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Abstract: In this paper, we present a new family of (3 + 1)-dimensional Rosenau’s equations. We use a new expQ(&)-expansion
method for solve our new equations. We determine a variety of exact solutions for each equation and expressed in terms of hyperbolic
functions, trigonometric functions and rational functions.
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1 Introduction

The study of nonlinear (3 + 1)-dimensional equations is important in the fields of science and technology wave
propagation, and engineering areas.

In his 1986 and 1988 papers, Rosenau [1,2] developed a formalism to treat the dynamics of discrete dense systems that
can deal with wave-wave and wave-wall interactions that cannot be treated with the Korteweg-de Vries (KdV) equation.
Such a formalism leads to a quasi-continuum which is endowed with the leading effects due to discreteness. Rosenau’s
original equation may be written as

Vit (V4+1?) + Ve = 0. (1)

In the many researches, have been to solve the Rosenau’s equation uased various methods [3]-[8]. Motivated by the fact
that the (3 + 1)-dimensional equations possess a rich development of scientific phenomena, it is then normal to propose
two new sets of (3 + 1)-dimensional nonlinear modified equations. The first set mainly from the development made by
Hereman [9,10] where he proposed a new (3 + 1)-dimensional modified KdV given in the form

Wy + 6Wrw, + Wiz = 0, 2)
Using the same sense used for Eq. (2), we introduce two more (3 + 1)-dimensional modified KdV equations given by
Wi + 6w Wy + Wy, = 0, 3)

and
Wi 4 6whw, + Wiy, = 0. 4)

Following the same way of formulation, we introduce a second set of (3 + 1)-dimensional equations, that possess the
modified Rosenau’s equation and include the following forms

v+ v+ vzvy + Vg = 0, 5)

Vi +vy+ Vzvz + Vaoor = 0, (6)
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and
Vi + v+ V2Vx + Vit = 0, @)

which will be called (3+1)-dimensional modified Rosenau’s equations.
Our aim is to study the family proposed above by using a new exp (Q(£))-expansion method. The computer symbolic
system Maple will be used to perform the computational work.

2 Description of a new exp (Q(&))-expansion method
Consider the general nonlinear partial differential equations (NLPDEs), say, in two variables,

(P(V7Vlavx;vrl7vxr7vxx;---):Oa (8)

where v = v(x,¢) is an unknown function, ¢ is a polynomial in v(x,7) and the subscripts stand for the partial derivatives.
We suppose that the combination of real variables x and z by a complex variable &

v(x, 1) =v(&), & =ax—ct, 9)

where a is the wave number and c is the speed of the traveling wave. The traveling wave transformation Eq. (9) converts
Eg. (8) into an ordinary differential equation (ODE) for v = v(&):

d
F(v,—cv,av",c?' —cav",a®",.) =0, = i (10)
Suppose the traveling wave solution of Eq. (10) can be expressed by polynomial in exp(Q(&)) as:
N .
v(§) =) alexp(Q(£)))', (1n
i=0

where the coefficients a; (0 < i < N),a and c are constants to be determined, such that a,, # 0 and Q = Q(&) satisfies the

following ordinary differential equation:
0'(§) = Vuexp(Q(€)) +4, (12)

Eq. (12) gives the following solutions:
Case 1. where A >0 u #0,

mah(7%mm%%§@+k0)

where k is a constant of integration.
Case 2. where A <0 u #0,

Q@)zm(i%w&(l§5@+wo)
Case 3. where A =0 u #0,

0(&) =0 (x5

Case 4. where L 20 u =0,
0(§) = V(& +4),

where A,a;(i=0,1,2,...,N),a,c, it and A are constants. The positive integer N can be determined by using homogeneous
balance between the highest order derivatives and the nonlinear terms appearing in ODE (10).

Substituting Eq. (11) into Eq. (10), using Eq. (12) repeatedly, and setting the coefficients of the each order of
(exp(Q(&)))! to zero, we obtain a set of nonlinear algebraic equations for a;(i = 0,1,2,....,N),a,c, it and A. With the aid
of the computer program Maple, we can solve the set of nonlinear algebraic equations and obtain all the constants
a;(i=0,1,2,...,N),a,c. Substituting the values of a;(i =0,1,2,...,N),a,c into Eq. (11) along with general solutions of
Eq. (12) completes the determination of the solution of Eq. (8).
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3 Application of the method

In this section, we apply the exp(Q(&))-expansion method to construct the exact solutions for a new family of (3 + 1)-
dimensional Rosenau’s equations.

3.1 The first 3D Rosenau’s equation

The 3D Rosenau’s equation that reads:

Vi Ve + 92y + Vg = 0, (13)
by using
v(x,y,z,t) =v(§),6 = ax+by+cz—dt. (14)
Eq. (13) reducing to
(a—d)W +b0* —dedv®) =0. (15)
Integrating once Eq. (15), we have
b
(a—d)v+§v3—a3cdv(4)+H:O, (16)

where H is an integrating constant.
Balancing of Eq. (16) give
BN=N+4 = N=2.

