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Abstract: In this paper, some results involving Csiszár f -divergence between two probability measures are presented with respect to

generalized majorization theorem via Taylor’s formula and Green functions. In seek of applications, the special cases of obtained results

are deduced in terms of Shannon entropy, Kullback-Leibler divergence, Bhattacharyya coefficient, Jeffrey’s distance and Triangular

discrimination.
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1 Introduction and Preliminaries

Majorization is a reliable and practical mathematical technique that is frequently applied in many different
domains. Those who are interested in majorization, should study Marshall et al.’s classic book [20], which examines
both its theory and history in very extensive detail. It also contains additional explanation in it and a number of exploring
ideas in many mathematical disciplines. A concise and comprehensive monograph on majorization is written by Alberti
and Uhlmann [2] that would be intriguing to many readers. Moreover, a couple of excellent papers on majorization have
been written by Ando [3,4], this offers a brief overview of the subject and discusses main developments that have
occured since the publications of Marshall’s book [20]. Latif et al. [16], generalized the majorization inequality
associated with recently defined Green functions and Taylor’s polynomial. Siddique et al. [29] used Lidstone
interpolation and Green functions to obtain extended majorization results in the same year. Majorization theory is often
used in a wide range of areas.
Information theory is an emerging branch of science that deals with the transferring, quantifying, and storing of data. It is
not easy to quantify Information as it’s an abstract object. In 1948, Claude Shannon [31] defined the presumption of
information theory, in his pair of two essential results and developed the notion of information theory and suggested that
entropy as the primary measure for information. The distance between two probability distributions is calculated using
the divergence measure, which can help to alleviate a number of information theory issues. Information and divergence
metrics are extremely beneficial and important in a number of fields, including Sensor networks [21], verifying the order
in a Markov chain [13], finance [32], economics [34], and approximation of probability distributions [7].
Many researchers gave a lot of applications in information theory in terms Csiszár divergence, Shannon entropy and
Kullback–Leibler divergence in recent years. Khan et al. [14] explained a lot of material on majorization as well as they
gave applications in information theory. Sayyari [30] et al. derived the novel bounds for Shannon’s entropy and
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calculated the lower and upper bounds of Jensen’s inequality for uniform convex functions. In information theory, they
also developed applications. In [1], Adeel et al. presented fruitful applications to information theory in terms of Csiszár
divergence, Shannon entropy, Renyi entropy and the Zipf-Mandelbrot law. Rasheed [23] et al. established new 3-convex
four-Green functions in 2023 and presented novel results for Csiszár divergence, Shannon entropy, Renyi entropy and the
Zipf–Mandelbrot law. In [24,25], Rasheed et al. applied various interpolations to derive extended version of
Levinson-type inequalities and also estimated various divergences and entropies results. In [6], Bilal et al. gave
generalization of Shannon type inequalities via diamond integrals. In [5], Bilal et al. defined Csiszár’s f -divergence for
diamond integrals and also proved inequalities associated to Csiszár’s f -divergence using diamond integrals.
An n-convex function [9, p. 15], is described in the following way:
n-convex function: A function f : [z,u] → R is called n-convex (0 ≤ m), for u0, . . . ,um ∈ [z,u], if and only if
[u0, . . . ,um; f ] ≥ 0 holds. Where

[uκ ; f ] = f (uκ) , κ = 0, . . . ,m,

[u0, . . . ,um; f ] =
[u1, . . . ,um; f ]− [u0, . . . ,um−1; f ]

um − u0

.

Theorem 1.(see [33])(Taylor’s Formula) Let n ∈ Z+. Assume that χ (n−1) is absolute continuous where χ : [ζ1,ζ2]→ R,

then for each v ∈ [ζ1,ζ2] formula of Taylor at the point a ∈ [ζ1,ζ2] is

χ(v) = Tn−1(χ ;a,v)+Rn−1(χ ;a,v), (1)

here Tn−1(χ ;a,v) is (n− 1)-th degree Taylor polynomial, which is

Tn−1(χ ;a,v) =
n−1

∑
l=o

(v− a)l χ (l)(a)

l!

and Rn−1(χ ;a,v) is indicated by

Rn−1(χ ;a,v) =
1

(n− 1)!

