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Abstract: The homomorphic image of a fuzzy module over an R-module is itself a fuzzy module, yet explicit bounds on level
cardinalities under specific structural constraints remain largely unexplored. In prior work, such bounds were established for
Z-module homomorphisms I : Z,, — Z,, when gcd(m,n) is either a prime or the product of two distinct primes, getting maxima of 3
and 4 respectively. In this paper, we extend these results to the cases gcd(m,n) = p*, where p is a prime and s € Z™ and further to the
case ged(m,n) = pi'.p3 ... pi’, with distinct primes p; and s; € Z*, i = 1,2,...t. Our results contribute to a deeper understanding of
the behavior of fuzzy modules under structural mappings between cyclic modules.
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1 Introduction

Classical set theory, with binary membership values 0 and 1, is inadequate for modeling the uncertainty present in many

real-world problems. The introduction of fuzzy sets addressed this limitation, leading to the development of fuzzy groups

by Rosenfeld in 1971 [5] and fuzzy modules by Negoita and Ralescu in 1975 [1]. A module homomorphism is a

structure-preserving map between modules, and it is known that the homomorphic image of a fuzzy module is itself a

fuzzy module.

Previous work [4] determined bounds on the level cardinality of the image of a fuzzy module under a Z-module

homomorphism Z,, — Z, when gcd(m,n) is a prime or the product of two distinct primes. In this paper, we generalise

these results to the case where gcd(m,n) is a power of a prime and, more generally, to a product of prime (distinct)

powers. We also try to get a deeper understanding of the behavior of fuzzy modules under structural mappings between

cyclic modules.

The methodology of this work is, when we consider the general case gcd(m,n) = pi'py...p;" = B, where ss are non

negative integers and not all s}s are simultaneosly zeros, then there are f homomorphisms, I}, : Z,, — Z, where the
n

values of k ranges from 0 to 8 — 1. Next we consider the total number of [](s;+ 1) cases of ged(f,k) separately with
i—1

the values 0, pi'p?...pf with0<r;<s;,i=12,....;tandr=ri+r+--+r <si+s;+...5s —1 =s—1 and find

out the level cardinality of the image of the fuzzy modules on Z, under the fuzzy module homomorphism as *s+2’.
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2 Preliminaries

Theorem 1./4] Let I' be a Z-module homomorphism of Z, into Z, where m,n € 7", then the module homomorphism is
determined by the value of I'(1) € Zj,.

Theorem 2./4] The level cardinality of any fuzzy module of a Z-module Z,, is atmost r + 1 where r is the sum of the
integral powers of prime factorisation of m.

Theorem 3./4] Let I be a Z-module homomorphism of Z, into Z,, and L be a fuzzy module on Z,, with level cardinality
r then level cardinality of the fuzzy module I'(1t) on Z, is atmost to r + 1.

Remark.The Euler totient function ¢ (n) is the number of positive integers not exceeding n that are coprime to n.

3 Fuzzy module homomorphism

Theorem 4./4] Let I : Z, — Z,, be a Z-module homomorphism with gcd(m,n) = p, a prime and let |1 be a fuzzy module
on Ly, then level cardinality of I' (1) on Z, is atmost 3.

Theorem 5./4] Let I : Z, — Z,, be a Z-module homomorphism with gcd(m,n) = pq, where p and q are distinct primes
and let | be a fuzzy module on Zy, then level cardinality of I' (1) on Z, is atmost 4.

Theorem 6.Let I : Z,, — 7, be a Z-module homomorphism with gcd(m,n) = p?, p a prime and let 1 be a fuzzy module
on Ly then level cardinality of fuzzy module I' (i) on Zy, is atmost 4.

ProofHere as gcd(m,n) = p?, the possible Z-module homomorphisms are I}(x) = %kx ( mod n ) where

k=0,1,2,...,p> — 1. Let u be a fuzzy modules on Z,,, then I} (u) is a fuzzy module on Z,. According to the values of
ged(p?,k) the Z-module homomorphisms can be divided into 3 cases. Let r be the greatest power of p in the prime
factorisation of m.

