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Abstract: In this paper, the term ”Bicomplex valued extended b-metric spaces” or briefly ”BC-valued extended b-metric spaces” refers

to a new extension of bicomplex valued b-metric spaces that we introduce in this study. Using this novel class of metric spaces, we

extend numerous findings from literature and establish fixed point theorems with the aid of illustrative examples. Moreover, as an

application of our results, we show that a unique solution of the Urysohn integral exists.
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1 Introduction and Preliminaries

The theory of metric spaces (MS) has developed considerably over time, transitive from intuitive geometric ideas in
a formal mathematical structure. This growth has had profound implications across mathematics, influencing various
branches and applications (see, for instance [1,2] and reference therein). In particular, In [3,4] the notion of b- MS and
its applications have been proposed. Later, Kamran et al. [5] generalized b-MS under the name extended b-MS. On the
other hand, the concept of complex-valued (C-valued) MS and its properties were introduced by Azam et al. in [6]. While,
Choi et al. [7] offered bicomplex-valued (BC-valued) MS as a generalization of C-valued MS. Recently, various results
on (BC-valued) MS have been archived by Abdalla et al. [8,9]. Inspired by foregoing endeavors, we give a new extension
of (BC-valued b-MS. Upon using this new expansion of MS, several findings in the previous works are generalizable.
Also, we create outcomes on common fixed points of two self-mappings that satisfy a contrastive condition and present
illustrative instances. In addition, using our findings, we demonstrate that there is a unique solution to the Urysohn integral
equation.

1.1 Bicomplex Numbers BC

Following [10], let R, C, and BC be the sets of real and complex bicomplex numbers respectively.

BC := {u = x0 + i1x1 + i2x2 + i1i2x3 : xk ∈ R,k = 0,1,2,3}.
∗ Corresponding author e-mail: juraevdavron12@gmail.com
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Also, the set can be expressed BC as

BC= {u = u1 + i2u2 : u1,u2 ∈ C}, (1)

where u1 = x0 + i1x1, u2 = x2 + i1x3 and i1, i2 are independent imaginary units with the property i21 = −1 = i22 and their

product j = i1i2 is another unit such that j2 = 1. The units i1, i2, and j satisfy

i1i2 = j, i1 j =−i2, i2 j =−i1.

If u = u1 + i2u2 and u2
1 + u2

2 6= 0, then the inverse u−1 of u exists and is defined as

u−1 =
1

u
=

u1 − i2u2

u2
1 + u2

2

.

The set BC is a commutative ring with the operations + and . defined in the natural way.
The subsets of BC are

C(ik) := {s1 + s2ik; s1,s2 ∈ R}, k = 1,2, (2)

and the well-known set of hyperbolic numbers

D := {s1 + s2 j; s1,s2 ∈ R}. (3)

Now, we define three types of conjugation on BC as (see [10]):

u‡1 := z1 + z2i2, u‡2 := u1 − u2 i2, u‡3 := u1 − u2 i2. (4)

Therefore, three modulus can be defined on BC:

|u|2i1 :=u.u‡2 = u2
1 + u2

2 ∈ C(i1)

|u|2i2 :=u.u‡1 = (|u1|2 −|u2|2)+ 2Re(u1u2)i2 ∈ C(i2)

|u|2j :=u.w‡3 = (|u1|2 + |u2|2)− 2Im(u1u2) j ∈D.

The norm of a bicomplex number u = u1 + i2u2 is defined by

‖u‖= ‖u1 + i2u2‖= (|u1|2 + |u2|2)
1
2 ;

alternatively if u = x0 + i1x1 + i2x2 + i1i2x3, where xk ∈ R,k = 0,1,2,3, then

‖u‖= (x2
0 + x2

1 + x2
2 + x2

3)
1
2 .

