w?)*(d* + d’@?* + 2bd? + b?)?
1 13
402bdc*(d* + 4d?> 02 — 2bd? + b?)(d* + d?®?* + 2bd?* + b? )2 (d? + ©?)3 Z’

Z h;) (36)

B2 =2Re(M;(0)) =

(h1)+

(37)

1 > 1
2= T 02 (d + Ad2w? + 2bd2 + B A2 ( 2403d? Z; s Zf) ’ (38)
where A = gd“ +d*®° +2bd? + b*) (d* + @?),
Q = 4o (w*(d>c*(4b%d? + 9b*>®?* + 8b°) — 12bd* e + 4b*c* + 12bd3e*?) + 4dOc?e* — 8dPe3c + 4d*e*). Moreover,
Y2, kY3 B and Y3 ¢; can be found in the Appendix. If uy > 0(< 0), then the Hopf bifurcation is supercritical
(subcritical). Notice that it is not easy to analyze equation 36 to find supercritical and subcritical. Now, we consider some
special cases of 36.

1.Take e = b= —c? and d = c, thena):2\/5>0anduz:% ,orif e=b=c? and d = —e, then
®=2+/2c*(c+1) > 0and

1 = —(6c13+28c‘2+58c‘1+4t¢:20(i43i§9c;ui51(2)i:11i?c()zcjr;rﬁi;g?;il;;cﬁ;7j?§4+1674c3595c2+60c+21)’ or if e = —d,b = —d* and
c=1,then ® =2vd >0 and u, = W. For all above cases u are negative, then Hopf bifurcation is
subcritical.

2. Take e = —c #0,b = —1 and d = 1,then up, = — 3;66 , if ¢ € (—1.3,0) so Hopf bifurcation is supercritical and if

c € (—oo,—1.3) U (0,00) Hopf bifurcation is subcritical. In addition, take e = —c¢ # 0,b = —3 and d = 3, then

w = 9248¢% ’622206 261819, if ¢ € (—2.93104141701...,0) the Hopf bifurcation is supercritical and if
¢ € (—o0,—2. 931041417010904 .)U (0, ) Hopf bifurcation is subcritical.
Furthermore, for the equilibrium point E; of system 15, we have the following results:

_ Re(M;(0))  d*(a+d)
Hy = — (X/(O) - a)z ) (39)
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d*(a+d
B> = 2Re(; (0)) = ~ D, (40)
. _ Im(My(0)) +p@'(0) 1 (T} 486ad” 4 486d> — 648dA +4ad —212d* — 4A @)
:T @0(0) T 240\, 2w’ ’

where IT; = (—33wad — 33d*® + 210A)(—2d*d*? — dad*c* — 2d°c* + 4ad>c® + 4d*c? — 6d3ec — 4a’d* — 8ad® +
2ade® — 4d* 4 2d*e* + 2ad® + 2d° + A(5ad*c? + 5d3c* — dadec — 4d*ec — d*c* + 2dec + 6ad + 6d* — ¢?), and
I, = w*(—2d°d* — 4d’d*ec — 8ad>ec — 4d*ec — dOc® + de® + dad® — 6a*d® — 6ad* + 3d°c* + 2a>d®> — 2d° + a*de® +
2ad’e® — a3d3c? — 3a*d*c? — 3ad’ + 6ad*c® 4 3a’d3 c? +2d* + A(2d%ec — ad*c + 3ad? ¢ + 6ad>c* — 2d3ec — ae® +
4a’d — de® + 8ad® — d>c* +3d*c? +4d> + 2adec — 2a*dec — 4ad’ec)).

From the above analysis, the system 15 exhibits a Hopf bifurcation at the equilibrium E»(0,0,0) as a passes through
a=ap3. When d > 0 then &’ (0) < 0, hence the signs of u, and 3, are the same according to equation 39 and equation 40.
Also, from equation 41 the period of bifurcating closed orbits increases 7, > 0 and decreases 7, < 0. Also, if d > 0, then
B2 > 0. Likewise, if d < 0, then 8, < 0. In short, we have proved the next result.