Case 1 : When k =0 (i.e ged(p?,k) =0).
Iy(x) =0 for all x € Z,,. Let u be an arbitrary fuzzy module on Z,, then its homomorphic image I(u) is defined by,

1 ifye<0>
F =
o)) {o ifye<1>\<0>

So level cardinality of the homomorphic image Iy(¢t) on Z, is 2.

Case 2 : When ged(p?,k) = p.
The Z-module homomorphisms I} (x) = ﬁkx ( mod n ) can be written as I (x) = %k’x ( mod n ) where k = k'p and
ged(K',p)=1. As k' canhave ¢(p) = p— 1 values, we have p — 1 such Z-module homomorphisms. Under these Z-module
homomorphisms, I;(x) = 0 if and only if x is a multiple of p or 0. Hence the submodule < p >= {0, p,2p,..., (% —1)p}
of Z,, of order % is mapped to 0 in Z, under I;s and the elements in Z,, with orders, that are not divisors of % has non
zero images under these I}s. Under these I;s, [p” where [ | (% ), le 7, are the orders of elements in Z,, having non zero

images. Now by Theorem 1 order of I}(h) divides both n and order of & for all h € Z,,, so |f(h)| divides gcd(m,n) = p*.

Also, in the Z-module homomorphisms I} (x) = 2k'x( mod n ) where k = k'p and ged(K', p) = 1, the order of 2k'x('mod
n ) is either 1 or p for all x € Z,,. So the elements of order 1 and p in Z, only have preimages under these I;s and
Ii(u)(y) =0forally e< 1 >\ < & >C Zj for every fuzzy module it on Zy. So if x €< p > i.e |x| = 7 or its divisor
then %k’x( modn)=0€Z,andifxe<1>\ < p>CZyor |x| =Ip" such that [ | (ﬁ) then %k’x( mod n ) = a where
a is any element in < % >\ < 0> in Z, and the submodule < % >= {0, %,2%, cn(p— 1)%} of Z, of order p only have
preimage under these I;’s.
0 if [x| = 2 orits divisors
17(( ) = . _ P F o m
{a if |x| = Ip” with [ | (?)
Now let i be an arbitrary fuzzy module on Z,, then the level cardinalities of the homomorphic image I} (i) on Z, are as

follows
Lett =V{u(x)/x € Zm, |x| =1p". 1| (57)}
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LIf 4(0) =t # 0 then I} (1) is a fuzzy module with the orders of level submodules p and n, I}(it) on Z, is

1 ifye<§>
0 ify€<1>\<§>

Li(u)(v) {

So level cardinality of the homomorphic image I;(ut) is 2.
2.If u(0) # ¢ =0 then I (1) is a fuzzy module with the orders of level submodules 1 and n, I} (1) on Z, is

1 ifye<0>
I =
) 0) {0 ifye<1>\<0>

So level cardinality of the homomorphic image I;(ut) is 2.
3.If u(0) #1t # 0 where t = V{u(x) / x € Zy, |x| =1p", [ | (%)} then It (1) is a fuzzy module with the orders of level

submodules 1, p and n, I}(1t) on Z, is

1 ifye<0>
Gu)(y) =41 ifye<i>\<0>
0 ifye<l>\<2>

So level cardinality of the homomorphic image I;(ut) is 3.

Hence the homomorphic image I; (i) of an arbitrary fuzzy module y has maximum level cardinality 3 when gcd(p?, k) =
D

