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Abstract: The criteria of reachability [resp. observability] of max-plus algebraic linear system is determined using asticity of columns

or rows of reachability [resp. observability] matrix. In this paper, we determine the criteria of reachability [resp. observability] of

symmetrized max-plus algebraic linear system. The determination of these criteria is carried out using rank of reachability [resp.

observability] matrix. The linear system is reachable [resp. observable] when the reachability [resp. observability] matrix is full row or

column rank in balance sense.
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1 Introduction

A linear system is a mathematical model of a system that relies on the application of a linear operator in conventional
algebra and systems theory. Compared to the nonlinear example, linear systems usually have features and attributes that
are more simpler. Linear systems, as a mathematical abstraction, have significant applications in signal processing,
telecommunication, and automatic control theory. For instance, linear systems are frequently used to describe the
propagation medium in wireless communication systems. The discussion of conventional algebraic linear systems can be
referred to [11][13], and more specifically discrete linear systems can be referred to [8].

The max-plus algebra, denoted by Rmax, is a semiring R ∪ {−∞}, with addition defined as ”maximum” and
multiplication defined as ”plus”. In this algebra, the zero element is −∞ and the unity element is 0. Unlike in linear
algebra, there is no additive inverse for elements in the max-plus algebra, except for the zero element [2][4][5][9].

The discussion of linear systems has been carried out in max-plus algebra. Several discussions about max-plus
algebraic linear systems have been carried out, including [1][7]. Furthermore, a discussion regarding the controllability
of max-plus algebraic linear systems has also been carried out [6]. Meanwhile, discussion of the reachability [resp.
observability] of max-plus algebraic linear systems has been discussed [10]. The determination of criteria of reachability
[resp. observability] is done using asticity of columns or rows of reachability [resp. observability] matrix. The result
obtained is the weak reachability [resp. observability] of max-plus algebraic linear system. This is caused by the absence
of additive inverse of non zero element in max-plus algebra. This is different from determining the reachability [resp.
observability] criteria for a linear system in conventional algebra which is carried out using a rank of matrix.

The max-plus algebra can be extended to a larger set using a process called symmetrization. The symmetrization
results of Rmax is called the symmetrized max-plus algebra, denoted by S [3][4]. Furthermore, Rmax can be considered as
the positive or zero part of S. The construction is similar to the extension of natural numbers to integers in conventional
algebra, but complications arise due to the idempotency of the ”max” operator. The generalization of the notion of an
equation is called a balance, denoted by ∇. Since Rmax can be considered as the positive or zero part of S, Rmax is a subset
of S. In [3], rank of matrix over S is defined using minor rank. Meanwhile, discussion about linear independently is used
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to characterize of rank of matrix over S as in conventional algebra was discussed in [12] and solution of systems of linear
balances over S was discussed in [14] which has a role like a linear equation system in conventional algebra [15].

This paper studies the reachability [resp. observability] of symmetrized max-plus algebraic linear system. The criteria
of reachability [resp. observability] is determined using the rank of reachability [resp. observability] matrix. Since Rmax

can be considered as the positive or zero part of S, the results of this paper potentially can be used to solve and improve
the criteria of weak reachability [resp. observability] of the max-plus algebraic linear system in [10].

The paper is organized as follows. Section 1 gives an introduction and Section 2 gives the symmetrized max-plus
algebra. We discuss the result in Section 3 and Section 4, i.e the existence solution of the linear system and reachability
[resp. observability] of symmetrized max-plus algebraic linear system in balance sense.

2 The Symmetrized Max-Plus Algebra

Let R be the set of all real numbers and Rmax = R∪{−∞}. The operation on Rmax is defined as follows

p1⊕ p2 = max(p1, p2)

p1⊗ p2 = p1 + p2

where max(p1,−∞) = p1, for all p1, p2 ∈ Rmax. The algebraic structure of Rmax is an idempotent commutative semiring
and it is called max-plus algebra. The zero and unity element in Rmax is ε = −∞ and e = 0, respectively. The
symmetrization process is carried out to solve the problem of the absence of an additive inverse of non zero element in
Rmax. Let Rmax×Rmax which equipped addition and multiplication operations as follows:

(p1, p2)⊕ (q1,q2) = (p1⊕ q1, p2⊕ q2)

(p1, p2)⊗ (q1,q2) = (p1⊗ q1⊕ p2⊗ q2, p1⊗ q2⊕ p2⊗ q1)

for all (p1, p2),(q1,q2) ∈ Rmax×Rmax. The algebraic structure of Rmax×Rmax is an idempotent commutative semi ring.
The zero and unity element in Rmax×Rmax is (ε,ε) and (0,ε), respectively.