The partial order relation �i2 on BC is defined as follows:

If u = u1 + i2u2, v = v1 + i2v2 ∈ BC, then we say u �i2 v ⇐⇒ u1 �i1 v1 and u2 �i1 v2. In other words, u �i2 v if one
of the conditions below is satisfied:
(a1) u1 = v1 and u2 = v2,
(a2) u1 ≺i1 v1 and u2 = v2,
(a3) u1 = v1 and u2 ≺i1 v2,
(a4) u1 ≺i1 v1 and u2 ≺i1 v2,

1.2 Bicomplex valued metric spaces (BC-valued metric spaces)

Definition 1.A functional ϖBC : ϒ ×ϒ −→ BC is called a BC-valued metric on set ϒ if for any µ ,τ,r ∈ϒ the following

holds:

(m1)0 �i2 ϖBC(µ ,τ),
(m2)ϖBC(µ ,τ) = 0 ⇐⇒ µ = τ ,

(m3)ϖBC(µ ,τ) = ϖBC(τ,µ),
(m4)ϖBC(µ ,r)�i2 ϖBC(µ ,τ)+ϖBC(τ,r).

In this case, we call the ordered pair (ϒ ,ϖBC) a bicomplex-valued metric space (BC-valued metric spaces).

Definition 2.[11]. Let s≥ 1. A functional ϖBC :ϒ ×ϒ −→BC is called a bicomplex valued b-metric (BC-valued b-metric

) on a non-empty set ϒ if for any µ ,τ,r ∈ϒ the following conditions are satisfied:

(m1)0 �i2 ϖBC(µ ,τ),
(m2)ϖBC(µ ,τ) = 0 ⇐⇒ µ = τ ,

(m3)ϖBC(µ ,τ) = ϖBC(τ,µ),
(m4)ϖBC(µ ,r)�i2 s

[

ϖBC(µ ,τ)+ϖBC(τ,r)
]

.

Then (ϒ ,ϖBC) is called a BC-valued b-metric space.
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2 BC-valued extended b-metric spaces

Here, we introduce the BC-valued extended b-MS or briefly BC-valued extended b-MS.

Definition 3.Suppose ϒ is a set and ξ : ϒ ×ϒ → [1,∞). A BC-valued extended b-metric is a function ϖBC : ϒ ×ϒ → BC

with µ ,τ,r ∈ϒ . the following criteria apply: (1) ϖBC)(µ ,τ) = 0 ⇐⇒ µ = τ;

(2) ϖBC(µ ,τ) = ϖBC(τ,µ);
(3) ϖBC(µ ,τ) �i2 ξ (µ , t)

[

ϖBC(µ ,r)+ϖBC(r,τ)
]

,

for all µ ,τ,r ∈ϒ . The pair (ϒ ,ϖBC) is called a BC-valued extended b-MS.

Example 1.Let ϒ = [0,+∞),ξ : ϒ ×ϒ → [1,+∞) be a function defined by ξ (µ ,τ) = 1+ µ + τ and ϖBC : ϒ ×ϒ → BC

be given as ϖBC(µ ,τ) = 0 if µ = τ and ϖBC(µ ,τ) = i2|v− t| if µ 6= τ where |.| denotes the usual real modulus. Then
(ϒ ,ϖBC) is a BC-valued extended b-MS.

Example 2.Let ϒ = [0,1],ξ : ϒ ×ϒ → [1,+∞) be a function defined by ξ (µ ,τ) = 1+τv and ϖBC : ϒ ×ϒ → BC be given
as ϖBC(µ ,τ) = (i1 + i2)|µ − τ|.
Then (ϒ ,ϖBC) is a BC-valued extended b-MS.

Definition 4.Let (un) be a sequence in a BC-valued extended b-MS (ϒ ,ϖBC). The sequence (un) is said to converge to a

limit u ∈ϒ if for any 0 ≺i2 ε ∈ BC, then a natural number Nε exists such that ϖBC(un,u) ≺i2 ε for all natural numbers

n > Nε . In this case we write un −→ u or lim
n−→∞

un = u.

Definition 5.A sequence (un) in a BC-valued extended b-MS is called a Cauchy sequence if for any 0 ≺i2 ε ∈ BC, then a

natural number Nε exists such that ϖBC(un,um)≺i2 ε for any natural numbers n,m > Nε

Definition 6.A BC-valued extended b-MS (ϒ ,ϖBC) is called complete if every Cauchy sequence in ϒ converges to a limit

in ϒ .

Definition 7.Suppose (ϒ ,ϖBC) is a BC-valued extended b-MS. Let g ∈ϒ and 0 ≺i2 ε ∈ BC.