Case 3 : When gcd(p?,k) = 1.
Consider the Z-module homomorphisms are I} (x) = ﬁkx ( mod n ) with ged(k,p*) = 1. As ¢(p?) = p(p — 1) values
for k, there exists p(p — 1) such Z-module homomorphisms also. I;(x) = 0 if and only if x is a multiple of p? or 0
and under these I, the submodule of Z,,, < p> >= {0,p? 2p?,..., (% —1)p?} of order % is mapped to 0 in Z,. The
elements of Z,, under I} with non zero images have orders Ip"~! or Ip” with [ | (%) 1 € Z*. Also by Theorem 1

order of I;(h) divides both n and order of & for all i € Z,,, hence |f(h)| | gcd(m,n) = p*. So 1,p, p? are the possible
orders of f(h). Hence under I}, the elements in Z, of orders 1, p, p~ can only have preimages i.e the elements in the

submodule < % >= {0, %,2%, (PP - 1)%} of Z, of order p? only have preimages in Z,, and I} (u)(y) = 0 for all
ye<I>\< ﬁ > for every fuzzy module y on Z,,, if n # p*. The homomorphism is onto only if n = p*. If x €< p? >

ielx| = % or its divisors then ﬁkx =0€Z,,ifxe<p>\<p*>or|x|=Ip ! with] (57) then ﬁkx (modn ) =a
where a; is any element in < 7> \<O0>andifxe< 1>\ <p>or|x=Ip" with!| (%) then ﬁkx (modn) =ap
where a5 is any element in < ﬁ >\ < % >. Then

0 if|x|= % or its divisor
L(x)=<a if|x=1p—! with 1| (57)
a if|x|:lprwithl|(§)
Now let u be an arbitrary fuzzy module on Z,,, then the level cardinalities of the homomorphic image I} (1) on Z, are

defined as follows
Lett) = \/{u(xl) [ x1 € Ly, |X1| = lpril, l | (%)} and , = \/{}l(JCz) /I x3 € Ly, |)C2| =Ip", 1 | (%)}

LIf 1(0) =t; =t # 0 then I}(u) is a fuzzy module with orders of level submodules p? and n (if p? # n), [; (1) on Z,
is
1 ifye< ﬁ >

0 ify€<1>\<ﬁ>

Li(pw)(y) = {

So level cardinality of I}, (1) is 2 if n # p* and has level cardinality 1 if n = p°.
2If u(0) =t; #t, =0 then I} (u) is a fuzzy module with orders of level submodules p and n, I;.(it) on Z, is

1 ifye<§>
0 ify€<1>\<§>

Li(u) (v) {

So level cardinality of the homomorphic image I;(ut) is 2.
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3.If u(0) #t; =t =0 then I} (u) is a fuzzy module with orders of level submodules 1 and n, I} (1) on Zy, is

1 ifye<0>
F =
HW) {O ifye<l>\<0>

So level cardinality of the homomorphic image I} (u) is 2.
4.If u(0) # 1t =ty # 0 then I} (u) is a fuzzy module with orders of level submodules 1, p? and n (if n # p?), I; (1) on
Zy is
1 ifye<0>
Gu)(y)=qn ifye<z>\<0>
0 ify€<l>\<%>

So level cardinality of I} () is 3 if n # p? and has level cardinality 2 if n = p?.
5.If 1(0) =11 # t # 0 then I} (u) is a fuzzy module with orders of level submodules p, p* and n (if n # p*), I} () on
Ly 18
1 ifye< % >
L)) =qh ifye<m>\<2>
0 ifye<1>\<1;—12>

Hence the level cardinality of the homomorphic image I7 (i) is 3 if n # p? and has level cardinality 2 if n = p?.
6.If 1(0) #t; # 1, = 0 then I; (1) is a fuzzy module with orders of level submodules 1, p and n, I} (i) on Z, is

1 ifye<0>
Gu)(y)=¢n ifye<f>\<0>
0 ifye<l>\<7>

So level cardinality of the homomorphic image I; (1) is 3.

7.If 1(0) # 1) # tp # 0 then I} (1) is a fuzzy module with orders of level submodules 1, p, p? and n (if n # p?), [; (1)
on Z, is

1 ifye<0>

noifye<i>\<0>

h ifye<ﬁ>\<§>

0 ifye<l>\< ﬁ >

Li(pw)(y) =

So level cardinality of the homomorphic image I; (1) is 4 if n # p? and has level cardinality 3 if n = p.

