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Abstract: In this paper, the authors investigate the Bayesian inference of the m-component stress-strength parameter for the generalized
inverse Weibull distribution under an adaptive hybrid progressive censoring scheme. The study considers three cases. In the first step,
the paper employs the MCMC method to derive a Bayesian estimate of the m-component stress-strength parameter when both the
common parameters for strengths and stress variables are unknown. Secondly, assuming that the common parameters are known,
two approximation methods are employed: namely, the MCMC method and Lindley’s approximation. Finally, in a broader scenario
where all parameters are distinct and undisclosed, the paper employs MCMC simulation to calculate a Bayesian estimate of the m-
component stress-strength parameter. To evaluate and compare these methods’ performance, one Monte Carlo simulation is conducted.
Additionally, a real data set is used to implement theoretical methods proposed in this study.
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1 Introduction

The primary censoring schemes include Type-I and Type-II. In Type-I, the experiment concludes at a set time, whereas
in Type-II, it ends after a specified number of failures. A Type-I hybrid scheme proposed by [1] combines both Type-I
and Type-II, ending the experiment at time 7% = min{X,;.,, T }. Also, in a Type-II hybrid scheme, the experiment ends
at time 7" = max{X,.,, T}, where T > 0 is a constant time, and X,,., denotes the m-th failure time among n items.
As the previous schemes lacked the option to remove units during testing, the progressive scheme emerged. A hybrid
progressive censoring scheme, as suggested by [2], merges the hybrid and progressive schemes. In this setup, if N units are
employed in the experiment, the progressive samples Xj.,.v < ... < Xj.,:v are taken with the scheme (Ry,...,Ry,...,Ry).
Moreover, a stopping time is defined as 7* = min{X,,.,.y, T }, where T > 0. In this scenario, two possibilities emerge: In
the first case, when X,,.,.y < T, the progressive censoring scheme is implemented. In the second case, if X,y < T <
X411, the experiment concludes at time 7' with J failures. An issue with this scheme is that the sample size is not
fixed and can be quite small, which is a notable drawback of the hybrid progressive scheme. To tackle this challenge, [3]
introduced the adaptive hybrid progressive censoring (AHPC) scheme. This approach can be outlined as follows: Given
that N units are employed in the experiment and X|.,.x < ... < Xj,.,.y represent the progressive samples with the scheme
(Ry,...,Ry,...,R,). Additionally, a stopping time 7 > 0 is considered. In this scenario, two situations emerge: Firstly, if
Xon:v < T, the progressive censoring scheme is implemented (refer to Figure 1). Secondly, if Xy, v < T < Xj4 1.5 and
we aim to observe n failure times, no item is eliminated after time 7 until the occurrence of the n-th failure, at which
juncture all remaining items are withdrawn. Therefore, we can set

J
Rjsy=-=R,.1=0,R,=N-n—Y Ri.
i=1
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R, Ry R,
Xin:N Xon:N Xuin:N T
End

Fig. 1: Experiment ends before time T X,y < T).

R R, Ry Ry,
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End

Fig. 2: Experiment ends after time T (X,.p.x > T).

This case is given in Figure 2. Below, we represent an AHPC sample as {Xj,...,X,} with the scheme of
{N,n,T,J,Ry,...R,}, where X; < T < Xj,. This scheme allows for the derivation of various scenarios such as hybrid
progressive censoring, progressive censoring, and Type-II censoring. Another advantage of this scheme is that it provides
access to the n-th failure times.

The estimation of the stress-strength parameter, R = P(X > Y), holds significant interest for researchers in reliability
theory. In this context, the variables X and Y are linked to strength and stress, respectively. Recently, [4] developed the
multi-component reliability with k = (kq, k2, ..., k,) components as follows:

Ra= Y Y (H(ﬁ)) [ 100" () ) ), n

P1=51 Pm=sm \i=1 —i=1

where k; components are of type i, where i = 1,...,m, and F;(-) is the cumulative distribution function (cdf) of the strengths
for the i-th type components. In this context, we consider a situation where a shared stress ¥ with cumulative distribution
function Fy(-) impacts all components. If a minimum of s = (sy,...,s,) out of the k strength components surpass this
stress level, the system can be deemed reliable. [5] recently explored this model using the Kumaraswamy generalized
distribution in AHPC samples. In our study, we investigate this model using the generalized inverse Weibull distribution.
This model is quite general, as it can yield various cases, including:

-k = (1,0,---,0) corresponds to the scenario where you are interested in calculating P(X < Y).
—k = (k,0,---,0) corresponds to the R, ; scenario.
—k = (ki,k2,0,---,0) implies Ry in a scenario with two non-identical components.

Recently, the inference on the R,j; parameter has been meticulously examined by [6] in the context of dual
components of strength variables. Furthermore, [7] have delved into reliability inference for the R ; parameter derived
from the Kumaraswamy-G family of distributions, utilizing progressively first failure censored samples. [8] have
scrutinized R, ; within the framework of the unit Burr III distribution under progressive censoring. The estimation of the
R, x parameter has also been addressed by [9] for the modified Weibull extension distribution, particularly in the realm of
progressively censored data. [10] have investigated the inference of R,; from the generalized inverted exponential
lifetime distribution under the paradigm of progressive first failure censoring. Additionally, [11] have explored the
inference of R,; following the Topp-Leone distribution, employing progressively censored data. [12] achieved the
estimation of R;; when observations were subjected to Type-II censoring within the inverted exponentiated Pareto
distribution. [13] have considered the inference of R;; for a unit inverse Weibull distribution under Type-II censoring.
Moreover, [14] have investigated Ry for progressively first failure censored samples, where the strength and stress
variables adhere to the modified Kumaraswamy distribution.