(i)We call the set B(g,ε) := {h ∈ϒ ,ϖBC(g,h)≺i2 ε} the open ε-ball of g.

(ii)We say a self-mapping Ξ on ϒ is continuous at g ∈ ϒ if for any 0 ≺i2 ε ∈ BC, there exists 0 ≺i2 δ ∈ BC such that

Ξ(B(g,δ ))⊆ B(Ξg,ε).

Clearly, if a mapping Ξ is continuous at u in the BC-valued extended b-metric type space (ϒ ,ϖBC), then un → u implies
that Ξun → Ξu as n →+∞.

Definition 8.The max function for the partial order �i2 is defined as follows:

(1)max{u,v}= v ⇔ u �i2 v.

(2)u �i2 max{v, t}⇒ u �i2 v or u �i2 t

(3)max{u,v}= v ⇔ u �i2 v or ‖ u ‖≤‖ v ‖.

Definition 9.[12]. We say two families of self-mappings (Ξi)
m
i=1 and (Λi)

n
i=1 are pairwise-commuting if

(a)Ξκ1
Ξκ2

= Ξκ2
Ξκ1

,κ1,κ2 ∈ {1,2, · · · ,m}.

(b)Λκ1
Λκ2

= Λκ2
Λκ1

,κ1,κ2 ∈ {1,2, · · · ,n}.

(c)Ξκ1
Λκ2

= Λκ2
Ξκ1

,κ1 ∈ {1,2, · · · ,m}, κ2 ∈ {1,2, · · · ,n}.

Lemma 1.[13]. Let (ϒ ,ϖBC) be a BC-valued MS.

A sequence (un) in ϒ converges to u ∈ϒ if and only if ‖ϖBC(un,u)‖ −→ 0 as n −→+∞.

Lemma 2.[13]. Let (ϒ ,ϖBC) be a BC-valued MS and (un) be a sequence in ϒ such that lim
n−→+∞

un = u.

Then for any a ∈ϒ , lim
n−→+∞

‖ϖBC(un,a)‖= ‖ϖBC(u,a)‖.
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3 Main results

Now we state and demonstrate the main results of the paper.

Theorem 1.Let (ϒ ,ϖBC) be aBC-valued extended b-MS with degenerate
(

1+ϖBC(u,v)
)

for all u,v∈ϒ and Ξ ,Λ :ϒ →ϒ
be self-maps satisfying the following condition:

ϖBC(Ξu,Λv)�i2 α.max
{

ϖBC(u,v),
ϖBC(u,Ξu)ϖBC(v,Λv)

1+ϖBC(Ξu,Λv)

}

(5)

for all u,v ∈ ϒ , where 1 + ϖBC(Ξu,Λv) 6= 0 and α is a real with 0 < α < 1 be such that for each u0 ∈ ϒ ,

lim
n,m→+∞

ξ (un,um)<
1

α
, where

u2n+1 = Ξu2n, u2n+2 = Λu2n+1,n = 0,1,2, . . . .
Then the mappings Ξ and Λ have a unique common fixed point.

Proof.Let u0 ∈ϒ be arbitrary. We define a sequence (un) in ϒ as

u2k+1 = Ξu2k, u2k+2 = Λu2k+1,k = 0,1,2, . . .

Then
ϖBC(u2k+1,u2k+2) = ϖBC(Ξu2k,Λu2k+1)

�i2 α.max
{

ϖBC(u2k,u2k+1),
ϖBC(u2k,Ξu2k)ϖBC(u2k+1,Λu2k+1)

1+ϖBC(Ξu2k,Λu2k+1)

}

= α.max
{

ϖBC(u2k,u2k+1),
ϖBC(u2k,u2k+1)ϖBC(u2k+1,u2k+2)

1+ϖBC(u2k+1,u2k+2)

}

�i2 α.ϖBC(u2k,u2k+1).