Theorem 2.System 15 exhibits a Hopf bifurcation at the equilibrium point E;. When a+d < 0, the bifurcation is
supercritical and the direction of the the bifurcation isb < by3.

Remark 1. The results for the equilibrium point E3 are analogous to those of Proposition 3 and Theorem 2 for E;. As a
result, the formulation of the conclusion for the equilibrium E3 and its proof are omitted. This is due to the fact that when
we perform the appropriate computations for the equilibrium point E3, we obtain the same results as when we perform
the identical computations for the equilibrium point E,.

4 Numerical examples

In the present section 3, we make some numerical simulations with help of Maple to support our analytical results.
1. The stability of equilibrium point Ey is changed from one side to other of aj;.Hence, there is Hopf bifurcation at
a=ap.When b= —-5,c=1,d = —1.1, and e = 2 with initial conditions: x(0) = 0,y(0) = z(0) = 0.1. The theoretical
analysis suggests that

o =1.946792233 and ap; =0.1.

It follows from the results that
W = PBr=—1.410949868 and 1 =0.7269142625.

In the light Theorem 1, since u, < 0, the Hopf bifurcation is subcritical which means that equilibrium point Ey of the
system 1 is stable when a > aj,; where a = 0.2, and the equilibrium point losses its stability and a Hopf bifurcation occurs
when a decreases past ayj,where a = —0.1 i.e., a family of periodic solutions bifurcates from the equilibrium point, as
shown in Fig. 1. Since 3, < 0, each individual closed solution is stable. Since 7, > 0, the period of bifurcating periodic
solutions increases with a increasing.

2. The stability of equilibrium point E; is changed from one side to the other of aj;.Hence, there is Hopf bifurcation at
a=ay. Whenb=1,c=1,d =1.9, and e = 1 with initial conditions: x(0) = 0,y(0) = z(0) = 1. The theoretical analysis
suggests that

o =1.849324201 and ayy = —4.065429363.

It follows from the results that
U = 1.499683545, B, = —0.08480781953 and 1, = —0.1280863068.

Since , > 0, the Hopf bifurcation is supercritical which means that equilibrium point £ (0,0,0) of the system 8 is stable
when a < ay;, a Hopf bifurcation occurs when a increases past ayy, i.e., a family of periodic solutions bifurcate from the
equilibrium point, as shown in Fig. 2. Since 8, < 0, each individual periodic solution is stable. Since 17, < 0, periods of
bifurcating periodic solutions decrease with decreasing a.

3. The stability of equilibrium point E3 is changed from one side to other of bj3. Hence, there is Hopf bifurcation at
b=">bys. Whena=1,c=5,d =—1.2, and e = 5 with initial conditions: x(0) = y(0) =z(0) = 0.1. The theoretical analysis
suggests that

® =0.7702678943 and b3 = —1.44.
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@ i1

Fig. 1: A trajectory of forest pest system 1 at equilibrium Ej. (i) the bifurcating periodic solution whena =0.2 > aj; =0.1.
(ii) a stable when a = —0.1 < q;,1 =0.1.

3

@ b

Fig. 2: A trajectory of forest pest system 8 at equilibrium E; (i) a stable when a = —7.06542 < a;, = —4.065429363. (ii)
the bifurcating periodic solution when a = —3.06542 > a;; = —4.065429363.

It follows from the results that
Uy = 0.4854101966, B, = —0.4045084972 and 1, = 1.181523057.

In the light Theorem 2, since , > 0, the Hopf bifurcation is supercritical which means that equilibrium point E»(0,0,0)
of the system 15 is stable when b < b3 and the equilibrium point losses its stability and a Hopf bifurcation occurs when a
increases past by;3, i.e., a family of periodic orbits bifurcates from the equilibrium point, as shown in Fig. 3. Since 3, < 0,
each individual closed orbit is stable. Since 7, > 0, the periods of bifurcating periodic orbits increase with b increasing.

