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1 Introduction

In 1990, Chinea and Gonzalez [1] classified the almost contact metric manifolds into many classes. One of these classes
is Co—class whose geometry was studied by Rustanov et al. [2]. There is another important classes, for instance,
manifold of Kenmotsu type that satisfying the identity Vx (®)Y — Vgx (P)PY = —n(Y)PX, for any vector fields X,Y
and Cjp—manifold that were introduced and examined by Abass, Abood [3], [4], [5] and Abass, Al-Zamil [6]
respectively.

On the other hand, Abood and Mohammed focused on studying the geometric identities for projective curvature tensor
of nearly cosymplectic manifold [7] and they discussed the geometry of the pseudo projective tensor on the same manifold
that belongs to a class differ from the above mentioned classes [8].

Whereas, K. De and U. C. De [9] studied the ¢ —projectively flat and £ — projectively flat for connected 3 —dimensional
trans-Sasakian manifolds. They also studied the semi-symmetric projective property of aforementioned manifolds. While,
Rustanov et al. [10] investigated the projective tensor and its invariants on almost C(A)—manifolds.

Raghuwanshi et al. [11] generalized the projective curvature tensor and discussed it on the manifold of para-Kenmotsu
structure. On the other side, there are many researches which are related to this article, such as [12], [13], [14].

Since the class of manifolds considered in this article is one of the most difficult to study and there few authors
studying it and according to the fact that the projective curvature tensor plays a very significant role in studying different
properties of Riemannian manifolds, then we shall discuss the projective curvature tensor on Cy— manifolds. So, this
article is organized in four sections. After the introduction, section 2 is devoted to review the basic related definitions
and facts. In section 3, the components of projective tensor are determined in Cy—manifolds and according to those
components, the relationships among Einstein manifold, Co—manifold and flat projective tensor are investigated. The last
section is involved a new classification based on projective tensor.

2 Preliminaries

Let M be (2n+ 1)—dimensional manifold with n € Z*, V is Levi-Civita connection on M, and 2" (M) is C*(M)—module
of smooth vector fields on M.
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Definition 1.[1] A quadruple (n,&, D, g) of tensor fields on M is called an almost contact metric (AC—) structure on
M, if ) is a differential 1—form, £ is a vector field named a characteristic vector field, @ is (1,1)—tensor field named a
structure endomorphism of the module X (M), and g = {-,-) is a Riemannian metric, such that the following satisfied.:

DNE)=1; i)nod=0; iii)PE)=0; iv)P*=—id+n®RE;
V) (@X,PY) = (X.Y)-n(X)n(¥),  VX.¥e2(M).

Additionally, a manifold M equipped with an AC—structure (1,&,®,g) is called an almost contact metric (AC—)
manifold.

Definition 2.[2] An AC—manifold M is called a Co—manifold if its AC—structure (1,§,®,g) satisfies the following
identity:

Vx (@)Y =n(Y)Vex& — (PX,VyE)E, forall X,Y € (M),
where V is Levi-Civita connection on M that defined by V(Y,X) = VyX.

Definition 3.[15] A Riemannian curvature (3,1)—tensor R on AC—manifold M is known as:
R(X,Y)Z=([Vx,Vy] = Vixy)Z,
forall XY, Z € &' (M), where [A,B] =AoB—BoA.

The researchers can learn about the space of associated G—structure (AG—structure for short) from the references [10]
and [16], where in this space, the tensors @ and g of any AC—manifold are formulated by:

_ 0o 0 0
(@D}) =|0+v—11I, 0 (1)
0 0 —/-1I,
1 ; ifi=j=0
gij =1 6 i ifi=band j=a4,ori=dand j=0b 2)
0 ; otherwise,
where I, is the identity matrix of rank n, i, j =0,1,2,---,2n,a,b=1,2,--- ,n, d = a+n, and § is Kronecker delta.

Proposition 1.[2] Let S = (n,&, P, g) be an AC—structure on a manifold M. Hence the next terms are equivalent:

1) M is an AC—manifold of class Cy; 2)B=C=E =G =0,

3) Fgp=—Bagp=—/—1®0 ; F?» = —B = /= cbo “F® =F . Fy = Fpg; F* = F"® where B,C,D,E,F and G are
structure tensors defined as follow [5], [17], [18]: o

BV, %) = *1{45 oV g2 (P)P*V) + P Vary (P)(PV) + D0 Vay (P)(P*V) — D 0 Vg (P) (DY)}

COV ) =~ {0V g2 (D)D) B0 Vapy (®)(8) + D70 Vi (B) (D7) 820 Voo (#)(@7));

D(¥) Z{2¢OV¢27/(€D)§ — 20?0 Vgy (P)E — DoV (D) (DY) + Do Ve (D) (DY)}
E() = 3 (@0 Vg2, (D) + 870V (@)E):

FOP) = 3{® 0V, (@) — 820V (@)E):
G=®oVe(P)E,

forall V% € 2 (M). Moreover, F*’ and F;, are the components of tensor F, B and B, are the components of tensor
D, and <15k are components of V® on AG-structure space.