Hence, if I : Z,, — Z, is a Z-module homomorphism and u an arbitrary fuzzy module on Z,,, the maxima for the level
cardinality of its homomorphic image I" (i) on Z, is 4.

Example 1.In this example, we are considering the Z-module homomorphisms between Z7, and Zyg. Since ged(72,20) =
4 = 2?2 the Z-module homomorphisms of Z7, into Zy are I;(x) = 5kx ( mod 20) Vx € Z75, k=0,1,2,3. By Theorem
2, any fuzzy module on Z7, have level cardinality atmost 6. Below we are considering a fuzzy module yg on Z7, with
maximum level cardinality 6 and all the I} (u¢) with level cardinalities 2,3,4 by Theorem 6.

1 ifxe<0>

1 ifxe<36>\<0>
I3 ifxe<12>\ <36 >
Holx) = s ifxe<d>\<12>
s ifxe<2>\<4>
e ifxe<l>\<2>

and
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Cases k=0 ged(k,4) =2 ged(k,4) =1
Number
of homo- | 1 $(2)=1 o4 =2
morphisms
Homo-
morphisms o I LIz
= L =
Fuzzy To(ue) (v) = B(l‘ﬁ)()’)* liﬂﬁ)(? o
if y 1 ifye<0> ifye<0>
o o irects Yo if 15 ifye<10>\<0>
0 ifye<l>\<0> fo ify€e<10>\<0> B
0 ifye<1>\<10> f6 ifye<5>\<10>
0 ifye<I>\<5>

Next, we are considering a fuzzy module s on Z7, with level cardinality 5 and all the Iy(us) with level cardinalities
2,3,4 by Theorem 6.
I ifxe<24>
lh ifxe<8>\<24>
Us(x) =<1 ifxe<d>\<8>
Vs ifxe<2>\<4>
s ifxe<l>\<2>

and
Cases k=0 ged(k,4) =2 ecd A =1
Number
of homo- 1 0(2) =1 o(4) =2
morphisms
Homo-
morphisms Ty I L, I3
= L (5) ) = L0 =
Fuzzy To(us)(v) = z(Hs)(}) () .
i 1 ifye<0> ye<0>
module 1 ifye<0> “) e e t0o <0s
0 ifye<l>\<0> s ifye<10>\<0> ify
0 ifye<1>\<10> 5 ifye<5>\<10>
0 ifye<I>\<5>

So level cardinalities of the fuzzy modules I} (w;), k = 0,1,2,3,i = 5,6 on Zy is atmost 4.

Note 1.If we consider some fuzzy module (t on Z7, of level cardinality between 3 and 6 (including 3 and 6), we also get
the level cardinality of I} () the maximum 4, as we describe the process in Theorem 6.

Remark.In Theorem 6 we have proved that the level cardinality of the fuzzy module I'(i) on Z, is atmost 4, where
I': Z, — 7y, is a Z-module homomorphism with gcd(m,n) = p*> and g is an arbitrary fuzzy module on Z,,. In the next
theorem, we are considering the Z-module homomorphism I": Z,, — Z, where gcd(m,n) = p*, s € Z".

Theorem 7.Let I : Z,,, — 7, be a Z-module homomorphism with gcd(m,n) = p*, p is a prime, s € " and let U be a
fuzzy module on Z,y, then the level cardinality of I'(1L) on Zy is atmost s + 2.

ProofHere as the ged(m,n) = p*, the possible Z-module homomorphisms of Z,, into Z, are I}(x) = %kx (mod n)

where k =0,1,2,...,p° — 1. I;(u) is a fuzzy module on Z, for an arbitrary fuzzy module p on Z,,. Now the Z-module
homomorphisms are divided into s+1 cases according to the values of ged(p*,k). Let r be the highest power of p in the
prime factorisation of m.

Case 1: When k=0 (i.e ged(p® k) =0).
Iy(x) =0 forall x € Zy,

The fuzzy module I(it) is same as in Case 1 : of Theorem 6, for all fuzzy modules pt on Z,, and hence its level
cardinality is 2.