∫ v

a
χ (n)(z)(v− z)n−1dz.

At end points using formula of Taylor we get

χ(v) =
n−1

∑
l=o

χ (l)(ζ1)

l!
(v− ζ1)

l +
1

(n− 1)!

∫ ζ2

ζ1

χ (n)(z)(v− z)n−1
+ dz, (2)

χ(v) =
n−1

∑
l=o

χ (l)(ζ2)

l!
(ζ2 − v)l(−1)l

− 1

(n− 1)!

∫ ζ2

ζ1

(−1)n−1χ (n)(z)(z− v)n−1
+ dz, (3)

where (v− z)+ is defined as

(v− z)+ =

{

v− z, z ≤ v,

0 z > v.

1.1 Majorization

In [22], majorization is defined as:
For fixed m≥ 2. Consider two non-increasing real-number sequences x= (ξ1, . . . ,ξm), y=(η1, . . . ,ηm). Then x majorizes
y or y is majorized by x, in symbol we have x ≻ y, if we have

j

∑
l=1

yl ≤
j

∑
l=1

xl , (4)

for j ∈ {1, . . . ,m− 1} and
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m

∑
l=1

xl =
m

∑
l=1

yl . (5)

The following theorem is given by Marshall-Olkin-Arnold [22,17], which is also called Classical Majorization
Theorem.

Theorem 2.(Classical Majorization Theorem) Consider two non-increasing real m-tuples x = (ξ1, . . . ,ξm),
y = (η1, . . . ,ηm) such that ξ1,η1 ∈ [ζ1,ζ2] for l = 1, . . . ,m. Then y is majorized by x if and only if the following

inequality holds for any convex, continuous function, χ : [ζ1,ζ2]→ R

m

∑
l=1

χ(xl)≥
m

∑
l=1

χ(yl) (6)

Fuchs [11,22], proved following Weighted Majorization Theorem, that is generalization of Theorem 2.

Theorem 3.(Weighted Majorization Theorem) Consider two non-increasing real m-tuples x = (ξ1, . . . ,ξm),
y = (η1, . . . ,ηm) such that ξl ,ηl ∈ [ζ1,ζ2] for l = 1, . . . ,m. Let q = (q1, . . . ,qm) be real m-tuple such that

j

∑
l=1

qlyl ≤
j

∑
l=1

qlxl , f or j ∈ {1, . . . ,m− 1} (7)

and
m

∑
l=1

qlxl =
m

∑
l=1

qlyl . (8)

Then the inequality

m

∑
l=1

qlχ(xl)≥
m

∑
l=1

qlχ(yl) (9)

holds for every continuous convex function χ : [ζ1,ζ2]→R.

Remark.If Theorem 3’s assumptions are fulfilled, then

M(x,y,q,χ(.)) :=
m

∑
i=1

qiχ(xi)−
m

∑
i=1

qiχ(yi)≥ 0, (10)

for χ be convex and continuous function. Also M(x,y,q,χ(.)) = 0 when χ(x) is a linear function and constant.

Let [ζ1,ζ2] ⊂ (−∞,∞) and k̂ ∈ {1,2,3,4}. In [18], Pečarić et al. give new type of Green functions, G
k̂

: [ζ1,ζ2]
2 → R,

which are given as:

G1(w,v) =

{

ζ1 − v, ζ1 ≤ v ≤ w,

ζ1 −w, w ≤ v ≤ ζ2.
(11)

G2(w,v) =

{

w− ζ2, ζ1 ≤ v ≤ w,

v− ζ2, w ≤ v ≤ ζ2.
(12)

G2(w,v) =

{

w− ζ1, ζ1 ≤ v ≤ w,

v− ζ1, w ≤ v ≤ ζ2.
(13)

G4(w,v) =

{

ζ2 − v, ζ1 ≤ v ≤ w,

ζ2 −w, w ≤ v ≤ ζ2.
(14)

In [16], Pečarić et al. gave the following generalized the majorization result in Taylor sense.

