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1 Introduction

The concept of fuzzy sets [38], as a generalization of crisp sets, extends to fuzzy relations, which can be viewed as a
generalization of ordinary relations between two elements. Zadeh [38] defined a fuzzy relation between A and B as a
fuzzy set of A x B. Since then, various articles have been released in this field among which we can mention to fuzzy
group (Rosenfeld [28]), fuzzy graph (Mordeson et al. [20]), fuzzy topological graphs (Atef et al. [7]), fuzzy vector space
(Ranjbar et al. [27]), fuzzy geometric spaces (Ameri et al. [1], [2]), fuzzy probability theory (Bugajski [9]), lattice of
fuzzy subalgebras (Murali [22]) etc. Equivalence relations are well-known in crisp sets for instance, Murali ([22], [23])
studied the fuzzy equivalence relations and congruence relations in fuzzy set theory. Following this, Samhan ([30], [31])
1), applying the concept of fuzzy quotient algebra and fuzzy factor congruence, presented fuzzy congruence on a subgroup
and a fuzzy congruence relation on a universal algebra.

Algebraic hyperstructures present a natural expansion of algebraic structures. As we know, the composition of two
elements in hyperalgebra is a nonempty set, while the composition of two elements in algebra was an element. Marty [18]
defined hyperstructures in 8th congress of Scandinavian Mathematicians. Various studies in this field led to great progress
in the field of mathematics and computer science, among which are applications of hyperstructure theory (Corsini and
Leoreanu [11]), join n-spaces and lattices (Leoreanu and Davvaz [17]), (Zahedi and Ameri [39]), congruence relation
in hyperalgebra (Schweigert [32]), el-hyperstructures (Novak [21]), direct limit and inverse limit (Leoreanu [16]), weak
hyperstructures (Vougiouklis et al. [37]), and homomorphism and subalgebra of multialgebra (Pickett [26]). Most works
in this notion were given in book by Corsini and Leoreanu [11] that Vougiouklis et al. [37] followed it. As we know,
there have been several studies investigating the connection between hyperstructures and fuzzy sets. These studies can be
categorized into three types. The first group include the articles that concern the crisp hyperoperation defined on fuzzy sets
that was an idea from Corsini [10], expanded upon Leoreanu [16], Corsini and Leoreanu [12] and some other researchers.
The second group include the articles that study fuzzy hyperalgebras that are the extension of fuzzy algebras. This idea
was initiated by Ameri and Zahedi [6] Zahedi et al. [40], and Davvaz and Corsini [15]. The last group is an idea from
Corsini and Tofan [13] that is also about fuzzy hyperalgebra but in a completely different way which can be expressed
as follows: Similar to crisp hyperoperations assigning a crisp set to all pair of elements, a fuzzy hyperoperation assigns
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a fuzzy set to each pair of elements, as continued by Sen et al. [33]. The current paper falls in the second group, aiming
to generalize Samhan’s article [31] to hyperalgebras by introducing the concept of fuzzy hypercongruence relation and
quotient hyperalgebra. Additionally, the notion of direct product for any fuzzy relations, obtaining relevant results will be
introduced and explored.

2 Preliminaries

In this segment, we introduce several properties related to hyperalgebras and fuzzy sets.

Suppose that S is a fixed nonempty set and P*(S) is the family of all nonempty subsets of S. For a positive integer n we
denote by S" the set of n-tuple over S and an n-ary hyperoperation ” on S is a map " : S X --- x § — P*(S) which a
nonzero subset §"(&;,...,&,) with any n-tuple (§,...,&,) of elements of S. We refer to say that n as the arity of f3.

To define a hyperalgebra, the classical algebraic concept (see [8]) can be generalized and expressed as follows: A
hyperalgebra S = (S, (f;,i € I)) is the set S along with a collection (; : i € I) of n;-ary hyperoperations on S, where
(n; : i € I indicates the type of this hyperalgebra.

A hypergroupoid (S,#) is a hyperalgebra (multialgebra) of type 2, that is a set s together with a single binary
hyperoperation *. Also a hypergroupoid (S, ), which is satisfying associative, that is x* (y*z) = (x*y) x z for all
x,y,z € S, is called semihypergroup. A hypergroup is a semihypergroup satisfying the productive law: for all x € S we
have xS = Sxx = S. An element ¢ € S of a hypergroup (S,x) is called an identity of S if for all x € S,
x € (exx)N(xxe).