Definition 1([4]). Let (p1, p2),(q1,q2) ∈ Rmax×Rmax. The balance relation ∇ is defined as follows:

(p1, p2)∇(q1,q2) iff p1⊕ q2 = p2⊕ q1

If (p1, p2) is not balance with (q1,q2), then it is denoted by (p1, p2)∇̃(q1,q2). The reflexive and symmetric properties
apply to the balance relation, but not to the transitive. So this relation is not an equivalence relation. Consequently, we
cannot obtain the quotient set of Rmax×Rmax by ∇.

Definition 2([4]). Let (p1, p2),(q1,q2) ∈ Rmax×Rmax. The relation B is defined as follows:

(p1, p2)B(q1,q2) =

{

(p1, p2)∇(q1,q2) ; p1 6= q1 and p2 6= q2

(p1, p2) = (q1,q2) ; p1 = q1 or p2 = q2

Since B is an equivalence relation then the quotient set of Rmax×Rmax by B can be obtained, and this results three
types equivalence classes as follows

(p,−∞) = {(p,x) ∈ Rmax×Rmax|x < p} is called a max-positive or zero,

(−∞, p) = {(x, p) ∈ Rmax×Rmax|x < p} is called a max-negative or zero,

(p, p) = {(p, p) ∈ Rmax×Rmax} is called a balanced class.

The quotient set ofRmax×Rmax by B is called the symmetrized max-plus algebra and denoted by S. The algebraic structure

of S is an idempotent commutative semiring, where the zero element and unity element is ε = (ε,ε) and e = (0,ε),
respectively.

In the following section, (w,−∞), (−∞,w) and (w,w) is simply written as w, ⊖w and w•, respectively. Then, the set
of all classes of max-positive or zero class, max-negative or zero, balanced and signed elements is denoted by S

⊕, S⊖, S•

and S
∨, respectively. Note that, S∨ = S

⊕ ∪S⊖, S
⊕ ∪S⊖ ∪S• = S, S

⊕ ∩S⊖ ∩S• = ε and S
∨
⋆ = S

∨ \S• is the set of all
unity elements.
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Theorem 1([3]). Let p1, p2 ∈Rmax, then

p1⊕ (⊖p2) =











p1 ; p1 > p2

⊖p2 ; p1 > p2

p1
• ; p1 = p2

Theorem 2([3]). For all p1, p2, p3 ∈ S, p1⊖ p3∇p2 if and only if p1∇p2⊕ p3. Furthermore, for all p1, p2 ∈ S
∨, if p1∇p2

then p1 = p2.

Theorem 3(Weak Substitution[4]). For all p1, p2, p3 ∈ S and x ∈ S
∨, if x∇p1 and p3⊗ x∇p2 then p3⊗ p1∇p2.

Definition 3([3]). Let M ∈ S
m×n. The minor rank of M is the maximum of dimension of square submatrix which its

determinant is not balanced.

In the discussion of rank, minor rank of M can be characterized using linear independently as in conventional algebra
[12].

3 Linear Systems in the Symmetrized Max-Plus Algebra

This section discusses the reachability [resp. observability] of symmetrized max-plus algebraic linear system. We addopt
max-plus algebraic linear system [10], as follows:

x(k+ 1) = A⊗ x(k)⊕B⊗ u(k+ 1) (1)

y(k) =C⊗ x(k) (2)

where k is index of event, x(k), y(k) and u(k) is completion times vector of the kth event of size n×1, system output times
of size p× 1 and part arrival times vector of size m× 1, respectively. Then, A, B and C are matrices of size n× n, n×m

and n× p, respectively, are max-plus algebraic matrix of functions of the system service and transportation times. The
equation in (1) and (2) is modified into symmetrized max-plus algebraic linear system in balance sense as follows:

x(k+ 1)∇A⊗ x(k)⊕B⊗ u(k+ 1 (3)

y(k)∇C⊗ x(k) (4)

which all etries of vectors and matrices ranging over S. The relation ”=” in (1) and (2) is replaced by ”∇” in (3) and (4),
respectively, in solving the additive inverse problem in Rmax.

Definition 4(Reachable State). Let x(0) ∈ S
n. A state xq ∈ S

n is reachable in q-steps from x(0) if there exists a control

sequence u(1),u(2), · · · ,u(q) ∈ S
m which steers state x(0) to reach state x(q)∇xq.