Case 2 : When gcd(p®,k) = p*~ 1.
The Z-module homomorphisms, I} (x) = %kx ( mod n ) can be written as I} (x) = %k’ x (mod n ) where k = k'p*~! and
ged(K',p) = 1. Hence there are ¢(p) = p — 1 values for k¥’ and hence p — 1 such Z-module homomorphisms. In these
homomorphisms I';(x) = 0 if and only if x is a multiple p or 0. Hence the submodule < p >={0,p,2p,..., (% —1)p} of

Zyy, of order % is mapped to 0 in Z, under these I}s. So under these I}’s the fuzzy module I} () is same as that of Case

2 gcd(p?,k) = p in Theorem 6 and its level cardinality is atmost 3.
Case 3 : When gcd(p*,k) = p*2.
The Z-module homomorphisms I;(x) = ﬁkx (mod n ) can be written as I} (x) = ﬁk’x ( mod n ) where k = k' p*~2
2

and ged(p?,k) = 1. So there are ¢(p?) = p(p— 1) values for ¥’ and hence p(p — 1) such Z-module homomorphisms.
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As I;(x) = ﬁk’x (mod n ) with ged(p?,k) = 1, under these I}'s the fuzzy module I;(pt) is same as that of Case 3

ged(p?,k) = 1 in Theorem 6 and its level cardinality is atmost 4.
Hence the homomorphic image I} (i) of an arbitrary fuzzy module ¢ has maximum level cardinality 4 when

ged(p*,k) = p*2.
The cases ged(p®,k) = p*=3, ged(p*,k) = p*~*, ..., ged(p*, k) = p*~ =2 | ged(p®, k) = p*~(~1) are similar.

Case s+1 : when ged(p*,k) =1
Consider the Z-module homomorphisms I;(x) = Jskx ( mod n ) where ged(p®,k) = 1, there are ¢(p*) = P l(p—1)
values for k and hence p*~!(p — 1) such Z-module homomorphisms. In these Z-module homomorphisms I}, (x) = 0 if and

only if x is a multiple p* or 0. Hence under these I;s, the submodule < p* >= {0, p*,2p*,... (F —1)p*} of Zy, of order
% is mapped to 0 in Z,. So the elements in Z,, of orders which are not factors of % under these I;s will have non zero

images i.e the elements of Z,, under these I;s having non zero images will have orders /p” =5+ with [ | (%) 1<i<s,

1 € Z*. Also by Theorem 1 order of I} (h) divides both n and order of & for all i € Z,,, hence | f(h)| divides ged (m,n) = p°*.
So the possible orders of I}(x) = ikx( mod n ) in Z, are 1,p, p?,...,p* for all x € Z,,. So the elements in Z, of orders
1,p,p?,...,p* can only have preimages under these I}s i.e, the submodule <5 >= {0, ;’X,Z L (P = 1) L} of Z,, of
order p* only have preimage in Z,, under I}. So if x €< p* > i.e |x| = 2 or 1ts divisors, then % kx( mod n ) =0¢€Z,
if x €< p’™' >\ < p’ >C Ly or x| = 1p' ! with [ | (5) then kx( mod n ) = ay, where ay is any element in
<>\ <0>inZ,, ifxe< pPi>\<p ! >CZyor|x| =1p 52 with 1| (57) then J5kx( mod n ) = a, where a3 is
”2 >\ <3 >inZy, ...,ifx€<p>\<p2 >C Ly or |x| = [p"—sts= 1) with /| (7+) then Jckx( mod
n)=as, Where as—1 is any element in

any element m <
m OF |x| lp’ S5 with

l] ( *) then sokx(mod n) = ag where ay is any element in < %5 > \ <3 —1: >inZy,
0 if [x| = 7 or its divisors
a e<ﬂ>\<0>cZ if [x| = lp’ SHwith ] (5)
ay €< % 7>\ <3 >Cly if x| =1p"~ S+2W1thl|(ﬂ,)
Ti(x) =

as— 1e<%>\<%>czn if x| = 1p" " with 1 | (4)
as €< 5 >\< S1>cZn if [x| = Ip" with I | (%)