Thus

ϖBC(u2k+1,u2k+2)�i2 α.ϖBC(u2k,u2k+1). (6)

Similarly

ϖBC(u2k+2,u2k+3) = ϖBC(u2k+3,u2k+2)
= ϖBC(Ξu2k+2,Λu2k+1)
�i2 α.max

{

ϖBC(u2k+2,u2k+1),
ϖBC(u2k+2,Ξu2k+2)ϖBC(u2k+1,Λu2k+1)

1+ϖBC(Ξu2k+2,Λu2k+1)

}

= α.max
{

ϖBC(u2k+2,u2k+1),
ϖBC(u2k+2,u2k+3)ϖBC(u2k+1,u2k+2)

1+ϖBC(u2k+3,u2k+2)

}

�i2 α.ϖBC(u2k+1,u2k+2).

Hence

ϖBC(u2k+2,u2k+3)�i2 α.ϖBC(u2k+1,u2k+2). (7)

Therefore from (6) and (7) for m,n ∈ N, we have

ϖBC(un,un+1)�i2 α.ϖBC(un−1,un)
�i2 α2.ϖBC(un−2,un−1)�i2 · · · �i2 αnϖBC(u0,u1).

For m,n ∈ N,

ϖBC(un,um) �i2 ξ (un,um)
[

ϖBC(un,un+1)+ϖBC(un+1,um)
]

�i2 ξ (un,um)α
nϖBC(u0,u1)+ξ (un,um)ϖBC(un+1,um)

�i2 ξ (un,um)α
nϖBC(u0,u1)

+ξ (un,um)ξ (un+1,um)α
n+1ϖBC(u0,u1)

+ · · ·+ξ (un,um)ξ (un+1,um)ξ (un+2,um)
· · ·ξ (um−2,um)ξ (um−1,um)α

m−1ϖBC(u0,u1)

Then
ϖBC(un,um) �i2 ϖBC(u0,u1)

[

ξ (un,um)α
n +ξ (un,um)ξ (un+1,um)α

n+1

+ · · ·+ξ (un,um)ξ (un+1,um)ξ (un+2,um)
· · ·ξ (um−2,um)ξ (um−1,um)α

m−1
]

That is,

‖ϖBC(un,um)‖ ≤ ‖ϖBC(u0,u1)‖
[

ξ (un,um)α
n +ξ (un,um)ξ (un+1,um)α

n+1

+ · · ·+ξ (un,um)ξ (un+1,um)ξ (un+2,um)
· · ·ξ (um−2,um)ξ (um−1,um)α

m−1
]
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Since, lim
n,m→+∞

ξ (un+1,um)α < 1 so that the series
+∞

∑
n=1

αn
n

∏
i=1

ξ (ui,um) converges by ratio test for each m ∈ N. Let:

S =
+∞

∑
n=1

αn
n

∏
i=1

ξ (ui,um), Sn =
n

∑
k=1

αk
k

∏
i=1

ξ (ui,um)

Thus for m > n, the above inequality implies

‖ϖBC(un,um)‖ ≤ ‖ϖBC(u0,u1)‖
[

Sm−1 −Sn

]

Letting n →+∞, we conclude that (un) is a Cauchy sequence. Since (ϒ ,ϖBC) is complete, let un → u ∈ϒ .Thus

lim
n→+∞

Ξu2n = lim
n→+∞

Λu2n+1 = u (8)

Now from the given condition we have:

ϖBC(Ξu,u) �i2 ξ (Ξu,u)
[

ϖBC(Ξu,Λu2n+1)+ϖBC(Λu2n+1,u)
]

�i2 ξ (Ξu,u)α.max
{

ϖBC(u,u2n+1),
ϖBC(u,Ξu)ϖBC(u2n+1,Λu2n+1)

1+ϖBC(Ξu,Λu2n+1)

}

+ξ (Ξu,u)ϖBC(Λu2n+1,u)

�i2 ξ (Ξu,u)α.max
{

ϖBC(u,u2n+1),
ϖBC(u,Ξu)ϖBC(u2n+1,u2n+2)

1+ϖBC(Ξu,u2n+2)

}

+ξ (Ξu,u)ϖBC(u2n+2,u)

→ 0 as n →+∞. Thus ϖBC(Ξu,u)�i2 0. Thus ‖ ϖBC(Ξu,u) ‖≤ 0 and hence Ξu = u. Again

ϖBC(u,Λu) = ϖBC(Ξu,Λu) �i2 α.max
{

ϖBC(u,u),
ϖBC(u,Ξu)ϖBC(u,Λu)

1+ϖBC(Ξu,Λu)

}

= 0

Hence Λu = u.