The generalized inverse Weibull (GIW) distribution is capable of modeling failure rates, which are commonly observed
in reliability and biological studies. Proposed by [15], this distribution may display unimodal hazard rate functions. That’s
interesting to hear. The GIW distribution seems to have gained significant attention and recognition in the statistical
community, with over 200 citations since 2011. Its simplicity and versatility make it suitable for modeling a range of
natural phenomena. The GIW distribution’s probability density function (pdf), cumulative distribution function (cdf), and
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failure rate function (frf) are defined as follows:

Fx) = yBoPx Bl P x5, 2)
Fx)=e 1", x>0, 3)
a\B
’)/ﬁaﬂx ﬁ le (X)
h 0
(x) = e R

where a, 3,7 > 0. The inverse Weibull distribution is a special case of the GIW when y = 1. Figure 3 illustrates some
potential shapes of the pdf and the frf of the GIW distribution.

Fig. 3: Shape of frf (right) and pdf (left) functions of GIW distribution.

The other sections of this article are arranged in the following manner. In Section 2, we employ the Markov Chain
Monte Carlo (MCMC) method for conducting Bayesian inference on Ry concerning the undisclosed common ¢ and 8
parameters. Additionally, we establish highest posterior density (HPD) credible intervals for R; k- In Section 3, we derive
Bayesian inference for R, x with the given shared o and 8 parameters. We use the MCMC and Lindley’s approximation
techniques as two approximation methods and establish HPD credible intervals for R . In Section 4, we accomplish
Bayesian inference for R, under general conditions. Section 5 covers simulation and data analysis, while Section 6
outlines the study’s conclusions.

2 Inference on R x with unknown common « and 3

Consider independent random variables X; ~ GIW (¢, 8,7 ),..., X ~ GIW (@, 3,Ym), and Y ~ GIW (, 3,7). Under this
condition, the m-component stress-strength parameter, Ry ¢, from (2) and (3), can be obtained as

d & ki ki oo B.—B-1 ,Y(Q)ﬁ *(%)ﬁ(fi’l(kl*m))
Rsx = Z Z A /(; yBafy e "'Vie =1

P1=51 Pm=5Sm P1

xH(l—e n(§)? ) dy Put:r=e (V)
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ko ! m B Cm
= i Y <k1>...<km>y/ ﬂglyl(k, Py IH(l—ﬂ/)mdl
0

Pm 1=1

S I S <k.) (k,n)<p.> <pm>
P1=51 Pm=5m q1=0 gm=0 D1 DPm qi qm
' dt

CE L E R ()

= Pm=Smq1=0  gm=0 P1 Pm

m

(="
« (”') (”) _ v “)
0 m l;%(kl—pz+611)+7

To obtain the Bayes estimation, the likelihood function can be constructed by the following samples:

Observed stress variables Observed strength variables

() ()
Y X - Xlkl
Y = and X;= , I=1,....,m,
O] O]
Yn an Xnkl

where {Y1,...,Y,} is an AHPC sample from GIW (a,,y) with the {N,n,T,J,S|,...,S,} censoring scheme. Also,
{Xfll),...,Xl.gfl)}, i = 1,...,n, |l = 1,....m are | AHPC samples from GIW(a,f,y;) with schemes
{Kp,k, 7}(1) ,Jl.(l),Rl(f), e aR§12 }. Now, we obtain the likelihood function of the parameters as

(1)
0

n ()
L(a,ls,y,y.,...,ym|data>«H(H(Hﬁ T (= A6 (- Ae)™) )
=1 \i=1 =l
J
< fr o) T[T (1= Fr () ¥ (1= Fr ()™

i=1

Within this section, we investigate Bayesian inference for R, ;, under squared error loss functions, assuming independence
among , B, 71,. .., Y. We use squared error loss functions in our analysis due to their simplicity and interpretability, as
they measure the average of the squares of errors, making it easy to understand model performance. This loss function
possesses desirable mathematical properties, such as differentiability, which facilitates optimization methods like MCMC
for Bayesian inference. Additionally, squaring the errors emphasizes larger discrepancies, which is particularly important
in reliability modeling where significant errors can have serious implications. The squared error loss also aligns well
with the assumption of normally distributed errors, leading to natural derivations of estimators that minimize this loss.
Overall, its robustness, interpretability, and widespread acceptance in statistical applications make it a suitable choice
for estimating parameters in the m-component stress-strength model. The graph below depicts the joint posterior density
function derived from the censored samples:

ﬂ(a,B,y,y,,...,%ﬂdata)«L(data|a,ﬁ,y,y|, ;'}/m) H 5)

where
m(o) < o’ e o a,b >0, n(B)zxﬁC" ~4B B.c.d >0,
a(y) < ¥ le yse f > 0,m() < T e e, i > 0,0=1,...,m

Function (5) appears to be highlighting the difficulty in finding a closed-form solution for the Bayes estimate, which
necessitates turning to the MCMC method for approximation. This method is frequently employed when analytical
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solutions are not attainable. Subsequently, by utilizing equation (5), the posterior pdfs of &, 3,7, 7, ..., % can be derived

as follows:
nB( % k4 1) ta—1
n(a|ﬁ7’y’y17--'a%n7data)0< o =1 ! e*ba

nom k]

“L X X oy ; i’ R
xe T TIITIT (=e o )P T[T (0= )