Remark 2. An essential tool for studying time-periodic nonlinear differential systems with small parameters is the
averaging approach, which has been used in several research domains, see [5, 13]. In addition, the zero-Hopf bifurcation
and averaging Theory [3,13,14,17,19] and normal form Theory [22] plays a central role in the periodic solutions of the
polynomial differential models. Hence, to find all possible limit cycles of the system 1, one may use the averaging and
normal form methods to get information about another periodic solution of this system. This leads us to believe that there
should be a zero Hopf bifurcation point on the parameters, as will be demonstrated in a future study.
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Fig. 3: A trajectory of forest pest system 15 at equilibrium E; (i) a stable when b = —1.55 < by3 = —1.44. (ii) the
bifurcating periodic solution when b = —1.38 > b3 = —1.44.

Conclusion

New insights into the forest pest differential system are presented. In summary, the periodic solutions of the forest pest
system have been studied in this paper. First, the stability of four equilibrium points Eo, E{, and E3 3 are analyzed. The
Hopf bifurcation analysis of system 1 has also been studied using normal form theory. We thoroughly analyzed the Hopf
bifurcation direction as well as the stability of bifurcating periodic solutions. Then, by employing the normal form theory
of the Hopf bifurcation, its normal form is derived, and some sufficient conditions guarantee the occurrence of Hopf
bifurcation. Furthermore, a numerical result is presented to illustrate that Hopf bifurcation can take place.

Appendix

h

ed*(d?> + & 4 b)(2d® — 2cd” + (B3w*c® 4 2bc? +2e)d® — 2¢(20* 4 b)d’ + (32 w* + (5bc? + 4e) 0* + 10bcw + b(bc?
2e))d* + (—2w*c — 2bw*c — 15bew)d> + (c*0* +2(2bc? + €) ®? + 10bew + 2b*?) w*d> — 15bew’d + b> w* (®* +b)
hy = 4d*0c? — 8d'9ec + ((—20¢> + 12¢?)b + 16¢*®* + 4€?)d' 8 + 2¢((—2/3c®? + c(e +2) — 12¢)b — 14ew?)d' 7 +
((—60c® +8c)b? 4 (—8w3c® + 36@°c? — Sewce + 12¢%)b + 242 w* + 122 w?)d' 6,

hy = ((*@® + (2¢* — 3¢} @? + 6¢*(e + 4/3)@ — 16ce)b? + 4(—11/2¢2@° + 2c*(e + 3/2)w* — 10ecw + e*)wb —
36ecw)d!5 + ((—4 @ — 8c)b® + (—c*o* — 182 0° — 2c% (e — 8)@? — 16ecw + 8¢*)b? — 2(6¢> w* + (e — 18)®* +
ldecw + e*)bo? + 16c? 0% + 122 w*)d ' 4,

hy = ((2c* @ + (4¢3 + 6¢?) 0° + dec’® + 16ce) b + (4c* 0° + g2c3 —39ct)* + 14c* (e +4/7)® — 2ce®? + 8e*)b* +
(—=52c2@8 + 12¢%(e + 1)@° + 4decw* + 16e°@3)b — 20ecw®)d'3 + ((4wc® — 12¢2)b* + (—4c*w* + 2303 + (8 +
(—4e —48)?)®* —8e*)b> — 12(1/3c*w* +3/2c3 03 +1/6¢2 (e — 18) @ + ec + ) 0*b? + (—83 w7 — 6¢% (e —2) w® —
32ce®’ — 108e2w*)b + 4c* 0® + 4e20%)d"2,

hs =
(—c(—6cw? +dc(e +2)w — 24e)b* — c(—T®° + (—6¢% + 19¢) 0* + 12¢(e +2)w — 102¢) 0*b* + (bc*@” + (—6¢> —
87¢) % + (10e — 8) @’ + 24ecw* +4e*@3)b? + (— 54?08 +4c?(2e + 1) @7 + 112ec®® 4 20e*03)b — decw®)d' 1,

