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1 Introduction and Preliminaries

The theory of metric spaces (MS) has developed considerably over time, transitive from intuitive geometric ideas in
a formal mathematical structure. This growth has had profound implications across mathematics, influencing various
branches and applications (see, for instance [1,2] and reference therein). In particular, In [3,4] the notion of - MS and
its applications have been proposed. Later, Kamran et al. [5] generalized b-MS under the name extended 5-MS. On the
other hand, the concept of complex-valued (C-valued) MS and its properties were introduced by Azam et al. in [6]. While,
Choi et al. [7] offered bicomplex-valued (BC-valued) MS as a generalization of C-valued MS. Recently, various results
on (BC-valued) MS have been archived by Abdalla et al. [8,9]. Inspired by foregoing endeavors, we give a new extension
of (BC-valued b-MS. Upon using this new expansion of MS, several findings in the previous works are generalizable.
Also, we create outcomes on common fixed points of two self-mappings that satisfy a contrastive condition and present
illustrative instances. In addition, using our findings, we demonstrate that there is a unique solution to the Urysohn integral
equation.

1.1 Bicomplex Numbers BC

Following [10], let R, C, and BC be the sets of real and complex bicomplex numbers respectively.

BC := {MZ)C()-i-ilxl +ixy +ijixxs @ xx € Rk=0, 1,2,3}.
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Also, the set can be expressed BC as
B(C:{u:u|+i2u2 Zu|,u2€(C}, (1)
where u; = xo +i1x1, up = xp +i1x3 and iy, i, are independent imaginary units with the property i% =—1= i% and their
product j = iy, is another unit such that j> = 1. The units i, i», and j satisfy
i =j, i1j=—l, bbj=—i.
If u = uy + iru and u? +u3 # 0, then the inverse u~! of u exists and is defined as

P N St
u u% + u% '
The set BC is a commutative ring with the operations + and . defined in the natural way.
The subsets of BC are

C(ix) :={s1+ s26k; s1,32 € R}, k=1,2, 2)

and the well-known set of hyperbolic numbers

D:= {S|+Szj; sl,SzeR}. 3)
Now, we define three types of conjugation on BC as (see [10]):

utl = 71 + 2202, ut = Uy —up i, Ut = Uy —upip. 4)

Therefore, three modulus can be defined on BC:

=uu®? = ui 4+ uj € C(iy)

|u? :=uu® = (Juy |* — |uz|?) + 2Re(uitir )iy € C(in)

=uw® = (|ug > + |ua|*) — 2Im(uitir) j € D.

The norm of a bicomplex number u = u; + iru; is defined by

. 1
leell = llr + iz | = (|eaa]® + Jua]*) 25

alternatively if u = xg + i1x| + ipxp + i1i2x3, where x; € Rk =0,1,2,3, then
1
el = (5 + 27 +23 +23) 2.
The partial order relation <;, on BC is defined as follows:

If u=wuy +iup, v=vy +iry € BC, then we say u =;, v <= u; =, vi and up =;, v». In other words, u =<;, v if one
of the conditions below is satisfied:
(ap) uy = vy and up = vy,
(a2) uy <, vy and up = vy,
(a3) uy = vy and uy <, v2,
(as) up <;; v and up <, v2,

1.2 Bicomplex valued metric spaces (BC-valued metric spaces)

Definition 1.A functional @gc : T x T — BC is called a BC-valued metric on set Y if for any |, T,r € T the following
holds:

(m1)0 =, @pc (U, 1),

(ma)@pc (1, 7) =0 <= u=r,

(m:;)(lj]B(C([J, T) = wIBC(Tvﬂ)a

(m4)w]B(C(lJ'a r) jiz G;]B(C(ﬂa T) + G;JB(C(T7 r)'

In this case, we call the ordered pair (Y ,®pc) a bicomplex-valued metric space (BC-valued metric spaces).

Definition 2./71]. Let s > 1. A functional @gc : ¥ x ¥ — BC is called a bicomplex valued b-metric (BC-valued b-metric
) on a non-empty set 1 if for any u,t,r € T the following conditions are satisfied:

(m1)0 =, @pc (U, 1),

(m2)Buc(i,7) =0 <= p =71,

(mS)G;]B(C (lJ'a T) = wBC (T7 lJ')a

(m4)w]B(C (lJ'a r) jiz N [wIBC (#7 T) + EBC(Ta r)] .