(¥ k1) de—1 n_m ki
”(maa%}’la---a}’madata)“ﬁ [:ll anﬁe_dﬁHHH(XE;;)_ﬁ_l

i=11=1j=1

n o m k]
L)ﬁ n om J'U) *Yl(%)ﬁ y n_m *Vl(%)ﬁ RO

LY ¥ oul P
% e i=1l=1j;=1 xij] HH H (1 e xij] )Rijl HH (1 _e Xikl ) iky

i=11=1

n L o o a
XHyi—ﬁ—le ,E]V.w (lfefy(ﬁ)ﬁ)s"(l—e_Y(W)B)S",

L 4\, o
77:()/|O£,B,data) o ,J/Hrefleffye IEIY(”) H(l76—7(}7)13)5,(17677/()7’)/3)5):’

i=1

n ki
o -1 L w(fp)f
- —_ i= = X
n(y|a, B, data) o<y 1t ,—fin, = o)

n J-<1) _YI(%)B I n _71(
ijy i

i

<[] (1—¢

i=1j,=I

It is evident that sampling from the probability density functions of «,f3,7,7,..., % requires the utilization of the
Metropolis-Hastings (MH) method since their probability density functions are unknown. Therefore, the procedure for

implementing the Gibbs sampling algorithm is as follows:

1.Begin with initial values (o), B0): ¥0)s Y1(0)» - - » Ym(0))-

2.Sett=1.
3.With N(e_1),1) as proposal distribution and 7(ct|B;—1); ¥i—1);Yi(r—1)- - Yim(i—1)-data) as target

distribution, produce o/(¢) with MH algorithm as follows:
(i)Generate w(;) from W (-|ot;_1),1) = N(a_1),1) and u from U (0, 1) distribution.

(i)If u < min{1,3} then set oy, = wy;), where

ﬂ(W(t) |data)W(Oc(t) |W(t)7 1)
w01y data)W (w ot -1, 1)

S —

else return step (i).
4.With N(B;_y),1) as proposal distribution and 7(B[0;_1), Y1), Vi(—1)s---> Ym(r—1),data) as target

distribution, produce f3(,y with MH algorithm.
5.With N(¥;_1),1) as proposal distribution and 7(y|a(,_1), B;—1),data) as target distribution, produce ) with

MH algorithm.
6.With N(7;,_1), 1) as proposal distribution and 7(y|0;_),B;—1),data) as target distribution, produce ¥;

with MH algorithm.

m+5.With N(%,(_1), 1) as proposal distribution and 7(%,|0,_1), B;—1),data) as target distribution, produce %,
with MH algorithm.

©2025 YU
Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



528 Akram Kohansal : AHPC scheme in R; ; and GIW distribution

m+6.Evaluate

kim P1 k
Z RIS ( 1)" (p )
P1=51 Pm=Smq1=0 qu() m

m

Y a

« (pl) (Pm) (71)[:1 Yo .
0 m EI Yoy (ki = pi+q1) + Y

m+7.5ett =¢+1.
m+8.Repeat steps 3 - m+7, T times.

Hence, under the squared error loss functions, the Bayesian estimate of Ry j is:
SMB _ u
Rey = Z Ry k- ©)
r=

Additionally, the 100(1 —17)% HPD credible interval of Ry can be determined using the method proposed by [16]. To
establish the HPD interval, first arrange the values of R(y)sg, ..., R(7)sk in ascending order as R(1)sx) < -+ < R((1)s.k)-
Next, create all the confidence intervals for Ry x with a confidence level of 100(1 — 1)% as follows:

(R(<1>s,k) ’R(<[T<1—n>]>s,k))""’ (R(qrn])s,k) ’R(qr])s,k))'

Here, the symbol [T] represents the largest integer less than or equal to 7. The HPD credible interval of Ry is the interval
with the shortest length.

3 Inference on Rk with known common o and 3

In this part, we will determine the Bayesian estimate and its associate credible interval for Ry ; using the squared error
loss function. We assume that ¥, 71, . . ., %, have independent gamma distributions as prior distributions, similar to Section
2. The posterior pdfs of these parameters are obtained as follows:

(1— & 760")Si(1 = e 16y
1

—YrP L
n(yla, B,data) o yrtelofre 5

1

nmkl

et o AL X uC)
m(ylo, B,data) o< }’ln ra—lg=fimg SRSy
nom J,vm (% )P () n_m _'Yl(%)ﬁ

x<1> R:. X) R(l)
I - ™ VSTIIT0 - ) i=1...m,

Therefore, the procedure for implementing the Gibbs sampling algorithm is as follows:

1.Begin with initial values (o), ¥1(0)s - - > ¥in(0))-

2.Sett =1.

3.With N(¥;_),1) as proposal distribution and 7(y|a,3,data) as target distribution, produce ¥,y with MH
algorithm.

4.With N(¥;(;—1), 1) as proposal distribution and 7(yi|, 8, data) as target distribution, produce 7,y with MH
algorithm.

m+3.With N(¥,,;,_1, 1) as proposal distribution and 7(¥,|a, B, data) as target distribution, produce ¥,,(,) with MH
algorithm.
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m+4.Evaluate

Risk = i kz i sz (kl)'”(km)

P1=51 Pm=Sm q1=0 gm=0 P1 Pm
m
Ya

y (P1) (pm) (== 7y .
7 m lg Yy (ki — P+ q1) + Y

m+5.Sett =1+1.
m+6.Repeat steps 3 - m+5, T times.

Therefore, the Bayesian estimate of R x under the squared error loss function is:

~ 1L
Ri¥ == ) Roysk (7
t=1

Furthermore, to establish the 100(1 —n)% HPD credible interval of R, you can use the method described in [16], as
explained in Section 2.