Theorem 4.Assume that χ : [ζ1,ζ2] → R and (n − 1)−th (n ≥ 3) derivative of χ is absolutely continuous. Let

q = (q1, . . . ,qm) be m-tuple and x = (ξ1. . . . ,ξm), y = (η1. . . . ,ηm) be non-increasing m-tuples such that ξi,ηi ∈ [ζ1,ζ2]

and qi ∈ R for i = 1, . . . ,m, which satisfy conditions (7) and (8). Define G
k̂
(k̂ = 1,2,3,4) to be as in (11), (12), (13) and

(14), respectively. If for even n, χ is n-convex, then

M(x,y,q,χ(.))≥
n−3

∑
k=0

(−1)kχ (k+2)(ζ2)

k!

∫ ζ2

ζ1

M(x,y,q,G
k̂
(.,v))(ζ2 − v)kdv. (15)
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2 Main results

In this section, inequality (15) is generalized in sense of information theory. First, by using Csiszár f -divergence
more generalized results are achieved. In addition, novel results are presented in term of Shannon entropy and
Kullback–Leibler (K-L) divergence. In the end, the results related to Bhattacharyya coefficient, Jeffrey’s distance and
Triangular discrimination are discussed.
The following presumptions are made throughout this section as:
A: Assume that f : [ζ1,ζ2]→ R and (n− 1)-th (n ≥ 3) derivative of f is absolutely continuous. Let q = (q1, . . . ,qm) be
m-tuple and x = (ξ1. . . . ,ξm), y = (η1. . . . ,ηm) be non-increasing m-tuples such that ξi,ηi ∈ [ζ1,ζ2] and qi ∈ R for
i = 1, . . . ,m, which satisfy conditions (7) and (8).
B: Assume that p,r ∈ Rm

+, w ∈ Rm
+ and

k̂

∑
i=1

pi ≤
k̂

∑
i=1

ri, (16)

for k̂ ∈ {1,2, ...,m− 1} and

m

∑
i=1

pi =
m

∑
i=1

ri, (17)

with
pi
wi
,

ri
wi

∈ [ζ1,ζ2](i = 1, ...,m). Let
p
w

and r
w

are decreasing and G
k̂
(k̂ = 1,2,3,4) be as defined in (11)-(14).

2.1 Csiszár divergence

In [8,10] Csiszár defined f -divergence functional is defined as follows:
Consider a convex function f : (0,∞) → (0,∞) and two positive probability distributions, r,w ∈ Rm

+ then f -divergence
functional is defined by

I f (r,w) :=
m

∑
i=1

wi f

(

ri

wi

)

.

Horv́ath et al. [12] calculated the following functional, by using the f -divergence functional :
Let J ⊂R and f be a real-valued convex function. Also, let r ∈Rm

+ and w ∈Rm
+ be m-tuples so that

ri
wi

∈ J, i ∈ {1, . . . ,m}.

Then

Î f (r,w) :=
m

∑
i=1

wi f

(

ri

wi

)

, (18)

where Î f (.) is a linear functional.
In the following theorem inequality given in Theorem 4 is generalized by Csiszár f -divergence.

Theorem 5.Let A and B hold. If f is n-convex for even n > 3, then we have the following inequality

Î f (p,w) ≥ Î f (r,w)+
n−3

∑
k=0

(−1)k f (k+2)(ζ2)

k!

×
∫ ζ2

ζ1

(

ÎG
k̂
(p,w,v)− ÎG

k̂
(r,w,v)

)

(ζ2 − v)kdv, (19)

where

ÎG
k̂
(p,w,v) =

m

∑
i=1

wiGk̂

(

pi

wi

,v

)

.

Proof.Taking xi =
pi

wi
, yi =

ri

wi
and qi = wi > 0(i ∈ {1, . . . ,m}) then the constraints (16) and (17) imply conditions (7) and

(8), respectively. Thus using these substitutions in (15), we obtain (19).

Remark.If n is odd then inequality in (19) is reversed.
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Theorem 6.If g : [ζ1,ζ2]→R and f (x) = xg(x), x ∈ [ζ1,ζ2] then inequality (19), for even n > 3 becomes:

Ǐg(p,w) : =
m

∑
i=1

pig

(

pi

wi

)

≥ Ǐg(r,w)+
n−3

∑
k=0

(−1)k(xg)(k+2)(ζ2)

k!