Then (Y, @pc) is called a BC-valued b-metric space.
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2 BC-valued extended b-metric spaces

Here, we introduce the BC-valued extended b-MS or briefly BC-valued extended b-MS.

Definition 3.Suppose Y is a set and & : ¥ X ¥ — [1,0). A BC-valued extended b-metric is a function @pc : ¥ x T — BC
with i, T,r € Y. the following criteria apply: (1) @pc)(U,T) =0<= U =1;

(2) G;JB(C(y'7 T) = G;BC(T)”);

(3) @ac (1, 7) =i, E(1,1) [@re (1,7) + Bac(1,7)],

SJorallu,t,r € Y. The pair (Y, ®pc) is called a BC-valued extended b-MS.

Example 1.Let Y = [0,400),& : T x T — [1,+00) be a function defined by £(u,7) =1+ pu+tand @pc: ¥ x 1T — BC
be given as @pc(U,7) =0 if 4 = 7 and @pc (U, T) = ir|v —¢t| if 4 # T where |.| denotes the usual real modulus. Then
(Y, @pc) is a BC-valued extended b-MS.

Example 2.Let Y =[0,1],& : T X T — [1,+4o0) be a function defined by & (1, 7) =1+ 7vand @pc : ¥ X T — BC be given
as @pc(U,7) = (i1 +i2) | — 1.
Then (Y, @pc) is a BC-valued extended b-MS.

Definition 4.Let (u,) be a sequence in a BC-valued extended b-MS (Y, @y ). The sequence (uy) is said to converge to a
limit u € Y if for any 0 <;, € € BC, then a natural number N exists such that Opc (un,u) <i, € for all natural numbers
n > Ng. In this case we write u,, — u or lim u, = u.

n—-voo

Definition 5.A sequence (u,) in a BC-valued extended b-MS is called a Cauchy sequence if for any 0 <;, € € BC, then a
natural number Ng exists such that @pc (un, um) <i, € for any natural numbers n,m > N

Definition 6.A BC-valued extended b-MS (Y, @pc) is called complete if every Cauchy sequence in Y converges to a limit
inT.

Definition 7.Suppose (Y, ®pc) is a BC-valued extended b-MS. Let g € T and 0 <;, € € BC.

(i)We call the set B(g,€) :={h € Y,®pc(g,h) <i, €} the open e-ball of g.
(ii)We say a self-mapping E on Y is continuous at g € Y if for any 0 <;, € € BC, there exists 0 <;, 6 € BC such that
E(B(g.0)) S B(Zg,¢).

Clearly, if a mapping Z is continuous at u in the BC-valued extended b-metric type space (¥, @pc ), then u,, — u implies
that Zu,, — Zu as n — +oo.

Definition 8.7he max function for the partial order =;, is defined as follows:

(Hmax{u,v} =vsu=; v
(2u =i, max{v,t} =u=;, voru =t
(3)max{u,v} =veu=<,vor |u| <] v].

Definition 9./12]. We say two families of self-mappings (Z;)1" | and (A;)"_, are pairwise-commuting if
(a)EK| EK2 = EIQEK'] , K1, K € {1727 e am}'

(b)Ak‘lAKz :AKZAKI;KHKZ € {152’; e 7”}'
(C)EK]AIQ :AKz‘EK]?Kl € {1525 7m}7 K € {1525 ,l’l}.

Lemma 1.[/13]. Let (Y, ®pc) be a BC-valued MS.
A sequence (uy,) in Y convergestou € Y if and only if ||@pc(un,u)|| —> 0 as n — H-oo.

Lemma 2.[]3]. Let (Y, ®pc) be a BC-valued MS and (uy,) be a sequence in Y such that lim u, = u.

) n—ry—o0
Then foranya €Y, Lﬁd‘wﬁdunﬂ)H = |@pc(u,a)||.

n
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3 Main results

Now we state and demonstrate the main results of the paper.