3.1 Lindley’s approximation

In the influential work, [17] introduced a highly significant numerical method for approximating the Bayes estimation of
a parameter. It is well-known that the Bayes estimation of U (®) under the squared error loss can be obtained through the
following derivation:

u(0)e2®)ae

E(u(6)|data) = 08

®)

where Q(0) =p(0)+4(0), p(0) and £(0) are logarithm of the prior density of 8 and log-likelihood function, respectively.
[17] provided an approximation for equation (8) in the following manner:

1 1
E(u(9)|data) = u+§ZZ(ui,j+2u,-pj)O'i,j+ EZZZZEi,J"ij’jO’k’pul, K )
i j i j k p

where 6 = (9],...,9,,,), i,j,k,p = 1,...,m, § is the MLE of 9, u= u(@), u; = 8u/89i, Ujj = 82u/(861891), gi,j,k =
930/(06;00;06y), p; = dp/96;, and o; ; = (i, j)-th element in the inverse of matrix [—/; ;] all evaluated at the MLE of
parameters. By re-writing (9), for m 4 1 parameters, we obtain

m+1 1 m+1 m—+1

W =t () widitdpia+dnis)+5 Y ACY, 401), (10)
i=1 i=1 j=1
where
m-+1 m+1m+1 1m+l
di=Y pjoij,i=1,-.m+1, dp2=Y Y wij0ij, 3= 3 Y uiici,
J=1 i=1 j=1 i=1
i<j
m+1m+1 .
Ok ]:k, .
A= CLigixq 08 7 i=1,--- m+1.
! FZ’I kg’l ki {2(7]',]( ] <k7
J<k
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530
For (617"' 7GM76m+l) = (ylﬂ"' 7%H7Y) anduzu(%a"' a’yrrlv’Y) sk’ we have
a;—1 a—1
= 7bal:1a"'am; m+1 — 7b7
P " I Prm+ ¥
~1(gy)P
nk; 1 e
___; Zl lJ[ U 77/1(%)13
Ji lj] (176 Xij] )2
~1(5)P
n ik
n *vop_ € _
_Zle[(E)ﬁ - Z)[C)) al_la , 1,
i= ik (1 e ik, )2
J —1($)P ~1(35)
n o e Vi o yn
¢, 7 =5 S'_zﬁiaf — )% )
m+1,m+1 ,)/2 l:Zl l(yl) (l_e_Y(;)B)Z (yn) (176 Y(”l) )

el,k:()a l:177m+1,l7ék

Using ¢; j,i,j=1,---,m+1, we can obtain 6; j,i,j=1,--- ;m+1 and
—Y(ﬁ))ﬁ( —7<X(‘,‘))’3)
2nk1 i P e o (l+e N
bai= Z Z Ru/ g (2B
i=1j;=1 Ul (1 e 5 )3
—1(5)P 1P
ik
3ﬁe L (Lte 1) _
+Zle[ ETEAE Jl=1,m,
lkl (176 Xik] )
J e T (14770 o ge 7o) (14770
0 Y S 3" +8,(—)%F :
m+1,m+1,m+1 = +Z (17677(%)13)2 I(yn) (1 —eiy(y%)ﬁ)S

and other ¢; ; ; = 0. Furthermore,

b £ B0 () (s

P1=51 Pm=5m q1=0 gm=0

and
ki kin P1 Pm kl km DI D g .
wr= Y, ... Yy, Y ... )Y o) (—1)=1" x B,
pP1=51 Pm=Smq1=0  gm=0 1 Pm q1 dm
where
_ Yk —pitq1) =1, ,m,
( L V/(kl—P1+111)+7)
A= ¥ Y (ki—pi+ar)
m[:l Pl l = m+ 1,
(lgln(kz*Perq/)JrY)
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and
k, k)
2y( = pitan) (ke — PkJqu) Lk=1,-
( Z nki— P1+41)+7)
ZEIVI(’W*PHNU)

— T m 3
B= ( r V/(kl—P1+111)+7)
1=1

..7}7]{7

l=m+1,

m
(ki—pi+ar) (El y/ (kl—Pl-HIz)—V)

l=1,--- m k=m+1.

(lgl y/ (kl_l’1+ql)+7) !

After acquiring the aforementioned values, ﬁfi,’g, which represents Lindley’s estimation of Ry x, can be calculated from

equation (10). It is important to compute all parameters at (¥, %, -+ , %), which are the MLEs for (Y,%,:-- , %) and are
obtained by employing one numerical method like Newton-Raphson algorithm.

4 Inference on R i in general case

Consider independent random variables X; ~ GIW (a1, B1,%1),-- -, Xm ~ GIW (04, B, Yin), and Y ~ GIW (e, B, 7). Under
this condition, m-component stress-strength parameter, Ry k» from (2) and (3), can be obtained as

am X 8 () G et

P1=51 Pm=Sm
e nta—p) (P T “n(5HPypr
x [Je S TT(1—e M577) M dy.
=1 =1
In this portion, we examine the Bayesian inference for Rgj using squared error loss functions, given that
o, 0,0, B,B1,--, B, Y, Y15 - -, Yin are independent random variables as follows:
m(o) o< a“‘l % oa,b > 0,7 (qy) o< ocl‘”_l 0% oy apby > 0,0=1,...,m,
m(B) o< B e P B c.d > 0,m(By) o= ﬁ” e~ By 1 dy > 0,0 =1,
A(Y) o< v e e f>0.m(n) < e M e fi > 0,0 =1,