Example 1.Let S = {a,b,c}. We can define a hyperoperation 82 on S, as follows:
B2:85x 85— P*(S)

(x,y) > xB%y = {x,y}
for all (x,y) € S%. So S = (S, 8?) is an hyperalgebra.

Let w be a subset of S. We say 7 is closed under the n-ary hyperoperation § If (&;,...,&,) € n" give results
B(&1,-..,&) C m, where " represent the set of all n-tuple on 7. In the case of S = (S, (B;,i € 1)) is a hyperalgebra, 7 is
called a subhyperalgebra of S, if 7 is closed under each the n-ary hyperoperation f3;, for all i € I.

In this paper we use V and A to refer supremum and infimum in [0, 1], respectively.

To elaborate the point, we first state the important definitions in fuzzy relations (see Murali [23] and Samhan [31] for
more details).

Let 81,957, ...,5, be nonempty sets. A fuzzy n-ary relation 8 on 1,95, ...,S, is defined as a fuzzy set of the product set
S1 % 8 X ... x S,. Especially, a fuzzy binary relation on S and G is a fuzzy set 6 on S x G. In this article, sets S and G are
considered to be the same sets.

A fuzzy relation (FR) always refers to a fuzzy binary relation 0 : S x S — [0, 1] unless specified otherwise.

Definition 1.(see Ameri et al. [5]) Let 6; and 6, be two FR on S. The composition of 6; and 8, is shown by 0; o 6, and
defined by (610 6,)(E,7) = C\/ (01(8,8) N 6:(8,7)).
es

Example 2.Let 0; and 6, be two fuzzy equivalence relations on §. Define

Simple calculations show that

For example (0; 0 6,)(2,1) = \G/S(Gl (2,5) A Ba(s,1)) = (61(2,1) A 62(1,1))V(61(2,2) AB2(2,1)) = (0.3A0.1) V(0.4 A
0.2)=0.2.

A fuzzy relation 6 on S is termed a fuzzy equivalence relation when the following conditions are met:
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(1)0 is reflexive, 0(£,E) =1, for & €8.
(ii)0 is symmetric, 6(&,7) = 0(t,8), for&,T€S.
(iii)@ is transitive, 00 6 < 6.

We denote fuzzy equivalence relation by FER.
Proposition 1.(see Murali [23]) If 6 isaFER on S, then 6 0 6 = 6.

Let S = (S,85), 8" = (5, %) be two hyperalgebras. A function g : S — §' is called a homomorphism from S to §' if for
all &;,...,&, € S, it follows that

g(B3(Erre. &) =B (g(&1)....8(E)).

An equivalence relation 8 on S x S of S = (S,F) is called a congruence of S if &6071 for 1 < i < n, then
BS(&r,...,E)0B5(n1,...,1,) forall &, 7; € S.

Definition 2.Let A : S x § — [0, 1] be a fuzzy set. For p € [0, 1], a p—level (strang p—level) subset of A on S x S are defined
as follows: B
Ap={(x1,%2) €5*: A(x1,%) > p} (A = {(x1,x2) €% A(x1,%2) > p}).

A new attitude to the fuzzy algebra was presented by Samhan [31]. Now we follow it in order to extend this notion
into FR on hyperalgebras.

3 Product of fuzzy hypercongruences

Definition 3.Suppose that S = (S, F) is a hyperalgebra and 6 be a FER on S. We say 0 is fuzzy hypercongruence relation
on S if for any elements &;, 7; € S and for all n-ary § € F, it follows that

6(¢,7) > N\ 6(&,m),
i=1

where & € B(&y,...,&). T€ B(T1,...,T).

The set of all fuzzy hypercongruences on S will be indicated by FHC(S).
We define Ag and Vs the least and the greatest elements of FHC(S), where

AS(éar):{(l) g;z and Vs(g,f)zl,
forall §,7 € S.