The set of all state x ∈ S
n which can be reached from x(0) in q-steps is denoted by R(x(0),q). By performing the recursion

process and considering the weak substitution in (3), we get state at event index n as:

x(n)∇(An⊗ x(0))⊕ (An−1⊗B⊗ u(1))⊕ (An−2⊗B⊗ u(2))⊕·· ·⊕ (A⊗B⊗ u(n− 1))⊕ (B⊗u(n)) (5)

Consider the matrix
MR =

[

B A⊗B A2⊗B . . . An−2⊗B An−1⊗B
]

∈ S
n×nm

and the vector
UR =

[

[u(n) u(n− 1) u(n− 2) . . . u(2) u(1)
]

]T ∈ S
nm×1

From (5), it is obtained
x(n)∇(An⊗ x(0))⊕MR⊗UR (6)

Since (An⊗ x(0)) ∈ S
n then there is a minus of (An⊗ x(0)) in (1) and (6) such that

x(n)⊖ (An⊗ x(0))∇MR⊗UR (7)

The balance (7) shows that there is a role for (An⊗ x(0)) which this role cannot be maximally performed in [10].
Reachability refers to the problem of steering a system from the origin to a specified state using the input. The

following definition shows reachability of symmetrized max-plus algebraic linear system.
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Definition 5(Reachable System). A symmetrized max-plus algebraic linear system is reachable if all states x ∈ Sn×1 can

be reached from state x(0).

Since each of (An⊗ x(0)) and MR are known then we must determine UR that satisfies (7) for all x(n) ∈ S
n×1 in

solving the reachability problem in symmetrized max-plus algebraic linear system. Therefore, the problem of determining
UR is analogues to determine solution of the system of linear balances (7).

Theorem 4. A symmetrized max-plus algebraic linear system is reachable if and only if rank of MR is n.

Proof.(←) Since rank of MR is n, MR is full-row rank. Thus, the n× n square submatrix A1 can be determined in

which the columns of A1 are selected from the columns of MR such that det(A1)∇̃ε . Matrix MR is partitioned into

MR = [A1 A2]⊗QT , where Q is an nm× nm permutation matrix and F = A1
−1⊗A2. If UR is partitioned into

[

(UR)1

(UR)2

]

then
[

(UR)1

(UR)2

]

= Q⊗

[

A1
−1⊗ x(n)⊖ (An⊗ x(0))

ε

]

⊕Q⊗

[

⊖F

Inm−n

]

⊗ h

for h∈ Snm−n satisfies (7). Therefore, we can always find the input (UR) that satisfies (7). This means it is always possible
to carry any initial state to any destination state with at most n-step, so that the linear system is reachable.
(→) Assume that the linear system is reachable. Then for any state x(n) there is an input UR such that

x(n)⊖ (An⊗ x(0))∇MR⊗UR. (8)

Suppose that rank MR = r < n. Look at the linear balance system (8). Since rank MR = r, then we can determine the r× r

square submatrix A1 whose columns are selected from colums of MR such that det(A1)∇̃ε . Next, MR is partitioned into

MR = PT ⊗

[

A1 A2

A3 A4

]

⊗QT

where P is an n×n permutation matrix which is partitioned into

[

P1

P2

]

, Q is an nm×nm permutation matrix, F = A1
−1⊗A2

and G = A3⊗A!
−1. If we select the destination state x(k) such that

(P2⊗ x(k))⊖ (Ak⊗ x(0))∇̃(G⊗P1)⊗ (x(k)⊖Ak⊗ x(0)) (9)

then the linear balance system (8) has no solution. Therefore, there is no an input UR such that satisfies (8). Consequently,
the linear system is not reachable and it is a contradiction. So, rank of MR must be n. �

Theorem 4 can be used as a tool to characterize the reachability of symmetrized max-plus algebraic linear system. The
following example discusses about reachability of linear system.

Example 1. Consider the symmetrized max-plus algebraic linear system

[

x1(k+ 1)
x2(k+ 1)

]

∇

[

0 0•

0 1

]

⊗

[

x1(k)
x2(k)

]

⊕

[

0
ε

]

⊗ u(k+ 1)





y1(k)
y2(k)
y3(k)



∇





1 0•

ε 0
0 ⊖1



⊗

[

x1(k)
x2(k)

]

where

[

x1(0)
x2(0)

]

=

[

0
0

]

. The reachability matrix of the linear systems is MR =

[

0 0•

0 ε

]

. Since rank of MR is 2, then the

linear system is reachable. This means all states x ∈ S
2×1 can be reached from state x(0) =

[

0
0

]

. For example, a state
[

⊖2
1

]

, we can find input u(1) = 1, u(2) =⊖2 which drive the initial state

[

0
0

]

reach to

[

⊖2
1

]

. �

The following definition discusses the observability of symmetrized max-plus algebraic linear system.