Similar to Section 2, it is not possible to evaluate the Bayes estimate of Rk in a closed form. Therefore, we use the MCMC
method to approximate it. By using the joint posterior density function, we can derive the posterior pdfs of parameters by

fl

n —
n(amﬁ’data) o< a"ﬁ*’afle*ba Hy;ﬁile L
i=1

(&) J
b [T(1-¢" yz-ﬁ (1—e*7(y%>ﬁ)s"7

i=1

n /‘l o ﬁ
- Zl Z]Yl(ﬁ)
”(051|31,}’17data)o<a"ﬁ’k”“l_le‘bl“' EUEL g,

1)
w9 “nCd o - o

xHH (1—e )'!/H(l—e )k I=1,...m

i=1j= i=1

L L
n(ﬁ|a7%data) o< ﬁnJrCilanﬂeidB Hyl B le i=1
i=1 l=1

7 (B oy, 1, data) o< k11 gy Pre dl”lHH o)A

i=1j=

k;
’7
*‘ : ln()((l ) n J,'<]) 71( (l ) (l) n 71( (l ) R(])
e THIEL MMIT0-e )ulH(lfe e YV I =1,...,m,

i=1j=l i=l
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B o . o
7r(}/|a,[3,data) ,}/1+e 1,=f7e IZIY(},I,) H(l 76—7’(;‘.)[5)5:(1 76—}’(;7),3)&17

i=1

. | - IZIYI(T)ﬁ
(nlot, B data) oe 71l e e T
n Jl-m =n( 7) )ﬁ RO 1 *Vl(t%))ﬁ RO
<[TIT(1—e )wH(lfe e )T =1, m,

i=1j=1 =l

It is evident that sampling from probability density functions of o, c,..., 0, B,B1,---,Bm, Vs V1,-- -, Ym requires the
utilization of the Metropolis-Hastings method since their probability density functions are unknown. Therefore, the
procedure for implementing the Gibbs sampling algorithm is as follows:

1.Begin with initial values (o), @1 (0); - - - » %u(0)> B(0)s B1(0)s - - - » Bm(0) (0)+ -+ Ym(0))-

2.Sett=1.

3.With N(e,—1), 1) as proposal distribution and (| B 1), ¥;—1),data) as target distribution, produce o) with
MH algorithm.

4.With N (0t ,_1), 1) as proposal distribution and (01 | By (1), ¥i(r—1),data) as target distribution, produce o

with MH algorithm.

m+3.With N(0,;_1),1) as proposal distribution and 72(n|Bu(—1) ¥n(—1),data) as target distribution, produce
sy With MH algorithm.

m+4.With N(f;_), 1) as proposal distribution and 7 (B |0,_1), ¥;—1),data) as target distribution, produce ;) with
MH algorithm.

m+5With N(B;,_1), 1) as proposal distribution and 7(B | ;—1), ¥1(—1),data) as target distribution, produce f3; )
with MH algorithm.

2m+4With N(B,,—1),1) as proposal distribution and 7 (B[ 0t —1), ¥m—1),data) as target distribution, produce
Byn(r) with MH algorithm.

2m+5.With N(%,_1), 1) as proposal distribution and 7(y|a,_1), B;—1),data) as target distribution, produce ;) with
MH algorithm.

2m+6.With N(¥;(,_1), 1) as proposal distribution and (1[0, 1), Bi(;—1),data) as target distribution, produce ¥,
with MH algorithm.

3m+5.With N(%y(—1),1) as proposal distribution and 7(¥u|@y(—1),Bm(—1),data) as target distribution, produce
Yn(r) With MH algorithm.

3m+6.Evaluate
ki m km 30 _[3 _1 77( )( (t) )ﬁ(,)
R(l)s’k = Z e p / ’)/([

P1=51 Pm—Sm

XHe Yy (ki —=pi)( H oY ))ﬁ’“))pzdy

=1

3m+7.Sett =1+ 1.
3m+8.Repeat steps 3 - 3m+7, T times.

Therefore, the Bayesian estimate of Ry x under the squared error loss function is:
R
Rsw =7 Y Risi- (In
=1

Furthermore, the 100(1 — 17)% HPD credible interval for R, ; can be computed using the method described by [16],
as elaborated in Section 2.

©2025 YU
Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



JIMS 18, No. 4, 523-537 (2025) / 533

5 Simulation study and data analysis

5.1 Numerical experiment and discussion

This section utilizes Monte Carlo simulation to compare various estimators. We assess point estimates using mean square
errors (MSEs) and evaluate interval estimates through average confidence lengths (AL) and coverage percentages (CP).
The simulation studies involve different censoring schemes, parameter values, and hyper-parameters. The findings stem
from 2000 repetitions, where the Gibbs sampling algorithm iterates for 7 = 3000 cycles. HPD credible intervals are
calculated at a significance level of 0.95. We consider a simulated system with two strength components. The results are
based on various censoring schemes (C.S) outlined in Table 1.

&K Cs. .N) Cs.
R (00005 S (00005

G0 Ry (50000 (100 S (50000
R3 (1,1,1,1,1) 53 (1,1,1,1,1)
Ry 0*9,10) Sy 0*9,10)

(1020)  Rs (100%9) (1020) S5 (10,0%9)
Ry (1410 5 (1410

Table 1: Different censoring schemes.

We will now consider three cases. In the first case, we assume that the common parameters & and 8 are unknown,
and weuse (@, B,7,%,7,1) = (1,3,2,2.5,3.5,1.5) to obtain the simulation results. Additionally, we employ two priors:
Prior 1 with a,c,e,e; =0, b,d, f,fi =0forl=1,...,3, and Prior 2 with a,c,e,e; = 0.4, b.d, f, f; =0.35for [ =1,...,3.
These priors are used to compare the Bayes estimates of Ry obtained from equation (6). The simulation results can
be found in Table 2. Secondly, assuming that the common parameters o and 8 are known, we use (o, 3,7, 7,12, %3) =
(2,1,2,1,3,4) to obtain the simulation results. Additionally, we employ two priors, namely Prior 3: e,e; =0, f,f; =0
for/=1,...,3, and Prior 4: e,e; = 0.45, f, f; =0.7for [ =1,...,3, to compare the Bayes estimates of R; . In this case,
we use equations (7) and (10) to obtain the simulation results, which are provided in Table 3. In the third case, we use
(a,ar,00,03,8,B1,B2,B. 7. 1,7, 1) = (1,5,3,1.5,2,2.5,3,42,4,3,0.5) to obtain the simulation results. Additionally,
we employ two priors, namely Prior 5: a,a;,c,c;,e,e; =0, b,b;,d,d;, f, fi =0forl=1,...,3, and Prior 6: a,a;,c,c;,e,e; =
0.8, b,b;,d,d;, f,f; =0.65 for [ = 1,...,3. These priors are used to compare the Bayes estimates of R, obtained from
equation (11). The simulation results can be found in Table 4.