Now for the uniqueness part, let us suppose that Ξv = Λv = v for some v ∈ϒ .Then

ϖBC(u,v) = ϖBC(Ξu,Λv) �i2 α.max
{

ϖBC(u,v),
ϖBC(u,Ξu)ϖBC(v,Λv)

1+ϖBC(Ξu,Λv)

}

= αϖBC(u,v)

This implies (1−α) ‖ ϖBC(u,v) ‖≤ 0.

Since 0 < α < 1, we must have u = v and this completes the proof.

By setting Ξ = Λ in Theorem 1, one deduces the following:

Corollary 1.Let (ϒ ,ϖBC) be a BC-valued extended b-MS with degenerate
(

1+ϖBC(u,v)
)

for all u,v ∈ϒ and Ξ : ϒ →ϒ
be self-map satisfying the following condition:

ϖBC(Ξu,Ξv)�i2 α.max
{

ϖBC(u,v),
ϖBC(u,Ξu)ϖBC(v,Ξv)

1+ϖBC(Ξu,Ξv)

}

(9)

for all u,v ∈ ϒ , where 1 + ϖBC(Ξu,Ξv) 6= 0 and α is a real with 0 < α < 1 be such that for each u0 ∈ ϒ ,

lim
n,m→+∞

ξ (un,um)<
1

α
, where

un+1 = Ξun, n = 0,1,2, . . . .

Then Ξ has a unique fixed point.

Now we give an application of Theorem 1.

Theorem 2.If two pairwise commuting finite families of self-mapping (Ξi)
m
i=1 and (Λi)

n
i=1 defined on a complete BC-

valued extended b-MS (ϒ ,ϖBC) with mappings Ξ and Λ (with Ξ = Ξ1Ξ2 · · ·Ξm and Λ = Λ1Λ2 · · ·Λn) satisfy case (5),

then (Ξi)
m
i=1 and (Λi)

n
i=1 have a unique common fixed point.

Proof.By using the same approach in [11], we arrive at the proof.

Taking Ξ1 = Ξ2 = · · ·= Ξm = T and Λ1 = Λ2 = · · ·= Λn = S, in Theorem 2, we have
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Corollary 2.If T and S are two commuting self-mappings defined on a complete BC-valued extended b-MS (ϒ ,ϖBC)
satisfying the condition

ϖBC(T
mu,Snv)�i2 α.max

{

ϖBC(u,v),
ϖBC(u,T

mu)ϖBC(v,S
nv)

1+ϖBC(T mu,Snv)

}

(10)

for all u,v ∈ϒ , where 1+ϖBC(T
mu,Snv) 6= 0 and α is a real with 0 < α < 1 such that for each u0 ∈ϒ , lim

k,l→+∞
ξ (uk,ul)<

1

α
, where

u2k+1 = T mu2k, u2k+2 = Snu2k+1,k = 0,1,2, . . . .
Then T and S have a unique common fixed point.

By setting m = n and T = S in Corollary 2, we deduce the following corollary.

Corollary 3.If T : ϒ →ϒ is a mapping defined on a complete BC-valued extended b-metric spaces (ϒ ,ϖBC) satisfying

the condition

ϖBC(T
nu,T nv)�i2 α.max

{

ϖBC(u,v),
ϖBC(u,T

nu)ϖBC(v,T
nv)

1+ϖBC(T nu,T nv)

}

(11)

for all u,v ∈ ϒ , where 1 + ϖBC(T
nu,T nv) 6= 0 and α is a real with 0 < α < 1 be such that for each u0 ∈ ϒ ,

lim
k,l→+∞

ξ (uk,ul)<
1

α
, where

uk+1 = T nuk,k = 0,1,2, . . . .
Then T has a unique fixed point.