he = 6b((3w —2/3¢2)b* 4 (563 @ 4 (—8/3¢% — 8/3) 0> +8/3eca — 2e*)b* —28/3(1/1c*w* — 13/28P3 @ + (—5/7 +
(5/56e + 15/14)2) 0> — 8/Tecw + €*)w*b* — 35/3(3/25c*0* + 3/353 w3 — 2/35¢% (e + 14)0> — 16/35¢com +
) w*b—1/330° — ec? 0 — 2ecw’ — 83 /3620®)d'0,

hy = —6b(c(1/3c3w3 + (2/3¢* + 1/2¢)®° + ¢(2/3 + e)o — 4/3e)b* + 4/3(1/8c*w* + (11/4c + 3/8¢%)w® +
9/2c2(2/3 + e)@? — 39/4ecw + e2)wb® + (—2/3c*@” + (=2¢> + 61/6¢*)w® + 8c*(e + 3/4)@> — 47/3eco* +
20/3e*@*)b* +16/3(—1/8c*@w* + (5/16¢> +69/32¢) 03 — 1/16¢*(e — 4) 0* +23/16ecw + e*) @b — 4 /3(1 J4ec* 0* —
25/8¢2@° + 13/2eco + ) @")d’, hy = 2b(D°AF o + (*@* + 113 0% + (4 + (2e — 2)?)®? + decw — 2¢2)b* +

— + |l
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(—1/2c*@% + 283 + (—8 + (1de + 6)c?)®* + 26ecw’ — 24e*@?)b + (—6¢*@d + 15207 + (16 + (—9e —
10)c?) @ + 50ce@’® — 33e>0*)b? + (—2c*®' 0+ 3c?(e + 14/3) 0% + ld4ecw” — 13e@%)b — ec?0'0 — 36e*@?)d®,

hg = —2(2(1/22w*(c + 3/2)o + e)b° + (7/2c*0* + (7¢ 4+ 7/2c¢2) @3 + 10(e + 1/5)*@? + Tecw + 2¢*)b* +
(3/2c*@® + (22¢3 + 12¢?) @° + ¢*(35e + 8) 0* — 12ec®? + 142 @0*)b + (—5/2c* @8 + (— 113 +41/2c?) 0" + ¢*(23e +
6)0% — decw’® +34e*0M)b? + (—1/2c¢* @00+ (2¢® +9¢%) 07 + 28ecw’ + 12¢?w0)b + 2c*w' 1) bwd’

hio = 2(c*(1/2¢*@0% + 2cw + e)b* + (3c*w* + 133 @ + (11/2ec? + 4) @ + 2eco + 5¢*)b° + (—3/2c*0® + 19w’ +
c2(29¢ + 8)w* + 18ec®? — 7 @?)b?) + (—4c* @8 + 53 07 — 37 /2ec?w® + 20cew® — 13> 0*)b — 1/2c*®' 0+ ec?0® +
12¢>0%)b? w?d®,

hiy = —2((3/2c?@* + (2c +3) @ +e)c?b> + (9/2c¢* 0* + (8¢® +5/2¢?) 03 + 12ec? 0* + Tecw)b? + (3/2¢* @0 + (113 +
15/2c2)@° +25ec?*®* 4 19ec@® + 8e> )b — 1 /2¢* 0% 4 (—6¢3 +5/2c?) @7 + Tec? 0® + 162 w* )b 0’ d?,

hiy = 2b3(c*(3/22@* + co + e)b® + (Bo*c* + 503 + Tew?c? + 3e?)b? + (—3/2c* 00 + 43w + 15ec?0* +
11e2w0?)b — *wd — 10ec?0®)w*d* — 3¢?b*((*® + 2/3c + 1)b* + 10/3(1/2c*0* + (3/5¢ + 1/10)® + e)ob +
1/3¢0° +4ew?)0°d?,