By the use of Eq. (11), we present the solution of Eq. (16) as:

v(€) = ao+arexp(Q(§)) +ax(exp(Q(§)))*. )

Substituting Eq. (17) in Eq. (16) and using Eq. (12), collecting the coefficients of each power of exp(Q(&)), 0 <i <6,
setting each coefficients to zero, and solving the resuting system by Maple we have,

—5¢ —5¢
=+’ A\ 5t a1 = £3dP U
a0 = F M 3z —op M TN 3peaiaz—2b
613 —5
o ~2a 3 A | Speaatap
2 =VU,d =

= = H==>
A2 —2" T TaT 3eainzi—2

now put is giving by ag,a;,a; and d into Eq. (17) into solution of Eq. (12), give
case 1. where A > 0 and u # 0,

Via(E) =’ WS;_% (i 1 :F3sech2<g(’g' +k))),

case 2. where A < 0 and u # 0,

—5¢ V=2
_ 2 2
V3a(§) =a' 3bca3),2—2b(:t1:':3sa ( 2 (§+k))),
where
2at
5 :ax-l—by-l-cz—i-m

case 3. where A =0 and u #0,

+6a?, /1%
Vs6(8) = \/7

~ (ax+by+cz—at+k)?

case 4. where A # 0 and u = 0, v7 is constant.
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3.2 The second 3D Rosenau’s equation

The 3D Rosenau’s equation as:
Vi +vy+ Vsz + Vixor = 0,

proceeding with the above method, we develop the following solutions:

—-5b —5b
=4+a*Ay | ——— a; = £34> -_—
o a 3bca*)? —2c 41 “H 3bca*)r? —2¢’
693 —5b
—0.d— —2b H— iba A \/ 3ca*A?2—-2c
B T L I T Y B S

case 1. where A > 0 and u # 0,

Via(E) = a*A Wszb_% (+1 :F3sech2(g(’g' +5)),

case 2. where A <0 and u #0,

—5b V=2
_ 2 2
V3a(§) =a' 3ca*A? —2c<i 1 3sec ( 2 (6 +k)))’
where
_ 2bt
13 :aerberLZer
case 3. where A =0 and u # 0,
+6a% /12

c

V. = .
56(6) (ax+by+cz— bt +k)?

conditions hold
case 4. where A # 0 and p = 0, v7 is constant.

3.3 The third 3D Rosenau’s equation

The 3D Rosenau’s equation as:

2
Vi + VY + V7V + Vayrwr =0,

proceeding with the above method, we develop the following solutions:

n SacbA 3 —5¢b
ap = ap| =————
RSP = R VR

3a3bA2-2
—2c 20, 4 '2b27L3

@ =0d=3 3b126 2= > b

a 3(3a3bA% = 2)% [ s
case 1. where A > 0 and i # 0,
5achbA —5cb S (VA
na(€) = tady| o sed? (SR (E+ 1))
: —5ch 3a3hA2 — 2
(3a’bA? — I3

case 2. where A <0 and u #0,

(18)

19)
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SacbA —5cb
v3a(6) = aky/ SeC 5 +k)
a3b12 / 3—175;217 5 3a3hA? — )

where
2ct
S=artbytet sy
case 3. where A =0 and u # 0,
+6a+/10bc

v34(8) =

(ax+by+cz—ct+k)*

case 4. where A # 0 and u = 0, vy is constant.

Conclusion

In this paper, we presented a new family of (3 + 1)-dimensional modified Rosenau’s equations. A new
exp(Q(&))-expansion method has been successfully implemented to find new traveling wave solutions for our equations.
our equations. We expressed to some our new solutions graphical.

(a) (b)

Fig.1 Plot3D from give (a) and Plot2D from give (b) of the solution of first application v{ with A > O,c+b+ —1,a=1
and k = 2.

(a) (b)

Fig.2 Plot3D from give (a) and Plot2D from give (b) of the solution of first application v, with A <0, c=b=—1,a=1
and k = 2.
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(a) (b)
Fig.3 Plot3D from give (a) and Plot2D from give (b) of the solution of first application vz with A =0,c=b=—1,a=1
and k =2.
j |
|
‘ S ‘
(a) (b)
Fig.4 Plot3D from give (a) and Plot2D from give (b) of the solution of first application v4 with A = A%, ¢ = b = —1,
A=1landk=2.

(@) (b)

Fig.5 Plot3D from give (a) and Plot2D from give (b) of the solution of first application vi with A >0,c=b=—1,a=1
and k = 2.

(@ (0)

Fig.6 Plot3D from give (a) and Plot2D from give (b) of the solution of first application v, with A <0,c=b=—1,a=1
and k =2.
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