Now let i be an arbitrary fuzzy module on Z,, then I; (u)(y) =0 forall ye< 1 >\ < »¢ >C Zn, if n # p* and the
fuzzy module I} (i) with maximum level cardinality is defined as follows. Let t; = V{u(x1) / X1 € Zp, |x1| = Ip" 51,
I (ﬁ)} Lt =V{U(R) I X3 € Ly, |32 = Ip" %2, 1| (ﬁ)} s sty = V{U(Xs) 1 X5 € Do, |x5| = 1p", 1] (%)} and
w(0) >ty >t > --- > 1, > 0 then I} (u) have level submodules of orders 1, p, p, ..., p* and n (if n # p®). Also I}.(u) on
Zy is

1 ifye<0>
noifye<f>\<0>
) 1fy€< >\ <9 >

ts ifye<§>\<#>
0 ifye<I>\</%>

So level cardinality of I;(it) is s + 2.
Hence, if I : Z,,, — Z, is a Z-module homomorphism and u an arbitrary fuzzy module on Z,,, the maxima for the
level cardinality of its homomorphic image I" (i) on Zj, is s + 2 when ged (p*, k) = 1.

Example 2.Here we take the Z-module homomorphism between Zgag and Zs7e. Since ged(640,576) = 64, the Z-module
homomorphisms of Zesg into Zs7e are I;(x) = Skx ( mod 576) Vx € Zeao, k =0,1,2,...,63. By Theorem 2, any fuzzy
module on Zg4g have level cardinality atmost 9. If we consider some fuzzy module tt on Zg4q of level cardinality between 7
and 9, we also get the level cardinality of I} (1) the maximum 8, as we discussed in Example 1. Below we are considering
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a fuzzy module [ on Zgygo with level cardinality 7 and all the I (@t)'s with level cardinalities 2,3, ...8.

1 ifxe<128>

1h ifxe<32>\<128>

15 ifxe<16>\<32>
Let p(x)=<(1/4 ifxe<8>\<16>

s ifxe<d>\<8>

e ifxe<2>\<4>

11 ifxe<l>\<2>

Cases Number . of Homomorphisms Fuzzy module
homomorphisms
Io(w)(y) =

k=0 1 Io 1 ifye<0>
0 ifye<l>\<0>
Ln(u)(y) =
ﬁ;"("’ﬁ“): 62 =1 o 1 ifye<0>
17 ifye<288>\<0>
0 ifye<l>)\<288>
Tis (1) (y) =
fgd(kﬁ‘*): 6(4)=2 Lo, Tis 1 ifye<0>
16 ifye<288>\<0>
1 ifye<144 >\ <288 >
0 ifye<l>\<144>
L0 =
cd(k,64) = 1 ifye<0>
§ (6 9(8) =4 I3, 24, Lao, e s ifye<288>\<0>
o ifye<144>\ <288 >
I ifye<72>\ < 144>
0 ifye<I>\<72>
L(w) k) =
ged(k,64) = _ L. Tia, To, I, e, i, o Hye<o=
4 $(16) =8 Lo T I/ ifyEe<288>\<0>
s ifye< 144 >\ <288 >
e ifye<72>\ < 144 >
17 ifye<36>\<72>
0 ifye<1>\<36>
L)) =
I, I, Lo, s, s, Ia, 1 ifye<0>
0(32) =16 D6, o, s, s, Lo, 5 ifye<288>\<0>
L6, I50, 154,158, I62 s ifye< 144>\ <288 >
s ifye<72>\ < 144>
e ifye<36>\<72>
17 ifye<18>\<36>
0 ifye<1>\<I18>
L.G.0I3,1,5,11. s, L(w) =
Iis, L7, 109,121,123, I35, 1 ifye<0>
$(64) =32 ?7,?9-?1-?3,?5-?7- 1L ifye<288>\<0>
39)7415043,745, 047,49, 13 ifye<144 >\ <288 >
151055, s L. T, o1 e ifye<T2>\ < 144>
Is3
5 ifye<36>\<72>
e ifye<18>\<36>
I ifye<9>\<18>
0 ifye<l>\<9>

ged(k,64) =
2

ged(k,64) =

Hence the fuzzy module I3 (¢t) has maximum level cardinality 8.