Proposition 2.[2] Co—manifold coincide with the cosymplectic manifold if and only if F® = F,;, = 0 on the space of
associated G—structure.
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Theorem 1.[2] On Co—manifold M, the components of Riemannian curvature (3,1)— tensor R are given in the following
formulas:

1. RS@O = FacFCb s 2. RgbO = *FabO; 3. Robé — ,Fab c ;

a

_ pad d . a
4. RZCdA—AZCJrFa Fye s 5. Ryoq = —2Fyc Fpja),
and the other components are matching to zero, where [a|b|c] = ${abc — cba}.

Remark.[2] Note that:

a)R has the following properties:
L Riju = Ryy: 2. —Rijic = Rijiu = —Rjiks 3. Rijie = Ruaij;
4. Riju = Ryjpjs 5. Rij + Rikij + Rirje = 0 = Rijir + Ruiji + R jin -

b =4l = 0.

The above indexes have the ranges i, j,k,[ =0,1,2,...,2n, and a,b,c,d =1,2,...,n. Moreover, 0 =0; d=a+n,
a=a,and Fy,F,, C,AZ‘Z are suitable smooth functions.

Remark.[2] The Ricci tensor r of an AC—manifold satisfies the relation r;; = fRf,‘jk = rji. So, the components of Ricci
tensor on the space of AG—structure for Cy—manifold are matching the following:

ba. b. ) b
roo = —2FF™ rao = —F,, 75 tap = Fapos 1 = Age- 3

Definition 4.[10] The projective curvature (3,1)—tensor P on AC—manifold M is defined as follows:
1
PX,Y)Z=R(X,Y)Z— 2—{r(Y,Z)X —-r(X,Z)Y}, VX,Y,Ze & (M),
n

where r is the Ricci tensor of type (2, 0).

Proposition 3.[10] On AC—manifold M, the projective curvature (4,0)—tensor supported the following properties:

1) Piji = =Pijis 2) Pijia +Piaj+ Pk =05 3) Piju = Prjyo

Definition 5.[2] An AC—manifold is said to be Einstein manifold if it satisfies the identity r;j = A g;j, where A is a constant.

3 Geometry of Projective Curvature Tensor

In this section, since the projective tensor P measures the deviation of Riemannian manifolds from being projectively flat
(P =0), then we shall determine the components of P and the conditions that make P = 0. Furthermore, since Einstein
manifolds have significant in Riemannian geometry, then we obtaining them from the discussion of P on Cy—manifolds
because P shows how the geometry of manifolds differ from spaces whose geodesics are straight lines.

Theorem 2.The components of projective curvature tensor on the space of AG—structure for Co—manifold M are given
by:

I )
1L.Pyooa = — 5, Tods
P
2.Popod = 5, T'pds
o ed 1 . .
3-Fopod = Fbch 21 bd’
4'P()bc¢f = 7Fbc y
5~Pa0()d = _rad;d | sd
6'Pa00¢i = FaCFC + ﬂsa 100,
_pd, 1sd. .
7'Pa()ctf = Fac + ﬂ5a Focs

1
8.P 0ed = 75{55 Tod — 55 r()@};

al

_isd.,. .
9'Pab0dA = ﬂéa rp0,
10.Papea = —2Fyc Flpjay;

= Ll§d . .
]]'Pabcd_ 2n5t1 Ypes

1
12.P,04 = —5{55 Tpd — 55 pe}s

a
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_ r7bd 1 sd .
]3'Pai7()¢f =F + 5= 0, Tios

2n-a
14.P; ;= _(lAgg + deFacg + 284 1y
I5.P e = =518 15— 8 rjch

and the remaining components are zero or can be determined by Proposition 3.