Theorem 1.Let (Y, ®pc) be a BC-valued extended b-MS with degenerate (1 + opc(u, v)) foralluveY and 2, A:Y =T
be self-maps satisfying the following condition:

CUEC(M,EM)(DBC(V,AV)}
1+ @pc(Eu,Av)

for all u,v € Y, where 1+ @pc(Eu,Av) #0 and a is a real with 0 < oo < 1 be such that for each ug € Y,

Opc(Eu,Av) =i, o.max { @pc(u,v), (5)

1
N nl11£n E(up,um) < p where

Uzpt1 = Ettgy, Uopy2 = Augy1,n=0,1,2,....
Then the mappings = and A have a unique common fixed point.
ProofLet uy € Y be arbitrary. We define a sequence (u,) in 1" as

Uppy1 = Euog, Uppyr = Augy,k=0,1,2,...

Then

Opc(Ukr1,Uk12) = Opc(Eua, Augey1)
O (uar, Zuak ) O (Uit 1,A Ukt 1)
iy 06 max {@pc (Uok, k1), = T F ) )

_ B (Uok,Uk 1) e (Uok 1, Uok+2)
= @.max {GBC(MZI“ U2k-+1 )’ 1+Onc (t2k+1:U2042) }

=i, Q.Opc(Uok, U2k+1)-
Thus
O (U2k+1,U2k+2) iy O.OBC (g, Ut 1)- (6)
Similarly
Opc (Uopr2,U2k+3) = Opc(Uori3,U2k+2)
= Opc(Eugpt2, Auii1)
=i, o.max {@pc (a2, U2kr1),
By (Uakr2,ZUoks2) D (Uakt1,A Ukt 1) }
14+-@sc (Zuspr2,Atzpr1)
= 0. max {GTIBC(Mzk+2,M2k+1 )
wJEC(”Zk«FZﬁ”Zk«F})wBC(u2k+l ﬁu2k+2) }
14+@sc (u2143,U2k42)

=iy 0.OBC(Uk+1,Uok12)-
Hence
Opc (U2r42, Uk 13) =iy O-BBC (Uok11,U2k42)- @)
Therefore from (6) and (7) for m,n € N, we have

(D-]B(C(umun-ﬁ—l) j[z a~wIBC(Mn—1 a”n)
=i, 0. Opc (Ug—2,up—1) =iy -+ =i, A"@pc(ug,uy).

Form,n € N,
=i, ‘g(“m“m)[@BC(”M“nH)+G7IB(C(Mn+1>Mm)]
=i é(”mum)anw]B(C(”&”l)+§(”n,”m)w]B(C(”n+l7um)
= é(“mum)anw]B(C(“mul)
+ (”n7um)§(un+l7um)an+]w]B(C(”0aul)
oo & (s um) & (1, ) S (42, )
& (tm—2 s tm) & (Um—1 , um) " B (g, u1)

w]B%(C(“m“m)

5

iz

Then
O (n, tm) =i, (D']B%(C(MOMI)[é(una”m)an+§(”nvum)§(”n+l7”m)an+]
o+ & (s )& (U1, ) & (12, Um)
"é(um—z,um)é(um—l,Mm)OC"PI
That is,
@B (n, um)|| < || @pc (1o, 1 H[é(”n Um (x”+§(un,um)§(un+],um)(x”"']
+-- +§(”’h m)é(unJrlvum ‘): Mn+2>“m)

&ttt ) E (1 4 01
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+oo n
Since, linlL & (upt1,um)0r < 1 so that the series E o I I & (ui,um) converges by ratio test for each m € N. Let:
n,m—r—+oo }
n=1 i=1

Thus for m > n, the above inequality implies

H(D-]B(C(umum)H < H(D-]B(C(u&ul ) H [Sm—l - Sn]
Letting n — o0, we conclude that (u,) is a Cauchy sequence. Since (Y, @pc) is complete, let u, — u € Y. Thus

lim Zuy, = lim Au =u 8
n——+oo 2n n—r—+oo 2+l ( )

Now from the given condition we have:

Bac(Zu,u) Ziy E(Eu,u) [@pc(Eu, Auzpi1) + Bpc(Auzasr,u)]
=i, E(Zu,u)or. max { @pc (1, uzp+1), wgd?;;if?f%;ﬁgwl)}
+E(Eu,u)@pc(Auzps1,u)
=iy &(Zu,u) ot max {@pc (u,uy ), ZEWENOecloni i) )