Example 3.. Let ϒ = [0,1]. Define ϖBC : ϒ ×ϒ → BC and ξ : ϒ ×ϒ → [1,+∞) as:

ϖBC(u,v) = i2 | u− v |

and ξ (u,v) = u+ v+ 1 Then ϖBC is a complete BC-valued extended b-metric on ϒ . Define Ξ : ϒ →ϒ by Ξu = u
2
. We

have:

ϖBC(Ξu,Ξv) =
1

2
i2 | u− v |

and

max
{

ϖBC(u,v),
ϖBC(u,Ξu)ϖBC(v,Ξv)

1+ϖBC(Ξu,Ξv)

}

= ϖBC(u,v)

because,

ϖBC(u,Ξu)ϖBC(v,Ξv)

1+ϖBC(Ξu,Ξv)
=

−uv

4+ | u− v |2 + i2

1
2
uv | u− v |

4+ | u− v |2 �2 i2 | u− v |

Then

ϖBC(Ξu,Ξv) =
1

2
i2 | u− v |�2

1

2
ϖBC(u,v) = α.ϖBC(u,v).

Note that for each u ∈ϒ : un =
u
2n . Thus we obtain:

lim
n,m→+∞

ξ (un,um) = lim
n,m→+∞

( u

2n
+

u

2m
+ 1

)

< 2 =
1

α
.

Therefore, all conditions of Corollary 1 hold and hence Ξ has a unique fixed point u∗ = 0.

4 Application to integral equations

Consider the Urysohn integral equations:











κ(ρ) = g(ρ)+
∫ λ

θ
H1(ρ ,τ,κ(τ)) dτ

κ(ρ) = g(ρ)+

∫ λ

θ
H2(ρ ,τ,κ(τ)) dτ

(12)

where
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(i)κ(ρ) is unknown variable for each ρ ∈ [θ ,λ ],θ > 0,
(ii)g(ρ) is the deterministic free term defined for ρ ∈ [θ ,λ ],

(iii)H1(ρ ,τ, .) and H2(ρ ,τ, .) are deterministic kernels defined for ρ ,τ ∈ [θ ,λ ].

Let ϒ = (C[θ ,λ ],Rn) and ϖBC : ϒ ×ϒ → BC defined by

ϖBC(κ1(ρ),κ2(ρ)) = max
ρ∈[θ ,λ ]

‖ κ1(ρ)−κ2(ρ) ‖∞

√

1+θ 2ei2 tan−1 θ

for all κ1,κ2 ∈ϒ .
Obviously, (ϒ ,ϖBC) is a complete BC-valued extended b-metric space, where ξ :ϒ ×ϒ → [1,∞) is defined as ξ (κ1,κ2) =
2.
Put

ϕκ1
(ρ) =

∫ λ

θ
H1(ρ ,τ,κ1(τ)) dτ, ψκ2

(ρ) =
∫ λ

θ
H2(ρ ,τ,κ2(τ)) dτ.

Further let us consider a Urysohn type integral system as (12) under the following conditions:

(1)g ∈ϒ ,
(2)H1,H2 : [θ ,λ ]× [θ ,λ ]×R

n → R
n are continuous functions.

(3)There exist 0 < α ≤ 1
3

such that the inequality:

∆(κ1,κ2)(ρ)�i2 α.L(κ1,κ2)(ρ), (13)

where,

L(κ1,κ2)(ρ) = max
{

∆1(κ1,κ2)(ρ),
∆2(κ1,κ2)(ρ)∆3(κ1,κ2)(ρ)

1+∆4(κ1,κ2)(ρ)

}

,

∆(κ1,κ2)(ρ) =‖ ϕκ1
(ρ)−ψκ2

(ρ) ‖∞

√

1+θ 2ei2 tan−1 θ

∆1(κ1,κ2)(ρ) =‖ κ1(ρ)−κ2(ρ) ‖∞

√

1+θ 2ei2 tan−1 θ
,

∆2(κ1,κ2)(ρ) =‖ κ1(ρ)−ϕκ1
(ρ)− g(ρ) ‖∞

√

1+θ 2ei2 tan−1 θ
,

∆3(κ1,κ2)(ρ) =‖ κ2(ρ)−ψκ2
(ρ)− g(ρ) ‖∞

√

1+θ 2ei2 tan−1 θ
,

∆4(κ1,κ2)(ρ) =‖ ϕκ1
(ρ)−ψκ2

(ρ) ‖∞

√

1+θ 2ei2 tan−1 θ
,

holds for all κ1,κ2 ∈ϒ .