Definition 4.Let S and S’ be two hyperalgebras and g : S — S’ be a homomorphism and 6,7 be two FR on S and §’,
respectively. The inverse image of 7z, shown by g~!(7), is the FR on S defined by

g '(m)(&,7)=n(g(§).8(1) V&.TeES,
and the image of 6, is indicated by g(0), it is the FR on S’ defined by

g(8)(& ) =\/{6(&.1):Ecg ' (E)res ()}
&t

If g~ (&") or g~ !(7') is empty, then g(8)(&’, ) is defined as 0.
Also the kernel of g, written kerg, is defined by

kerg = {(a,b) € 5 : g(a) = g(b)}.

In this section based on fuzzy hypercongruence relations, we define fuzzy quotient hyperalgebra and factor
congruence. Finally, we prove some homomorphism theorems and correspondence theorem.

Let S be a hyperalgebra and 6,7 € FHC(S) and £ € S. We indicate the fuzzy hypercongruence class determined by
& and 0 by £/6, it’s the fuzzy set of S defined by

(&/0)(t)=06(E,7) VTES.
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Proposition 2.If 6 € FHC(S) and &, 7 € S, then
E/0=1/60<0(&,1)=1.
ProofLet £/6 = t/0 then for all { € S, it follows that (£/0)(§) = (t/0)({) so 8(&,8) = 6(7,{), in a special situation

for T = £, it follows that 8(&,7) = 6(t,7) = 1.
Conversly, let 8(&,7) = 1. Since 0 is fuzzy hypercongruence relation, by Proposition 1, it follows that

6(5,6)=000(5,8) = 6(5,7)A6(7,¢) = 6(7,0),

similarity, 6(7,8) > 6(&,8).
Then it follows that 8(7,§) = 0(&,{) i.e.

(£/6)(6) = (¢/6)(5)  for all {ES.

Definition 5.Let S be a hyperalgebra and 6 € FHC(S). Define S/0 = {£/0 : & € S} be the set of all congruence classes
S by 6. Suppose 3 € F be an n-ary function, the hyperoperation on S/6 induceed by 8 on S is defined by

BY°(&1/6.....81/6) = B3(&1,-...6a) /6.
Definition 6.Suppose that M and N are two sets. We say MON if and only if £07 forall E € M, T € N.
Proposition 3.The hyperoperation 85/¢ is well-defined.

ProofFor all §;,1; € S, let /0 = 1;/6. Then by Proposition 2, it follows that 6(&;,7;) = 1 for 1 <i < n. Thus, 6(&,1) >
0(&, 1) =1for& € B(&,...,&),7 € B(T1,...,T,). Thus 8(&,7) = 1, by Proposition 2, we have

B(éla"wg”)/e :ﬁ(rl""71’l)/6
i.e. B5/¢ is well-defined.

The hyperalgebra S/0 = (S/0,F) is termed the fuzzy quotient hyperalgebra of S resulted by 6. Let S be a hyperalgebra
and 0 € FHC(S). The natural map vg : S — S/ 6 is defined by vg(&) = & /6. Clearly vy is onto homomorphism.

Lemma 1.Suppose that S,S' are two hyperalgebras and g : S — S’ be homomorphism and 7 € FHC(S'). Then g~ (1) €
FHC(S).

Proof-Suppose that & € B(&1,...,&n), T € B(T1,...,Tm). Then

g ' (m)(&), 7).

~

g ' (m)(E,7) = m(g(8).8(7)) = A\ m(s()).8(7)) =
j=1

j=1

Thus g~ !(7) € FHC(S).
The subsequent theorem bears resemblance to the homomorphism theorem in universal algebra theory.

Theorem 1.Suppose that S, S’ are two hyperalgebras and g : S — S’ be a homomorphism and & € FHC(S'). Then
S/g ' (m)=S/x.

ProofBy Lemma 1 we have g~ () € FHC(S). Define the map f:S/g~ ' (x) = S'/w by f(&/g7 ' (n)) = g(&) /7 for all
& € S. By Proposition 2 and Definition 4, we have

&/g N (m)=1/g"'(n) g
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Then f is well-defined and one-to-one. On the other hand f is onto and also it follows that

(B3, &) /g7 (m) = g (B, . 8n)) /7
=B% (8(&1);-.8(80) /m
=S/ (8(&1)/7,...8(En) /)
=B (f(&1/g (W) f ()87 (1))
Thus f is a homomorphism. So the proof is complete.
Corollary 1.Suppose that S, S’ are two hyperalgebras and g : S — S’ be an onto homomorphism and & € FHC(S'). Then
S/ lkers =S'/As =S,
where 1z, is the characteristic function of kernel g.
The ensuing definition serves as the fuzzy analog to the factor congruence definition in hyperalgebras.