14+@sc (Zu,uz042)
+E(Zu,u)Opc (2012, u)

— 0 as n — oo. Thus @pc(Eu,u) <4, 0. Thus || @pc(Eu,u) ||< 0 and hence Zu = u. Again

Opc(u,Au) = Opc(Zu,Au) =, o.max {@pc(u,u), wpcl(raiz)(ﬁézc/(xuug\u)}

=0

Hence Au = u.
Now for the uniqueness part, let us suppose that Zv = Av = v for some v € 1".Then

ac(u,v) = Tac(Zu, Av) =i, @max {@pc(u,v), E5LE Tt )

= aopc(u,v)
This implies (1 — ) || @pc(u,v) ||<0.

Since 0 < a < 1, we must have # = v and this completes the proof.

By setting & = A in Theorem 1, one deduces the following:

Corollary 1.Let (Y, @pc) be a BC-valued extended b-MS with degenerate (1 + opc (u, v)) foralluyveY and 2 :1T — 7T
be self-map satisfying the following condition:

—
)

Opc (1, Eu)Dpc (v, Ev) )

9
1+ opc(ZEu, Ev ©)

Opc(Zu, Ev) =i, a.max {@pc(u,v),

for all u,v € Y, where 1+ @pc(Eu,=Zv) #0 and a is a real with 0 < oo < 1 be such that for each uy € 1,
. 1

n,nlllinJm:g(un,um) <5 where

Upt1 = Eu,, n=0,1,2,....

Then E has a unique fixed point.
Now we give an application of Theorem 1.

Theorem 2.If two pairwise commuting finite families of self-mapping (Z;)!", and (A;)}_, defined on a complete BC-
valued extended b-MS (Y, ®pc) with mappings E and A (with E = E1 By - &,y and A = A1 Ay - -+ Ay) satisfy case (5),
then (E;)1" | and (A;)"_, have a unique common fixed point.

Proof.By using the same approach in [11], we arrive at the proof.

Taking By =5, =---=%5,=Tand Ay = Ay =--- = A, =S, in Theorem 2, we have
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Corollary 2.If T and S are two commuting self-mappings defined on a complete BC-valued extended b-MS (Y, ®pc)
satisfying the condition

opc(u, T"u)opc (v, S™v) } (10)

opc (T"u,S"v) <;, a.max {w[g(c (u,v), 1+ @pc (T7u, ™)

Sforallu,v €Y, where 1 + @gc(T™u,S"v) # 0 and . is a real with 0 < o < 1 such that for eachuy €7, } llim E(up,uy) <
J oo

1
—, where
o

U1 = T"uog, unyn = S"uppy1,k=0,1,2,....
Then T and S have a unique common fixed point.

By setting m =n and T = § in Corollary 2, we deduce the following corollary.

Corollary 3.If T : Y — Y is a mapping defined on a complete BC-valued extended b-metric spaces (Y, ®pc) satisfying
the condition

OpC (u, T”u)w[g(c (V, T"v) }
1 + @pc(T"u, T™)
Sor all u,v € Y, where 1+ @gc(T"u, T"v) # 0 and « is a real with 0 < o < 1 be such that for each uy € T,

GTBC(T”L{, T"v) =i, 0. max {w[g(c (u,v), (11)

1
lim ’g’(uk,ul) <5 , where
k[ —+

Uk+1 = T uk,k 0,1,2,....
Then T has a unique fixed point.

Example 3.. Let Y =[0,1]. Define @pc : Y X T —BCand £ : T X T — [1,+o0) as:
oOpc(u,v) =i |u—v|

and & (u,v) = u+v+ 1 Then @pc is a complete BC-valued extended b-metric on Y. Define Z : T — ¥ by Zu = 4. We
have:

- 1.
Opc(Eu, Ev) = 512|u—v|

and
WBC(M,EM)WBC(V,EV)
max u,v), — — = u,v
{G;B(C( ) 1+w[g(c(:’,u,dv) } BC( )
because,
o o 1
Opc (u, Zu)Opc (v, Ev) —uy v |u—v|
G +1 <20 |u—v
1+wﬂgc(_~, ‘_:,) 4’+|M—V|2 24+| |2 22| |
Then

1. 1
Opc(Zu,=Zv) = 512 lu—v|=<> ECUBC(M,V) = a.0pc(u,v).