Theorem 3.The system (12) under the conditions (1) and (2) has a unique common solution.

Proof.For κ1,κ2 ∈ (C[θ ,λ ],R) and ρ ∈ [θ ,λ ], we define the continuous mappings Ξ ,Λ : ϒ →ϒ by

Ξκ1 = ϕκ1
+ g

Λκ2 = ψκ2
+ g

then we have
ϖBC(κ1,κ2) = max

ρ∈[θ ,λ ]
‖ κ1(ρ)−κ2(ρ) ‖∞

√

1+θ 2ei2 tan−1 θ = max
ρ∈[θ ,λ ]

∆1(κ1,κ2)(ρ),

ϖBC(κ1,Ξκ1) = max
ρ∈[θ ,λ ]

‖ κ1(t)−ϕκ1
(ρ)− g(ρ) ‖∞

√

1+θ 2ei2 tan−1 θ = max
ρ∈[θ ,λ ]

∆2(κ1,κ2)(ρ),

ϖBC(κ2,Λκ2) = max
ρ∈[θ ,λ ]

‖ κ2(ρ)−ψκ2
(ρ)− g(ρ) ‖∞

√

1+θ 2ei2 tan−1 θ = max
ρ∈[θ ,λ ]

∆3(κ1,κ2)(ρ),

ϖBC(Ξκ1,Λκ2) = max
ρ∈[θ ,λ ]

‖ ϕκ1
(ρ)−ψκ2

(ρ) ‖∞

√

1+θ 2ei2 tan−1 θ = max
ρ∈[θ ,λ ]

∆4(κ1,κ2)(ρ).

From assumption (13), for each ρ ∈ [θ ,λ ] we have:

∆(κ1,κ2)(ρ) = ‖ ϕκ1
(ρ)−ψκ2

(ρ) ‖∞

√
1+θ 2ei2 tan−1 θ

�i2 α.L(κ1,κ2)(ρ)

= α.max
{

∆1(κ1,κ2)(ρ),
∆2(κ1,κ2)(ρ)∆3(κ1,κ2)(ρ)

1+∆4(κ1,κ2)(ρ)

}
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which implies that

max
ρ∈[θ ,λ ]

∆(κ1,κ2)(ρ) �i2 α. max
ρ∈[θ ,λ ]

max
{

∆1(κ1,κ2)(ρ),
∆2(κ1,κ2)(ρ)∆3(κ1,κ2)(ρ)

1+∆4(κ1,κ2)(ρ)

}

�i2 α.max
{

max
ρ∈[θ ,λ ]

∆1(κ1,κ2)(ρ),

max
ρ∈[θ ,λ ]

∆2(κ1,κ2)(ρ) max
ρ∈[θ ,λ ]

∆3(κ1,κ2)(ρ)

1+ max
ρ∈[θ ,λ ]

∆4(κ1,κ2)(ρ)

}

Therefore,

ϖBC(Ξκ1,Λκ2)�i2 α.max
{

ϖBC(κ1,κ2),
ϖBC(κ1,Ξκ1)ϖBC(κ2,Λκ2)

1+ϖBC(Ξκ1,Λκ2)

}

.

Also, α ∈ (0, 1
3
]⊂ (0,1), and for each u0 ∈ϒ , we have lim

n,m→+∞
ξ (un,um) = 2 <

1

α
since 1

α ≥ 3. Thus all the conditions of

Theorem 1 are satisfied. Therefore, the system of Urysohn integral equations has a unique common solution in ϒ .

5 Conclusion

It is well established that the Banach contraction principle, along with its generalizations in various topological settings,
can be effectively applied to obtain fixed point results and analytical solutions for different types of contractions, including
those of integral type. In the first part of this paper, we established common fixed point theorems within the framework
of BC-valued extended b-MS. In the application section, we utilized the obtained results to solve Urysohn-type integral
equations within the same BC-valued extended b-MS setting. An open problem remains: further exploration of fixed point
results for multi-valued contractions in the context of BC-valued extended b-MS.
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