Definition 6. A symmetrized max-plus algebraic linear system is observable if the initial state x(0) can always be known

by observing a finite number of output sequences
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Look at the balance (4). By the weak substitution properties, we substitute (5) into (4) and it is obtained

y(n− 1)∇(C⊗An−1⊗ x(0))⊕ (C⊗An−2⊗B⊗ u(1))⊕·· ·⊕ (C⊗A⊗B⊗ u(n−2))⊕ (C⊗B⊗ u(n− 1)). (10)

The balance (10) can be expressed as

Y ∇MO⊗ x(0)⊕H⊗U. (11)

where Y =













y(0)
y(1)
y(2)

...
y(n− 1)













∈ S
np×1, MO =













C

C⊗A

C⊗A2

...

C⊗An−1













∈ S
np×n, H =













ε ε · · · ε

C⊗B ε · · · ε

C⊗A⊗B C⊗B · · · ε

...
...

. . .
...

C⊗An−2⊗B C⊗An−3⊗B · · · C⊗B













∈ S
np×nm,

and U =













u(1)
u(2)
u(3)

...
u(n− 1)













∈ S
nm×1.

The observability of symmetrized max-plus algebraic linear system is problem to determine the initial state by
observing a finite number of output sequences. According to (11), it is obtained

MO⊗ x(0)∇Y ⊖H⊗U (12)

Since H ⊗U is known and Y is observed then we must determine x(0) that satisfies (12) in solving the observability
problem in symmetrized max-plus algebraic linear system. Therefore, the problem of determining x(0) is analogues to
determine solution of the system of linear balance (12).

Theorem 5. A symmetrized max-plus algebraic linear system is observable if and only if rank of MO is n

Proof.(←) Since rank MO is n, MO is full-column rank. Thus, the n× n square submatrix A1 can be determined in which

the rows of A1 are selected from the rows of MO such that det(A1)∇̃ε . The matrix MO is partitioned into MO = PT ⊗

[

A1

A2

]

,

where P is an pn× pn permutation matrix which be partitioned into

[

P1

P2

]

for P1 ∈ S
n×pn, and A2⊗A−1

1 = G is element of

S
(pn−n)×n. It is obtained that

x(0) = A1
−1⊗P1⊗ (Y ⊖H⊗U) (13)

where P2⊗ (Y ⊖H⊗U)∇G⊗P1⊗ (Y ⊖H⊗U) satisfies the linear balance system (12). If we give an output Y then it can
be determined state x(0). Therefore, the linear system is observable.
(→) Since the linear system is observable, if we give an output Y then it can be determined state x(0) such that

MO⊗ x(0)∇Y ⊖H⊗U.

Suppose that rank MO = r < n. Since rank MO = r then the r×r square submatrix A1 can be determined in which the rows

of A1 are selected from the rows of MO such that det(A1)∇̃ε . Matrix MO is partitioned into MO =PT⊗

[

A1 A2

A3 A4

]

⊗QT where

P is an pn× pn permutation with partition P=

[

P1

P2

]

, Q is an n×n permutation matrix, F = A1
−1⊗A2 and G = A3⊗A1

−1.

If we select output Y ′ such that

P2⊗ (Y ′⊖H⊗U)∇̃G⊗P1⊗ (Y ′⊖H⊗U). (14)

then the linear balance system (12) has no solution. Therefore, we don’t get state x(0) by observabing output Y ′ which
satisfies (14) and the linear system is not observable and it is contradiction. So, rank of MO is n. �

Theorem 5 can be used as a tool to characterize the observability of symmetrized max-plus algebraic linear system. The
following example discussed about observability of linear system.

© 2026 YU

Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



128 Suroto: Reachability Of Linear...

Example 2. Consider the symmetrized max-plus algebraic linear system in Example 1. The observability matrix of the
linear systems is

MO =















1 0•

ε 0
0 ⊖1
1 1•

0 1
⊖1 ⊖2















.

Since rank of MO is 2, then the linear system is observable. This means the initial state x(0) can always be known by

observing a finite number of output sequences. For example, if we observe output sequences





1
0
⊖1



,





1•

1
⊖2



, then we can

know the initial state

[

0
0

]

by using input u(1) = 1, u(2) =⊖2. �

4 Conclusion

The symmetrized max-plus algebraic linear system can be formed from max-plus algebraic linear system. The criteria of
reachability [resp. observability] of symmetrized max-plus algebraic linear system can be determined using rank of
reachability [resp. observability] matrix. The symmetrized max-plus algebraic linear systems are reachable [resp.
observable] if reachability [resp. observability] matrix is full rank. The future research can be done in development of
computational programme to compute solution of symmetrized max-plus algebraic linear system.
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