Definition 7.Let S be a hyperalgebra. We say 0 and 7 are a pair of fuzzy factor hypercongruences of S if 6 N 7w = Ag and
Oomr= Vs.

Theorem 2.Suppose that 6 and 7 is a pair of fuzzy factor hypercongruences on a hyperalgebra S and |Im8| and |Imzx| are
finite. Then

S~S/nxS/6.

ProofDefine themap g: S — S/m xS/0 forall & €.
8(&)=(&/m.£/6)
g is well-defined and one-to-one. Let g(&) = g(7) forall §,7 € S, then &/ =7/mw and £ /0 = 7/6, so by Proposition
2 it follows that £(£,7) =1 and 6(&,7) = 1 hence Ag(§,7) =1s0& = 1.
We can easily prove g is onto: suppose (& /7,7/0) € S/m x S/6. Since 6 o T = Vg, it follows that

1=Vs(&,1)=00m(5,7) > \/ (6(5.0)An(C,7)).

ges

On the other hand, since |Im8| and [Imz| are finite then thereisa § € Ss.t. (&, 5)Ar(L,7) =1500(&,8) =n({,7)=1.
Thus /60 ={/0 and {/m = t/7 so

8(1)=(§/m./8) = (5/m /).

Later, we define direct product for two FR then we prove that direct product of two fuzzy hypercongruences belongs
to fuzzy hypercongruence relation too. Finally, we extend this theorem for all fundamental relations.

Definition 8.Let S and S’ be two hyperalgebras and 0, 7 are FR on S and §', respectively. The product of 6 and 7 is shown
as 0 x mw and defined by

(0 x7)((&1,71), (&, 1)) = N{0(&1,&),7(T1, %)}
for all 51,52 eSand 11,1 € A

Theorem 3.Suppose that 6 is a fuzzy hypercongruence relation on S. Then all nonempty p-level 8, is hypercongruence
on S.

Proof-We prove that 6, is p-level relation. Let B € F and x; € B(&i,...,&,), x2 € B(71,...,T,) for all x;,x, € S and
(&, i) € S". Suppose §;0,7; fori=1,...,nthen 0(&;,7;) > p for 0 < p < 1. Since 0 is a fuzzy hypercongruence relation

n
it follows that 0 (x1,x2) > A 6(&;, 7)) > p. Sox;10,x; forall x; € B(&y,...,6n), x2 € B(T1,...,Tn).
i=1

Theorem 4.(Davvaz and Cristea [14]). Let S and S’ be two hyperalgebras and 6, 7 be FR on S,S', respectively. Then

(6 Xﬂ)pz 9p><7l'p.
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Theorem 5.Suppose that S and S’ are two hyperalgebras and 8 € FHC(S) and & € FHC(S'). Then
(0 xm)e FHC(SxS').

Proof.Suppose that (m,&) € (m,&;) * (my, &) and (n,7) € (n1,71) * (n2, 72). Then it follows that
(6 x 1) (m,£), (1,%)) = A\ {B(m,m), w(E,7))
> A AL(O0mm), w(ms,na)} /\{ (&), 7(& )} |
>/\{/\{ (8(my,m),w(&, 1)}, \{(6(m2,m2), (&, ) }}
=A\{(6xm) m.,g.),(nl,r.)),(e x ) ((m2,&), (n2,12)) } -

Thus (6 x ©) € FHC(S x §).

Definition 9.Let S be a hyperalgebraand 6,71 € FHC(S), 6 < . Then for all £,7 € S the FR 71/6 on S/ is defined by

(7/6)(5/6,7/6) = n(&, 7).
Proposition 4.The FR /0 is well-defined.

ProofFor all £,&;, 7,7 € S,let £/0 = &, /0 and 7/6 = 1;/6. Then by Proposition 2, it follows that 8(&,&;) = 1 and

0(7,7;) = 1. Thus it follows that
(7/6)(5/6,7/6) = n(§,7) = mo (&, 7)
> A\ {=(&.8),7(&1,7)}
> N\ {m(&.&).mom(&r,7)}
> N {rn(&,&), 78, 7),7(7,7)}

=n(&,m)
= (7/6)(61/6,71/9).