Based on Tables 2-4, it is evident that the informative priors (priors 2, 4, and 6) exhibit the best performance based on
the MSE values. Furthermore, in the second scenario, the Bayes estimates derived from the MCMC method demonstrate
superior performance compared to those obtained through Lindley’s approximation. Additionally, the HPD intervals
derived from informative priors (specifically priors 2, 4, and 6) exhibit the most favorable performance in terms of the
AL and CP values among the intervals analyzed.

Moreover, the following general trends can be observed from Tables 2-4:

—As the sample size n increases, while keeping s and k constant, the MSEs and ALs decrease, indicating improved
accuracy and precision in the estimates. Conversely, the CPs increase, suggesting a higher likelihood of capturing the
true parameter value within the confidence interval.

—As the value of k increases, while keeping s and n constant, the MSEs and ALs decrease, indicating improved accuracy
in the estimates. However, the CPs increase, suggesting a higher likelihood of capturing the true parameter value within
the confidence interval.

These trends may be attributed to as the value of n increases, the frequency of failures also increases, leading to the
accumulation of more information. Consequently, this improvement in the amount of information contributes to the
enhanced performance of the estimates.

5.2 Real data analysis

Within this section, we examine an authentic dataset to demonstrate the current topic. The dataset comprises strength
measurements in GPa for individual carbon fibers subjected to tension tests at gauge lengths of 50 mm, 10 mm, and
1 mm. The original dataset reference is provided in [18]. In a recent study, [19] have explored this data type using a
stress-strength model dependent on the two-parameter Rayleigh distribution. Consider a system with two distinct gauge
lengths of individual fibers. Here, the strength of a single fiber at 1 mm and 10 mm gauge lengths is denoted by X; and
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MCMC
(ky ko k3,7,81,52.53) cs Prior 1 Prior2
MSE AL CP MSE AL CP
(Ri.R[.R;.5]) | 00512 05545 0942 | 00405 05122 0945
(5.5.5.5222) (Ry.Ry.Ry.S5) | 00510 05536 0943 | 0.0400 05130 0944

(R3,R3.R3.83) | 00513 05524 0940 | 00409 05167 0.945
(R).R|.R1.54) | 00405 05034 0945 | 00385 04625 0948
(55,5,10,2.2,2) (Ry,Ry.Ry.S5) | 00400 05085 0945 | 00379 04633  0.949
(R3.R3.R3.55) | 00401 05033 0944 | 00374 04675 0.948
(Ry,Ry.R4.5)) | 00384 04562 0948 | 00304 04025 0950

(10,10,10,5,2,2,2) (R5,Rs5.R5,87) 0.0395 0.4574 0.947 0.0300 0.4031 0.950
(Rg,Rg:Re:53) 0.0378 0.4503 0.949 0.0309 0.4011 0.949
(Rq,R4.Ry,S4) 0.0301 0.4025 0.950 0.0285 0.3452 0.952
(10,10,10,10,2,2,2) (R5,Rs5.R5,S5) 0.0305 0.4053 0.951 0.0295 0.3411 0.953

(Rg:Rg:Rg,56) 0.0308 0.4065 0.950 0.0265 0.3485 0.952
(Ry,Ry.Ry,S1) 0.0523 0.5532 0.943 0.0408 0.5103 0.945

(5.5.55444) (Ry,Ry,Rp,87) 0.0524 0.5514 0.943 0.0406 0.5174 0.944
(R3,R3.R3.53) 0.0531 0.5590 0.942 0.0400 0.5190 0.944
(Ry.Ry.R|.S4) 0.0405 0.5024 0.946 0.0368 0.4627 0.948
(5,5,5,10,4,4.4) (Ry,Ry.Ry,S5) 0.0406 0.5066 0.945 0.0370 0.4638 0.948

(R3,R3.R3,5¢) 0.0408 0.5094 0.945 0.0380 0.4602 0.948
(Rq,R4.Ry,S1) 0.0345 0.4536 0.949 0.0307 0.4068 0.951
(10,10,10,5.4,4,4) (Rs,Rs.R5.57) 0.0367 0.4522 0.948 0.0306 0.4033 0.950
(Rg.Rg:Rg,53) 0.0358 0.4574 0.948 0.0303 0.4005 0.950
(Rg.Ry.Rq.Sy) 0.0309 0.4030 0.951 0.0276 0.3495 0.952
(10,10,10,10,4,4.4) (Rs,Rs.Rs5.S5) 0.0308 0.4058 0.950 0.0270 0.3466 0.953
(Rg.Rg:Rg,S6) 0.0310 0.4066 0.950 0.0264 0.3475 0.952

Table 2: Simulation results when common parameters @ and § are unknown.