hi3 = (3c*0¥b® + 20'0c* + Tewdc?)b — b*c* 0'2)d* — B 0’ (0 + b)d + bOc* 0'0,

B, = b2d'8w3c* + 8b2d'6w*c* + 22b2d 4wbc* + 2802 2w8¢* + 17H2d 0w 0c* + 4b2dB3w!2¢* + 6b3d 6wt
3503d 4% + T1H3d200¢* + 63b3d'003c* + 23b3d3@'0c* + 203d%w'2¢* + 15b*d 4% c* + 63b4d' 2% c*
916%d'00%c* + 5103 wdc* + 6b*d°w'0c* — 2b%d*w'2¢* — 4b*d T w3 — 52b%d 5w — 132b2%d'3003
1240%d" 1083 — 40b%d° 0'0c® + 4d°2c? + 32d°0w>c? + 88d'8w*c? + 112d'6w0¢> + 68d'4mdc? 4 16d'2w'0c?
200°d" 20%c* 4+ 62b°d 0w c* + 63b°dB WO c* +200°d° Wit — b d* ' 0c* — 2003d' 5w% 3 + 148b3d 3w 3,

By = —-22803d"10% — 203w + 8b3d"w'0c® + 9b*dl6ew?c? + 89b%d'dew*c? + 207b2d'2ewdc?
183b%d 0eBc? + 56b%dBe'0c? + 24bd*0c? + 168bd'8w3c* + 360bd'6w*c? + 312bd'4w0c? + 96bd' 282
8d%1ec — 64d'9ew?c — 176d' Tew*c — 224d'5e@%c — 136d'3ewdc — 32d' 1ew'0c + 15b°d'0w3c* + 38b0d8 w*c*
306°d0woc* + 6b0d*@wdct — BOdw'0ct — 20b*d'3w%3 — 122b%dN 1wt — 226003 + 60b*dT w33
453d de 2 c? + 274b3d 2e ** + 38563 d 0e Oc? + 14063 dBe@®c? — 16b3d% ' 0c? + 60b%d ' 8¢* + 396b%d! 62>
864b%d 4w*c? +780b%d 20 c? + 252b%d 0w 2,

By = —48bd'9ec — 340bd Tew?c — 720bd'5ew*c — 612bd'3ewlc — 184bd'lewbc + 4d*0e* + 32d'8e*w?
88d'6e2w* + 112d'4e @0 + 68d'2¢2w8 + 16d'02®'0 + 6b7d3w*c* + 15b7d%w*c* + 12b7d* wOc* + 3b7d*wdc*
400°d 1 0% 3 + 26 0* A + 1180°d" 0O + T6D°d w83 + 90b*d 2ew?c? + 278b%d 0ew?*c? + 101b*dBewbc? —
78b*d0edc? + 80b3d12¢? + 544b3d 4% c? + 111263d120%c? + 648b3d10w0c? — 120b%d Tec — 840b%d 5ew?c —
18800%d'3e*c — 1744b%d" 1ew®c — 584b%d°ewBc + 24bd'8e + 172bd 662 w* + 360bd'4e*w* + 300bd'2e2w® +
88bd' 0’ w® 4 bBd® w?c* 4 3h¥d* w*c?,

By = 3320 + B3wdct — 200°° %3 + 38b0d7 Wt + 58O WO + 90b°d'0cw?c? + 80b dBewtc? —
1266°d0eOc? — 116b°d*e®c? + 60b*d 4c? + 456b%d 2w%c? + 1032b%d 0w*c? + 1716b*d8 w0c? — 160b3d Sec —
124003d'3ew?c — 2560b%d'lew*c — 1372b°d°ewlc + 60b%d'6¢* + 448b%d'4e’w? + 1016b%d'2e2w* +
952b%d1 02 w0 + 324b2d3*wd — 4b7d7w* + 1007 dPw*c® + 14b°dP w3 + 45b%dBew?c? — 23b%d%ew*c? —
68b°d*e®c? + 24b°d' 2¢% + 216D°d 032 + 912b°dB w*c? — 120b%d' 3ec — 112004  1ew?c,