Similarly, we can demonstrate that (n/0)(&/6,71/0) > (m/0)(&E/6,1/0). Thus

(/0)(&/6,7/0)=(n/60)(£/0,7/6).i.e. /6 is well-defined.
Now we proceed to state and prove the second isomorphism theorem in FHC(H).

Theorem 6.Suppose that S is a hyperalgebraand 6,7 € FHC(S), 6 < 7. Then
(S/0)/(x/0)=S/x.

Proof.By Definition 9 we have /6 € FHC(S/0). Define the map £, : (S/6)/(n/6) — S/mby fi1((§/6)/(n/0)) =&/

for all £ € S. By Proposition 2 and Definition 3, it follows that
(£/6)/(7/0)=(1/0)/(n/6) = (n/6)(c/0,7/6)=
— (& 1)=1
— ¢/n=1/n

= fi((§/6)/(/0)) = fi((z/6)/(n/0)).

Then f; is well-defined and 1-1. On the other hand f; is onto and also it follows that

F((BY9(61/6,...,6./0))/(1/0)) = fi((B3(E1s---,64)/6)/(%/0))
= ﬁs(gla---vgn)/n
=BS/™ (& /m,....E /)

= B (£1((&1/0)/(1/0)).... (f1((:/)/(/6)))-

Thus f; is a homomorphism. So the proof is complete.
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4 Fundamental relations and fuzzy subhyperalgebras

Let S = (S,) be hypergroup (resp. hypergroupoid, semihypergroup) and n be a natural number, for every x; and x, in
n

S; we can write x| B,x; if and only if 3 &;,...,&, € S, s.t. {x1,x2} C [] &. Define B = |J B, and suppose that §; =
i=1

n>1

{(x1,x1)|x1 € S}. We can easily show that the relation defined above is a reflexive and symmetric. Use the §* symbol the
transitive closure of 3. Hence, the relation 8* is the smallest equivalence relation on S, s.t. the quotient S/* is a group
(resp. groupoid, semigroup). Note that $* is called the fundamental relation on S and S/ * is called the fundamental group
(resp. groupoid, semigroup). As the fundamental relation has a crucial role in the theory of algebraic hyperstructures, it
has been extended to other classes of algebraic hyperstructures (refer to [9], [14], [34], [35] and [36]).

In this regard, Pelea [24] and Ameri [4] and [25] presented and studied the fundamental relation on multialgebras
and fuzzy hyperalgebras using the definition of term functions respectively. In the following, we extend the fundamental
relation to the product of fuzzy subhyperalgebras and explore its fundamental properties.

Definition 10.[4] A fuzzy n-ary hyperoperation f” on S is a map f" : S x --- x § — F*(S) which associates a nonzero
fuzzy subset f"(ay,...,a,) with any n-tuple (aj,...,a,) of elements of S. The couple (S, /") is called a fuzzy n-ary
hypergroupoid. A fuzzy nullary hyperoperation on S is just an element of F*(S), i.e. a nonzero fuzzy subset of S.

Example 3.[4] Let S = (S, (f;,i € I)) be a hyperalgebra and  be a nonzero fuzzy subset of S. Define the following fuzzy
n-ary hyperoperations on S, for every i € I and for all (ay,...,a,,) € S™:

R
and let B (a1, ..,an,) = Xay A..Aan - Clearly, S = (S, (B,i € I)) and S = (S, (B!,i € I)) are fuzzy hyperalgebras.
Theorem 7./4] Let S = (S, (Bi,i € I)) be a hyperalgebra, then for every i € I and every (ay,...,an) € S" we have
Bi(Xays- -+ Xan,) = Bilar, ... ,an,)-
Definition 11.Suppose that S is a hyperalgebra and A be a fuzzy set of S. The fuzzy set Ag- on §/B* is defined as follow:
Ag+:S/B* —[0,1]

Ap-(x/B*) =V {A(8)}
ge(x/B?)

We remind that a subhyperalgebra of hyperalgebra S = (S, F) is a fuzzy set A : S — [0, 1] s.t. forall &;,..., &, € S, we
have:

AED A AAE) < NA@)x € Bil&r---.6n)},

Notice that if the arity of f3; is zero, the left side member is infimum of @, so for any x € f; we consider A (x) = 1.