Note that foreachu €Y : u,, = 21,, Thus we obtain:

1
lim & (un,um) = lim (2 +——|—1) <2= 5

n,m—>+o0 nm—y—+eo \ 2N M

Therefore, all conditions of Corollary 1 hold and hence = has a unique fixed point u* = 0.

4 Application to integral equations

Consider the Urysohn integral equations:

A
k(p) = g(p) + /6 Hi(p, 7, k(7)) de

(12)
K(p) = g(p)+ | Halp.7.x(2)) dt

where
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()x(p) is unknown variable for each p € [0,1],0 > 0,
(ii)g(p) is the deterministic free term defined for p € [0, 1],
(iii)H; (p,7,.) and Hy(p,T,.) are deterministic kernels defined for p, 7 € [6,A].

LetY = (C[6,A],R") and @pc : ¥ x ¥ — BC defined by

@ac(ki(p): ka(p)) = max || ki(p) ~ Ka(p) [l /T B2 ¢

forall k1, kK, €T

Obviously, (Y, @pc) is a complete BC-valued extended b-metric space, where £ : T x 1 — [1,00) is defined as & (ki, k) =
2

Put N N
0 (p) = [ Hilp.xi(1) dr. yio(p) = [ Halp,7.ro() .
Further let us consider a Urysohn type integral system as (12) under the following conditions:
(Dger,

(2)H|,H, : [0,4] x [6,A] x R" — R" are continuous functions.
(3)There exist 0 < a < 1 such that the inequality:

A(K1, k) (p) =i, a.L(k1, k) (P), (13)

where,

A (K1, k) (p)As (k1K) (P) !
1+ Ay(x1, %) (p) ’

A(k1,%)(P) =l 0k, (P) — Wiy (P) [|oo v/1+ 626200
A(k1, ) (p) = K1(p) — Ka(p) [l V/T+ 6220,
Mo (k1,1)(p) =] K1 (P) — @i, () — 8(P) || V1 + 6262200,
As(k1,1)(P) =] 12(P) — Wiy (0) — &(P) [|oo V/1 + 6262016
Aq(x1, 1) () =l @, (P) = Wiy (p) [l v/ 1+ 0221502,

L(k1,%2)(p) = max { A1 (K1, %2)(p),

holds for all xj,x, € 1.
Theorem 3.The system (12) under the conditions (1) and (2) has a unique common solution.
Proof-For k1, K, € (C[0,4],R) and p € [0, 4], we define the continuous mappings Z,A : ' — 1 by
EKI = @ 18

AKy =V, +8
then we have

@ac(ki, k) = max || k1(p) — ka(p) [l V/1+ 602620 = max A, (k1, %) (p),
pelB,A] PE[B,A]

Opc (k1 Zxp) = max. | 51(2) — @, (p) — &(p) | V/1+ 6262110 = max Az(ki, k2)(p),

Al peE[o.A]
B (K, AKy) = max || Ka(p) — Wi (p) — 8(P) [l V/1+ 6262 € — max As(ki,k2)(p),
pelOA] pel.A]
Bac(Ek1.AK) = max | 9 () — Wi (p) [l V146220 = max A4k, 1) (p).
pel[O.A] pel[O.A]

From assumption (13), for each p € [6,A] we have:

Ak, k) (P) = || 0 (P) — Wi (P) |l 1+ 02i2tan”'6
=i, a.L(k1,K2)(p)

= o.max {A;(k,k)(p), Az(Kl{E)ﬁﬁgﬁﬁ;&;ﬁz)(p)}
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which implies that

max A(kp,k2)(p) =i, @. max max{Al(iq,Kz)(p),AZ(KI’KZ)(p)A3(K1’K2)(p)}

pe(6,4] pel6.] 1+ Ay(K1,62)(P)
jiz a-max{pren[g'ﬁ]Al(KhKZ)(pL
A A
Jmax z(KlaKz)(P)pren[gﬁ] 3(k1, %) (P)

A
l+pr€n[3>§l 4(x1,%2)(p)

s

Therefore,

- Opc (K1, ZK1)Opc (K2, Ak
Opc(EK1,AKy) =i, o max { Bpc (K1, k), 1(+051B<c()71<| 5\1@) )}-

1
Also, a € (0, %] C (0,1), and for each ug € Y, we have lim+ E(upyum) =2< p since é > 3. Thus all the conditions of
n,m—r—+oo

Theorem 1 are satisfied. Therefore, the system of Urysohn integral equations has a unique common solution in 1.