MCMC Lindley
(ky Ky k3,m,81,52,53) Cs Prior 3 Prior 4 Prior 3 Prior 4
MSE AL CP MSE AL CP MSE MSE

(Ry,R1.Ry.S7) 0.0605 0.5965 0.941 0.0576 0.5525 0.945 0.0652 0.0615

(5,5,5,5,2,2,2) (Ry,R.Rp.57) 0.0603 0.5952 0.940 0.0578 0.5530 0.944 0.0659 0.0619
(R3,R3.R3.53) 0.0609 0.5931 0941 0.0573 0.5514 0.945 0.0653 0.0613

(Ry.Ry.R|,S4) 0.0546 0.5133 0.943 0.0468 0.4963 0.949 0.0618 0.0568

(5,5,5,10,2,2,2) (Ry,Ry.Ry,S5) 0.0548 0.5120 0.944 0.0463 0.4922 0.948 0.0619 0.0563

(R3,R3.R3.56) 0.0549 0.5164 0.943 0.0462 0.4930 0.949 0.0620 0.0560
(Rq:R4.Ry,S1) 0.0486 0.4865 0.948 0.0415 0.3715 0.950 0.0586 0.0535

(10,10,10,5,2,2,2) (R5.R5.R5,57) 0.0482 0.4885 0.947 0.0416 0.3766 0.951 0.0581 0.0530
(Rg:Rg:Rg,53) 0.0480 0.4890 0.948 0.0413 0.3741 0.950 0.0580 0.0533
(Rq:R4.Ry,S4) 0.0412 0.4025 0.950 0.0371 0.3325 0.952 0.0512 0.0475
(10,10,10,10,2,2,2) (Rs,Rs.Rs.S5) 0.0416 0.4011 0.951 0.0379 0.3341 0.951 0.0519 0.0470

(Rg:Rg:Rg,S6) 0.0419 0.4069 0.950 0.0376 0.3300 0.952 0.0513 0.0474
(Ry.Ry.R1,S]) 0.0609 0.5931 0.940 0.0576 0.5522 0.944 0.0664 0.0612
(5.5,55.4,4.4) (Ry,Ry.R.5>) 0.0606 0.5947 0.941 0.0570 0.5547 0.945 0.0663 0.0615
(R3,R3,R3,53) 0.0607 0.5930 0.940 0.0571 0.5596 0.945 0.0659 0.0618
(Ry Ry, R,S4) 0.0543 0.5166 0.943 0.0475 0.4966 0.948 0.0619 0.0566
(5.5,5,10,4,4,4) (Ry,Ry.Ry.S5) 0.0546 0.5174 0.943 0.0472 0.4922 0.949 0.0610 0.0563
(R3,R3.R3,5¢) 0.0549 0.5199 0.942 0.0470 0.4915 0.948 0.0613 0.0561
(Rg,R4.R4.S1) 0.0489 0.4820 0.948 0.0410 0.3755 0.950 0.0584 0.0540

(10,10,10,5,4,4,4) (Rs,R5.R5.57) 0.0486 0.4830 0.947 0.0419 0.3733 0.950 0.0583 0.0533
(Rg:Rg:Rg,53) 0.0483 0.4823 0.948 0.0418 0.3766 0.951 0.0580 0.0539
(Rg,R4.R4.S4) 0.0410 0.4066 0.950 0.0381 0.3352 0.952 0.0510 0.0480
(10,10,10,10,4,4.4) (Rs5.Rs5.R5,S5) 0.0411 0.4022 0.950 0.0375 0.3322 0.952 0.0519 0.0475

(Rg:Rg:Rg,56) 0.0415 0.4081 0.951 0.0389 0.3344 0.952 0.0511 0.0477

Table 3: Simulation results when common parameters o and 3 are known.

X5, respectively. At the same time, the system’s stress is determined by the single fiber at a 50 mm gauge length, labeled
as Y. Hence, we can view the observations of Xi, X5, and Y as follows:

[3.126 3.245 3.328 3.355 3.3837 [2.35 2.361 2.396 2.397 2.4457] [ 1.6137
3.572 3.581 3.681 3.726 3.727 2.454 2.454 2.474 2.518 2.522 1.812
3.728 3.783 3.785 3.786 3.896 2.525 2.532 2.575 2.614 2.616 1.864
3.912 3.964 4.05 4.063 4.082 2.618 2.624 2.659 2.675 2.738 2.051
4.111 4.118 4.141 4.216 4.251 2.74 2.856 2.917 2.928 2.937 2.162
4.262 4.326 4.402 4.457 4.466 | > | 2.937 2.977 2.996 3.03 3.125 | | 2.211
4.519 4.542 4.555 4.614 4.632 3.139 3.145 3.22 3.223 3.235 2.308
4.634 4.636 4.678 4.698 4.738 3.243 3.264 3.272 3.294 3.332 2.39
4.832 4.924 5.043 5.099 5.134 3.346 3.377 3.408 3.435 3.493 2.471

L 5.359 5.473 5.571 5.684 5.721 | | 3.501 3.537 3.554 3.562 3.628 | [ 2.593 |

By standardizing the data on a scale of O to 1, we have transformed the values so that they all fall within this range.
This allows us to compare and analyze the data more easily. It also eliminates any differences in units or scales that may
exist between different variables, making calculations more straightforward and consistent. It is important to note that
this normalization does not affect the statistical inference. After fitting the GIW distribution to each of the three datasets
individually, the results are as follows:

—For X;: (e, B,7) = (0.9963,7.0870,0.0668) with a p-value of 0.7840.
—For X,: (e, B,7) = (0.9997,8.3220,0.0748) with a p-value of 0.2329.
-ForY: (a,fB,7) = (1.5420,6.4043,0.0088) with a p-value of 0.9115.