×
∫ ζ2

ζ1

(

ÎG
k̂
(p,w,v)− ÎG

k̂
(r,w,v)

)

(ζ2 − v)kdv. (20)

Proof.Using f (x) = xg(x) in Theorem 5, we get (20).

2.2 Shannon Entropy

The concepts of entropic disorder measurement and majorization are interlinked (see[27,28,26]). In this subsection,
we prove the estimation of majorization inequality (15) via Shannon entropy.
In [19], for positively distributive probability k = (k1, . . . ,kn) the Shannon entropy is given by

H(k) :=−
n

∑
ρ=1

kρ log(kρ), (21)

where H(.) is a linear functional. b is the base of log and logx = lnx
lnb

is used.

Corollary 1.Consider A, B holds and log has base greater than or equal to 1. If f is n-convex and n > 3 is even, then

H(w) ≤
m

∑
i=1

wi log

(

ri

wi

)

−
n−3

∑
k=0

(k+ 1)(ζ2)
−(k+2)

lnb

×
∫ ζ2

ζ1

(

ÎG
k̂
(p,w,v)− ÎG

k̂
(r,w,v)

)

(ζ2 − v)kdv (22)

holds.

Proof.For even n > 3, take n-convex function f (x) =− logx and pi = 1(i ∈ {1, . . . ,m}) in Theorem 5, then (19) becomes
(22).

Remark.If the base b ∈ (0,1), or n is odd then inequality (22) is reversed.

Corollary 2.Let A and B hold. Consider log has base b greater than 1 then for even n > 3, the following is the association

between the Shannon entropy of p and r:

H(p) ≥ H(r)−
n−3

∑
k=0

(−1)k(x logx)(k+2)(ζ2)

k!

×
∫ ζ2

ζ1

(

ÎG
k̂
(p,w,v)− ÎG

k̂
(r,w,v)

)

(ζ2 − v)kdv, (23)

for l = 1, 2,

(x logx)′(ζl) =
(1+ ln(ζl))

lnb

and

(x logx)(k+2)(ζ1) =
(−1)k+2k!

ζ k+1
1 lnb

, k ≥ 0.

Proof.For even n > 3, taking n-convex function xg(x) := x logx in (20), and wi = 1(i ∈ {1, . . . ,m}), then we obtain (23).

Remark.If 0 < b < 1, or n is odd then inequality (23) is reversed.
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2.3 Kullback–Leibler divergence

The generalized majorization-type inequality is described in terms of Kullback–Leibler (K-L) divergence in this
subsection. For two positively distributive probabilities w = (w1, . . . ,wm) and r = (r1, . . . ,rm), Kullback–Leibler [15],
(K-L) divergence is defined by

L(r,w) :=
m

∑
i=1

ri log

(

ri

wi

)

.

Corollary 3.Under the assumptions of Corollary 1, the following estimates hold:

m

∑
i=1

wi log

(

pi

wi

)

≤
m

∑
i=1

wi log

(

ri

wi

)

−
n−3

∑
k=0

(ζ2)
−(k+2)(k+ 1)

lnb

×
∫ ζ2

ζ1

(

ÎG
k̂
(p,w,v)− ÎG

k̂
(r,w,v)

)

(ζ2 − v)kdv. (24)

If the base b of the log is between 0 and 1, then inequality (24) is reversed.

Proof.Putting n-convex function f (x) := − logx (even n > 3) in (19), then we get (24).

Corollary 4.Consider all assumptions of Corollary 2 hold, then the K-L divergence of r,w and p,w is given as:

L(p,w) ≥ L(r,w)+
n−3

∑
k=0

(−1)k(x logx)(k+2)(ζ2)

k!

×
∫ ζ2

ζ1

(

ÎG
k̂
(p,w,v)− ÎG

k̂
(r,w,v)

)

(ζ2 − v)kdv, (25)

for l = 1, 2,

(x logx)′(ζl) =
(1+ ln(ζl))

lnb

and

(x logx)(k+2)(ζl) =
(−1)k+2k!