Bs = —2654b*d°ew’c — 4912b%d"ew®c + 80b3d'4e* + T12b°d'2e7w? + 1438b%d'0%w* + 644b3d3* w® +
O d0w?c? — 10b7d*ew*c? — 1907 d%e®c? + 4b°d 0c? + 44b%d8 w2 % + 4006°d0 w*c? — 48b°d" 1ec — 564b°d°ew?c —
2604b°d7ew*c + 60b*d12¢% + 688b%d10e2w? + 1687h4d3e2w* + 3516b%d%% w0 — 8b0d°cc — 120b%d"ew?c —
1174b°d° ew® c + 24b°d" 0e? 4 364bdB e w? + 1852b°d0*> w* 4 4b%d8e? + 80b0de? w* 4 859b0d* e* w*,

c1 = (2bc*d* + 3b?@? + 2b*c® — 2ced? + 2de?)(bc?d* + 2b*c*d® + 2cd*e + b c? — 2d%e?) — bPdlactwt —
352410t w0 — 3L2d3* w8 — B2dOct w0 — 2b3d10c* 0t — 4b3d8 A 0® — 2b3d0* @B + 4bd'53 w? + 12bd'3 0t +
12bd"13 0% + 4bd° 3 08 + b*dc* w°,

cy = 2b%d*A0b + b0 + 220%d'33 0% + 84b2d 1 0t + 1026%2d° A b + 40b%d7 P w8 + 3bd 52 w? —
4bd dec* 0* + 19bd'3c* 0* — 10bd ' 2ec?®* + 33bd' 12 w0 — 8bd ' 0ec?* w® + 21bd°c* w® — 2bdBec? wd + 4bd” ®'0c? +
16d'6c2@? + 48d'4c20* + 48d'2c% w0 + 16d'0c2w® + 2b°d°A 0* + 4b3d*c* @B + 2b°d*c*w® + 48h3d' 1P w? +
15003d° A w* + 12203d7 3 08 4 2003d5 3 03 + 15b%2d 30? — 26b%d ' 2ec? w?* + 64b%d 12 w?,

c3 = —102b%d' 0ec? w* + 7102%d° P w® — 130b2d3ec? w0 + 22b%d” 2 w® — 54b%d0ec? B + 40bd' 4c* w? + 80bd' 2¢* w* +
40bd'0c? w8 — 2d'7ce — 50d'5ew?c — 134d'3ce* — 126d' 1ce® — 40d°cew® + bOd*c* w* + 2b0d%c* w® + bOc* B +
526%d° 0? + 102047 P w* + 5003 A w° + 303d 12w — 64b3d 0ec?@w? + 81b3d°Pw* — 199b3d8Pew* +
56b%d7 20 — 16303d° e ® + 5P’ ? w® — 28b3d* e w® + 24b%d ' 2c* @ + 32h°d 0 o + 8b*d3 @b — 10bd' 5ce,
cs = —148bd'3ce®?* — 258bd 1ec* — 120bd°ce®® + 2d'6¢* + 34d'4e? ®* + 86d' 262 w* + 78d'0e? 0O + 24d8e* w8 +
280°d7Fw? + 3007wt + 206°dPAw° + 3064 w? — T6b*dBectw? + 49b*d7rw* — 142b0%d%ect 0t +
19002 — 66b%d*ec?w® — 8b3d02w? — 8B3d3w* — 200%d'3ce — 152b%d'1cew® — 178b*d°cew® —
1062d" ce® + 10bd'4e* + 112bd'2¢*@* + 168bd 0e?0* + 84bdSe? w0 + 6b°d° 2 w? + 6b°d3 P w* + 15b°d 2 w? —
4403d0ctew? + 16b°d° 2 w* — 45b°d* Cew® + B d> 2 w® — b d%c2ew® — 8b*d8 2 w?

and cs =
—8b*d°c?w* — 20b3d 1ce — 68b3d° ce?* — 42b3d" cew* + 20b2d" 26> + 143b%d' 02 ? + 171h2d3 > w* — 6b*d0e? w® +

I+ +++ 1+ +1++
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369452 @2 — 10b%d*c2e@? + 3b0d3 2 w* — 10b°d%c2e* — 10b*d%ce — 22b%d" ce? + 12b%d5ce* + 2003d10e* +
97b3d8e2 2 + 68b3d02 w* — 2b°d" ce — 8B d° ce? + 10b*d8e? + 43b%d%? ?* — 3b*d*e* w* + 2b°d%? + 11’ d* e w?.
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