©2025 YU
Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



JIMS 18, No. 4, 523-537 (2025) / 535

MCMC
(ky kg k3om.sy.50,53) cs Prior5 Prior 6

MSE AL CP MSE AL CP

R|.Ry.R[,S5]) | 0075 07025 0942 | 00712 06340 0945

(5.5.5522.2) (Ry.Ry.Ry,Sy) | 0.0768 07065 0941 | 00716 06333 0946

(R3,R3.R3,S3) | 00759 07024 0941 | 00719  0.6324  0.945

(R1.R1.R|.54) | 00723 06235 0944 | 00677 05274 0949

(5.5,5,102,2.2) (Ry.Ry.Ry.S5) | 00721 0.6241 0943 | 00673 05233 0948

(R3.R3.R3.55) | 00720 0.6281 0944 | 00678 05214 0949

(Ry.R4.Ry,S)) | 00632 05964 0949 | 00603 04949 0950

(10,10,105,2.2.2) (Rs.Rs5.Rs,Sy) | 0.0637 05932 0947 | 00601 04966  0.950
(Rg.Rg:Rg.S3) | 00633 05901 0949 | 00600 04927 0951

(R4.R4.R4.S4) | 00583 05234 0951 | 00503 04055 0952

(10,10,10,102,2.2) (Rs.Rs.R5,S5) | 00583 05201 0950 | 00501 04066  0.952
(Rg.Rg.Rg,Ss) | 00581 05291 0950 | 00500 04028  0.951

(R1.R1.R|.S]) | 00762 07051 0942 | 00705 06322 0945

(5.5,5.5444) (Ry.Ry.Ry.Sy) | 00751 07063 0940 | 00710  0.6334 0945

(R3.R3.R3.53) | 00763 07008 0940 | 00701  0.6345 0946

(R|.R|.R|,S54) | 00729 06244 0944 | 00674 05274 0949

(5.5.5.104,4.4) (Ry.Ry.Ry,S5) | 00721 06255 0943 | 00679 05211 0948

(R3.R3.R3,S5) | 00719 06208 0943 | 00673  0.5261  0.949

(R4.R4.R4.S1) | 00628 03961 0947 | 00606 04961 0950

(10,10,10,5,4,4.4) (Rs.R5.Rs5.Sy) | 00639 05941 0949 | 00600 04925 0951
(Rg.Rg.Rg,S3) | 00627 05934 0947 | 00601 04937  0.951

(R4.R4.Ry,S4) | 00573 05214 0950 | 00501 04037 0952

(10,10,10,104.4.4) (Rs.R5.Rs5.S5) | 00570 05245 0950 | 00510 04068 0952
(Rg:Rg:Rg.S5) | 00583 05248 0951 | 00509 04066 0951

Table 4: Simulation results in general case.

Considering the p-values, we infer that the GIW distribution fits well for the X;, X, and Y datasets. The estimated
parameters indicate for describing these sets of data, the general scenario is suitable. In Figure 4, we display the empirical
distribution functions and PP-plots for these three datasets.

1 Empirical CDF 1 PP-Plot for X1
g
0.8 0.8
0.6 0.6
A&
0.4 0.4
0.2 0.2
0 0
05 06 07 08 09 0 0.5 1
1 Empirical CDF 1 PP-Plot for X2
g
0.8 0.8
0.6 0.6 e
*
0.4 0.4
ool
0.2 0.2 pal
0 0
0.6 0.7 0.8 0.9 1 0 0.5 1

For the complete data set, using s = (2,2) and k = (5,5) with non-informative priors, we calculate I?’s"’,f as 0.4419 and
associated 95% HPD interval is (0.2245,0.7753). MCMC diagnostics in the case of real data is provided. For this aim, the
trace plot, autocorrelation plot of MCMC chains, Gelman and Rubin’s diagnostic plot which shows the pattern of Gelman
and Rubin’s shrink factor as the number of iterations increases, and the density plot of the posterior distribution of Ry ¢, for
complete data in case s = (2,2) and non-informative priors, is presented in Figure 5. From this figure, the trace plot shows
the convergence of the MCMC algorithm. Also, the auto-correlation plot shows the chain achieves stationarity, the shrink
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1 Empirical CDF PP-Plot for Y
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Fig. 4: The left side shows the empirical distribution function and the right side shows the PP-plot for X; in the first row,
for X, in the middle row, and for Y in the third row.

factor values are smaller than the general acceptable top value of 1.1 and the density plots are symmetric and unimodal.
Hence, we conclude that the MCMC chain is converged. Moreover, we monitor the overall convergence of MCMC chains
in all cases of the real data, and these are omitted for the sake of brevity. Next, we will create two distinct censoring AHP
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Fig. 5: MCMC diagnostic plots of Ry, in data set I.

schemes outlined as follows:

Scheme 1: R = R®) =1[1,0,0,0], $=11,1,0,0,0,0,1], (k= (4,4),s=(2,2)),
T=1"=1"=0751=1,2,

Scheme 2: R =R®) =[1,0,1], §$=[2,1,0,1,1], (k=(3,3),s=(2,2)),
T=1" =1 =035 1=1,2,

In Scheme 1, employing non-informative priors, we compute ﬁg’lkc to be 0.4966, with a 95% HPD interval of

(0.2373,0.8166). In Scheme 2, also with non-informative priors, we derive R\Is"’f as 0.5103, with a corresponding 95%

HPD interval of (0.2912,0.9055). Upon comparing the estimates and intervals for both schemes, Scheme 1 demonstrates
superior performance, as anticipated.
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6 Conclusion

This paper focuses on statistically inferring the GIW distribution in combination with the AHPC scheme, for a stress-
strength system consisting of m non-identical components with varying strengths. Specifically, the point and interval
Bayesian estimates are considered in three cases: in scenarios where the common parameters are not known, are known,
or fall under the general case. Given that R, and the AHPC scheme can be adapted to various scenarios, the problem
addressed in this paper is quite general.

Through the Monte Carlo simulation study, we conducted a comparison of different estimates. The simulation results
indicate that informative priors consistently yield superior results compared to non-informative priors in different
estimates. Furthermore, Bayesian estimates obtained through the MCMC method surpass those obtained using Lindley’s
approximation. Moreover, as the number of failures increases, resulting in enhanced accuracy of the estimates, because
more relevant information is accumulated.
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