Remark.In Theorem 7 we proved that level cardinality of the homomorphic image I' (i) on Z, is atmost s+ 2, where
I': Zy — 7y, is a Z-module homomorphism with ged(m,n) = p* and y is an arbitrary fuzzy module on Z,,. In the next
theorem, we consider the Z-module homomorphism I": Z,, — Z, where gcd(m,n) = p"¢®, p, q are distinct primes and
rseZr.

Theorem 8.Let I : Z,, — Z, be a Z-module homomorphism with gcd(m,n) = p’q*, where p and q are distinct primes
and r,s € " and let [ be a fuzzy module on Z,, then level cardinality of I’ (1) on Zy is atmost r + s+ 2.

ProofHere as gcd(m,n) = p’q’, the possible Z-module homomorphisms of Z,, into Z, are I}(x) = ﬁkx (mod n)
where k = 0,1,2,...,p"¢° — 1. I;(u) is a fuzzy module on Z, for any arbitrary fuzzy module y on Z,. Now the
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Z-module homomorphisms are divided into (r+ 1)(s + 1) cases according to the values of ged(p"q’,k) and the
(r+1)(s+1) cases are k = 0(i.e ged(p?,k) = 0), ged(p'q’,k) = p'q/ where 0 < i+ j<r+s—1,0<i<r and
0 < j <s. Let r; be the highest power of p and s; be the highest power of ¢ in the prime factorisation of m.

Here we are considering the case when gcd(p"q®,k) = 1, for which the fuzzy module I} (i) have maximum level
cardinality. In the Z-module homomorphism Ii(x) = —iskx (mod n), with gecd(p'q’.k) = 1 there are
o(p'q’) = p" ¢ '(p — 1)(g — 1) values for k and hence p"~'¢*~!(p — 1)(g — 1) such homomorphisms. The fuzzy
module I} on Z,, is defined as follows.

aij if |x] = Ip" g st where I | ()

0 if|x|==I1p"1 "¢t wherel | (-5
prlqsl

where a;; is any element in < p,f;j >\ (< pi’rllq-i >U< p[q’f,,, >)CZp,0<i<r,0<j<s wheni=0or j=0,then take
< g >=< = >=<0> .
P’ P 1g

Now let i be an arbitrary fuzzy module on Z,, then I} (u)(y) =0 forally e< 1 >\ <

s >C Ln, if n# p’q* and the
fuzzy module I (1) with maximum level cardinality is defined as follows. Let t; = V{ i (x1) / x| € Zp, |x1| = p" —r+lgsi—s
or |xy| = Ip"1 =g =5+, where [ | (#)} 1 = V() [ X2 € Ly, 32| = Ip"1772g5175 o |xa| = Ipn g1 =54 or
lxa| = Ip" 7" 52, where [ | (i)} s oo s tres = VAl (xrts) [ Xrps € Zn, Xpg] = 1" g™, where || (7)) and
w(0) > >t >+ > t4s > 0 then I} (1) with maximum level cardinality will be as follows. Also, when n # p’¢*, we
have

n

r'q

L(u)(y)=0ifye<1>\<

>

1 ifye<0>
no ifye(<3>U<2>)\<0>
23 ify€(<ﬁ>u<ﬁ>u<q—’;>)\(<%>u<g>)

fris ifye<#>\(<ﬁ>u<p,q%>)
0 ifye<l>\<

>

n
r'q

Hence, if I : Z,, — Z, is a Z-module homomorphism and u an arbitrary fuzzy module on Z,,, the maxima for the level
cardinality of its homomorphic image I"(it) on Z,, is r+ s+ 2 when ged(p”q°, k) = 1.