5 Conclusion

It is well established that the Banach contraction principle, along with its generalizations in various topological settings,
can be effectively applied to obtain fixed point results and analytical solutions for different types of contractions, including
those of integral type. In the first part of this paper, we established common fixed point theorems within the framework
of BC-valued extended »-MS. In the application section, we utilized the obtained results to solve Urysohn-type integral
equations within the same BC-valued extended b-MS setting. An open problem remains: further exploration of fixed point
results for multi-valued contractions in the context of BC-valued extended b-MS.

Declarations

Competing interests: The authors declare that there are no conflict of interest.

Authors’ contributions: The study conception and design done by [ZM and MA]. Material preparation, data collection
and analysis were performed by [HA]. The first draft of the manuscript was written by [HA and DAJ] and all authors
commented on previous versions of the manuscript. The authors read and approved the final manuscript.

Funding: This research received no external funding.

Availability of data and materials:Not Applicable.

Acknowledgments:The authors would like to thank the anonymous referee for comments and suggestions.

References

[1] F. Baudoin, S. Rigot, G. Savare and N. Shanmugalingam: New Trends on Analysis and Geometry in Metric Spaces, Springer,
Cham. (2022).

[2] M. A. Khamsi: Generalized metric spaces: A survey. J. Fixed Point Theory Appl., 17, (2015), 455-475.

[3] I. A. Bakhti: The contraction mapping principle in almost metric spaces. Functional Analysis, 30, (1989), 26-37.

[4] S. Czerwik: Contraction mappings in b-metric spaces, Acta universitatis sapientiae. Mathematica, 1, (1993), 5-11.

[5] T. Kamran, M. Samreen, and O. U. A. Ain: Generalization of b-metric space and some fixed point theorems. Mathematics, 19,
(2017), 1-17.

[6] A. Azam, F. Brain and M. Khan: Common fixed point theorems in complex valued metric spaces. Numer. Funct. Anal. Optim., 32,
(2011), 243-253.

[7]J. Choi, S. K. Datta, T. Biswas and M. N. Islam: Some fixed point theorems in connection with two weakly compatible mappings
in bicomplex valued metric spaces. Hona. Math. J., 39, (2017), 115-126.

[8] M. Abdalla, Z. Mostefaoui and Fuli. He: Some fixed point results in ordered bicomplex-valued metric spaces. Riv.Mat. Univ.Parma,
12, (2021), 201-219.

[9] Fuli. He, Z. Mostefaoui and M. Abdalla: Fixed Point Theorems for Mizoguchi-Takahashi Type Contraction in Bicomplex-Valued
Metric Spaces and Applications. Journal of Function Spaces, Vol 2020, Article ID 4070324, (2020), 1-7.

[10] G. B. Price: An Introduction to Multicomplex Spaces and Functions Marcel Dekker: New York, NY, USA, (1991).

© 2026 YU
Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



JIMS 19, No. 1, 131-139 (2026) / 139

[11] S. K. Datta, D. Pal, R. Sarkar and J. Saha: Some common fixed point theorems for contracting mappings in bicomplex valued
b-metric spaces. Bull. Cal. Math. Soc., 112, (2020), 329-354.

[12] M. Imdad, J. Ali, M. Tanveer: Coincidence and common fixed point theorems for nonlinear contractions in Menger PM spaces.
Chaos Solitons Fractals., 42, (2009), 3121-3129.

[13] I. Bega, S. Kumar Dattab, D. Palc, Fixed point in bicomplex valued metric spaces. Int. J. Nonlinear Anal. Appl., 12, (2021),
717-7217.

©2026 YU
Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



	 Introduction and Preliminaries
	BC-valued extended b-metric spaces
	Main results
	Application to integral equations
	Conclusion