ζ k+1
1 lnb

, k ≥ 0.

Proof.For even n > 3, take n-convex function xg(x) := x logx in (20), then inequality (20) becomes (25).

Remark.If b ∈ (0,1), or n is odd then inequality (25) holds in reverse direction.

2.4 Bhattacharyya coefficient

The Bhattacharyya coefficient is used to express generalised majorization-type inequality in this section. In [15],
Bhattacharyya coefficient for two positive probability distributions w = (w1, . . . ,wm) and r = (r1, . . . ,rm) is given by

B(r,w) =
m

∑
k=1

√
wkrk. (26)

Corollary 5.Consider all assumptions of Corollary 1, is true then following inequality holds:

B(p,w) ≤ B(r,w)−
n−3

∑
k=0

(∏k
i=1(2i− 1))(ζ2)

−( 2k+1
2 )(−1)2k+1

2k+1

×
∫ ζ2

ζ1

(

ÎG
k̂
(p,w,v)− ÎG

k̂
(r,w,v)

)

(ζ2 − v)kdv. (27)

Proof.Taking n-convex function f (x) :=−√
x (even n > 3) in (19), then we get (27).
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2.5 Jeffrey’s distance

The generalised majorization-type inequality in terms of Jeffrey’s distance is provided in this subsection. In [15],
Jeffrey’s distance for two positive probability distributions r = (r1, . . . ,rm) and w = (w1, . . . ,wm) is defined by

J(r,w) =
m

∑
k=1

log(
rk

wk

)(rk −wk). (28)

Corollary 6.If A and B hold and log has base b greater than 1 then for even n > 3, we get the following bound:

J(p,w) ≥ J(r,w)+
n−3

∑
k=0

1+ k+ ζ2

lnb(ζ2)2+k

×
∫ ζ2

ζ1

(

ÎG
k̂
(p,w,v)− ÎG

k̂
(r,w,v)

)

(ζ2 − v)kdv. (29)

If the base b ∈ (0,1), then the inequality (29) is reversed.

Proof.Putting n-convex function f (x) := (x− 1) logx (even n > 3) in (19), then we get the bound (29).

2.6 Triangular discrimination

In [15], Triangular discrimination for two positive probability distributions w = (w1, . . . ,wm) and r = (r1, . . . ,rm) is
defined by

T(r,w) =
m

∑
k=1

(rk −wk)
2

rk +wk

. (30)

Corollary 7.Under the assumptions of Corollary 1, the following inequality holds:

T(p,w) ≥ T(r,w)+
n−3

∑
k=0

4(k+ 2)(k+ 1)

(1+ ζ2)k+3

×
∫ ζ2

ζ1

(

ÎG
k̂
(p,w,v)− ÎG

k̂
(r,w,v)

)

(ζ2 − v)kdv. (31)

Proof.Putting n-convex function f (x) := (x−1)2

x+1
(even n > 3) in (19), then we obtain (31).

Conclusion The paper’s main goal is to identify several applications of the majorization theorem in information theory,
using various entropies and divergence measurements. This is accomplished by applying Shannon entropy and Csiszár
divergence to majorization inequality in order to establish various novel conclusions. Additionally, several constraints
are computed using other widely recognised information divergence measures, including: Kullback–Leibler divergence,
Bhattacharyya coefficient, Jeffrey’s distance and Triangular discrimination. The principal conclusions can be used in
future research to analyse various divergences and distances, such as: the Zipf-Mandelbrot law, Rényi divergence and
Rényi entropy etc.
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[19] Matic, M., Pearce, C. E. M. and Pečarić, J., (2000). Shannon’s and related inequalities in information theory, Survey on classical

inequalities, editor Themistocles M. Rassias, Kluwer Academic Publishers, 127–164.

[20] Marshall, A.W., Olkin, I., Arnold, B.C., (2011). Inequalities: Theory of Majorization and Its Applications, Springer Series in

Statistics. Springer, New York, 3.

[21] Pardo, L. (2018). Statistical inference based on divergence measures. Chapman and Hall/CRC.
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