Example 3. Here we take Z-module homomorphisms between Z43p0 and Zag3p. Since ged(4320,4032) = 288 = 2532,
the Z-module homomorphisms of Z43 into Zags, are It (x) = 14kx ( mod 4032) Vx € Z4zpo, k=0,1,2,...,287. By
Theorem 2, the fuzzy module on Z435¢ have level cardinality atmost 10. Let u be such a fuzzy module on Z4350. Maximum
level cardinality of the fuzzy module I} (i) on Zag3, for k =0,1,...,287 is the one with ged(k,288) = 1. So there are
¢(288) = 24 such I} (it)'s on Zyp3,. Below we are considering a fuzzy module  on Zg3;0 with maximum cardinality 10
and one of the I} (i) (k= 1) with maximum level cardinality 9.

1 ifxe<0>

I ifxe<2160>\ <0>

13 ifxe< 720>\ <2160 >

s ifxe< 144>\ <720 >

() = s ifxe<72>\ <144 >
e ifxe<24>\<72>

I ifxe<12>\<24>

g ifxe<6>\<12>

o ifxe<2>\<6>

o ifxe<l>\<2>
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and
1 ifye<0>

1p ifye<2016>\<0>
/s ifye< 1008 >\ <2016 >
16 ify€e<336>)\ <1008 >
L) =<1k ifye<168>\ <336>
I8 ifye<84>\<168>

o ifye<28>\<84>

o ifye<14>\ <28>

0 ifye<l>\<14>

Theorem 9.Let I : Z,, — Zy, be a Z-module homomorphism with gcd(m,n) = d = py'.p3* ... p}', where pls are distinct
primes, s; € T, i=1,2,...t and let U be a fuzzy module on Z,, then level cardinality of ' ([t) on Z,, is atmost s+ 2 where

s=851+8+ -+ 5.

ProofLet r; be the highest power of p; in the prime factorisation of m for i = 1,2,...t where
ged(m,n) =d = p\'.py...pJ", si <ri,i=1,2,...t. The Z-module homomorphism of Z,, into Z, are I'y (x) = % otx (mod
n) where o0 = 0,1,2,...d — 1. Then the cases are gcd(a,d) = 0, p|".p5% ... p/" where 0 <m; <s;,i=1,2,...,r and not
all m; = s;.

When ged(a,d) = p{"*.p5?...p/" where 0 < m; <s; the homomorphism is I(x) = Jax ( mod n) and it has order
pi "M p? ™ L pf™™ and for any fuzzy module i on Z,, then the maximum level cardinality of the homomorphic
image of the fuzzy modulelt on Z,,, I'y,((t) on Zy, is (s; —my) + (sp —mp) + -+ + (s —my) + 2.

From the above theorems, we can see that the maximum level cardinality of homomorphic image of fuzzy module
is attained when ged(a@,d) = 1, then the module homomorphism I'y, maps Z,, to the submodule < % > of Z, and its
order is d. By Theorem 2, maximum level cardinality of the submodule < % > of Z, is d + 1 and also I'(u)(y) =0
Vy €< 1>\ < 5 >. Thus level cardinality of Iy (u) is atmost d + 2.

4 Conclusion

Earlier studies on the level cardinality of fuzzy modules under Z-module homomorphisms were restricted to cases where
ged(m,n) is a prime or the product of two distinct primes, yielding fixed upper bounds on the number of membership
levels in the image. In this work, we are extending the analysis to the more general cases gcd(m,n) is a prime power
and, further, a product of prime powers. The level cardinality of fuzzy submodules and its images under fuzzy module
homomorphism places an vital role in fuzzy Noetherian module theory [3]. The level cardinality of fuzzy Noetherian
submodules is important when we consider the ascending or desceding chain in fuzzy Noetherian module theory. In
future, we study on the properties of the generalisation of Noetherian module theory to fuzzy Noetherian module theory
by using the properties of these level cardinalities.
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