Lemma 2.[19] Let M and N be any arbitrary index sets. Then it follows that

VARVI(IRAT /\{ V&), \/{rk}}.

jEM JEM keN
keN

Theorem 8.Suppose that S is a hyperalgebra and A be a fuzzy subhyperalgebra of S. Then Ag« is a fuzzy subhyperalgebra
of S/B*.
Proof.Let B*(&1),...,B* (&) € S/B*. Then, it follows that:

A (B (E0) A A g (B*(En)
=V A@)aa( Vo Al

x1€B*(&1) Xn €B*(En;)
=V A A AL}
x1 € B*(&1)
Xn; € ﬁ*(én,)
©2025 YU
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Since A is a fuzzy subhyperalgebra of S, thus

< {/\l(x)|xeﬁi(xl,...,xn,.)}
x1 € (&)

Xy € B (&)

By lemma 2 it follows that

Ag-(B* (S A+ A Ag(B™(5n))

< /\ \/ A(xy), ..y \/ A (xn;)

Cx€BE B | e BrE) 5 € B (En)
- A (A5 (B (&), o Age (B (En))}
x€Bi(&i,..-, &)

= /\{A’ﬁ x) X e ﬁl(xlv xni)’ X1 € ﬁ*(él)a'“v Xn; € ﬁ*(gn,-)}
= A\{Ap- ()| x € Bi(B*(&1); -+ B*(&n))}

Theorem 9.Suppose that S, S" are two hyperalgebras and B, B; and B* are fundamental equivalence relations on S, S’
and S x S/, respectively. Let A and v are fuzzy subhyperalgebras of S, S', respectively. Then

(/l X V)ﬂ* = /’Lﬁr * Vﬁz*
ProofLetxy,y; €S, x3,y2 € S'. Then,

(A x V)= ((x1,31), (x2,52)) / B*
=\VA{Axv)((1,1),(&.m))}
(& Em)) € () () /B

- \/{/\{1(51752 Thfz)}}

((617‘51)7(52@ ) (xl Y1),(x2.32) )/3*
)

= VIANQE &) v@mm)}

(61,82) € (x1,31)/By
(t1,72) € (x2,¥2)/B5

By Lemma 2 it follows that
= A(V{A(E. &)1 Viv(n, »)})

(81,8) € (x1,51)/Bf
(7177:2) (X2,y2)/ﬁ2

= A\ (g (Cor3)/BE) Vs (2.32)/B7) )
= (Aﬁ.* X Vﬁz*) ((XI;YI)/Bl*v (Xz,yz)/ﬁz*)-

Since (§,7) € B*(x,y) if and only if & B;x and T35y, then the proof of theorem is completed.

Theorem 10.Suppose that S| and S, are two hyperalgebras and B{, B3 and B* are fundamental equivalence relations on
S1,Ss and Sy x Sy, respectively. Let A be a fuzzy subhyperalgebra of S| X S,, define

=V {Am¢&)} and A(n)=\/ {A(t,n)

EeS, TES
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Then (A1) and (A2)p; are fuzzy subalgebras of Si /By and S, /B3 and

Aps € (A1) gy % (A2)ps-

ProofBy theorem 8 we know (4;) p: is a fuzzy subhyperalgebra of S; /B} fori=1,2. By definition 8 and 10 we have:

(@ )B*xw) ><B1< ), B3 ()
= A\ [A)s; (i (m), (R2); (B ()]

=N\l V @) V )

gep*(m) T€*(n)

By lemma 2, we have

By assumption it follows that

Thus by definition 11, we have

>\ {2 1)} =2 (B (m.n)).
(&:2)B*(mn)

So
((A1)p: < (A2)p;) (Bi (m), B3 (n)) > Ags (B (m,n)).

Since (&, 1) € B*(m,n) iff £ B;'m and T n, then the proof of theorem is completed.

5 Conclusion

This paper showed that a fuzzy quotient hyperalgebra can be defined by fuzzy hypercongruence relations, as defined
earlier for universal algebra so based in this, we proved the important homomorphism theorems. On the other hand, we
defined the product for both arbitrary fuzzy hypercongruence relations and used the smallest equivalence relation, called
the fundamental relation, to examine its effect on the product of fuzzy hypercongruence relations.
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