Proof.The components of projective curvature (4,0)—tensor P on AC—manifold are provided in the following formula:

1
Pijui :Rijk1*2—n{gik Fil— & Tjk}- )

This formula yields 81 components of P which are separated into the following collections on C9—manifold:
(i) There are 15 main non-zero components of P that are taken indexes as follow:

{Poood Povod Popod> Poeds Faood> Pagods Paoed> Paoeds Papod> Pabeds Papeds Puped Pabods Pabed> Pabed -

(ii) There are also 15 non-zero components of P which are the conjugates of components in item (i) above and they written
as:

{P,

000d> FX

0i0ds Posod> Fobeas Paood» Faoods Paved s Paocd s Papog> Papeds Pabeas Pabea» Pab0d> Pabed s Pabed } -

(iii) There are 13 zero components of P that are indicated by the following:
{Poocd; Pyoegir Pov0os Poved > Popags Pa000> Paoed s Pav00s Pabods Pabes Pjsgos Pupea + Y {Po000 -

(iv) There are also 12 zero components of P which are the conjugates of first group collection in item (iii) above and they
described by:

{Pooeziv Pooeas Fopoos Foiedr Fobear Fa000s Paozi» Pd5007pdi700i’P&@éO’P&bOO’P&bﬁj}'

(v) There is a collection that contains the component P,;,,, and its conjugate P, ;. The elements of this collection can be
determined by using Proposition 3; items 2 and 3, respectively.

(vi) The following 12 components are determined by Proposition 3; item 1:
{P00c0s Pobcos Pobeos Pobéd s Pa0c0 Pa0co, Paved s Pabcos Pavéd s Py Paoos Pabea |-
(vii) The following 12 components are the conjugates of components in item (vi) above:
{P00€07PoBéOvPoBcovPoBcaideOc“OdeOcOvPangiaP&EcOaP&@cjapdb€0aPﬁchaP&ch}-

Hence the above collections of components for P on Co—manifold can determined by substituted the values of R;; and g;;
from Theorem 1 and equation (2) respectively in equation (4). So, the desired results of the present theorem are obtained
in the same way of the following chosen components:

1
Povoa = Ropoa — n {800 Tba — 80d b0}

= —Ropao — ;o>
0 1
= —Rjpg0 — %rbda
1 2n—1
= Fpao — Erbd = nz—nrbd' from equation (3).
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1
Paood = Raood — W {8a0 704 — 8ad 00}
Y
:ROadAO—*—ESa 00,
1
_po L
7RadA()+2n

. 1
= FaCFCd + Edg ro0-

d
5a 00,

Pubed = Rabed = 3,, {8ac T3 = 8ad T
— d
- 7R5ach + 2_I’t5a Ther

1
b d
R’ .+ —8¢r;,

acd

1
bd | pbd d
:—(AaC+F FaC)+ﬂ6a I"BC.
1
Poooo = Roooo — %{goo 00 — 800 100},
1
= —%{roo — r()()} = 0

The component P, , will be proved by using Proposition 3; item (2) as follows:

Posoa + Paoap + Fagio = 0- S0, Pujoa = —Faoap — Fagivo-

Since P,,; belongs to the collection of non-zero components for P and it has quantity P,; = F,,” + 582 ro4 then from
Proposition 3; item (1) we get:

N —_ 1l gsb
Pabo = —Pugoh = —27% rao- Then

1
b b b
Pa@Od:_(Fad +_n§a r()d)+%5a rq0

At the end, we shall calculate the component Py by using Proposition 3; item (1) as follow:
Pooco = —Poooc = — (Roooe — 2= {800 7oc — 8oc T00}) = 2= Toc-

Corollary 1.If M in Theorem 2 is of dimension 3, then the non-zero components of P will be appeared in the following
formulae:

1)Po112 = —2Pooo1 = —2P1o12 = 2P1102 = 1015
2)Pioo1 = —2P111212 —2Py101 = —r11;
3)Py102 = Pia12 = 5(roo — r12);

4)Prag2 = —3720-

Proof.Since M is a Co—manifold of dimension 3 =2n+1,thenn=1. Hencea=b=c=d =1 (because a,b,c,d = 1,...,n)

andd=b=¢=d =2 (because d = a+n= 1+ 1 =2). Then the results of the present corollary are attained from Theorem
2 and equation (3) by changing the indexes into 1 and 2 according to the previous. So, equation (3) becomes:

1
1 . 1n _ Lol 1 _
Fy =-roi; F {=-rp; Ap=r; FnF = —5700-

Then for example, item 14 in Theorem 2 becomes:

1 1 1 1
P =—(Al+ FuF" ) + 28! ra1 = —(ri2 — s 700) + 5712 = — 5 (112 — r00)-
2 2 2 2
Theorem 3.If a Co—manifold M of dimension greater than 3 has flat projective curvature tensor, then M has flat Ricci
tensor (r =0. That is, r;j = 0).
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Proof.From Theorem 2, we have the following components:

1
Poooa = —5,, Tod- ©)
n
1
Pyyoq = —Foe F4 — 5 rad}- (6)
Pa00d = —Vad- )
w1
Pog = FacF d"‘%@ad 100} (8)
1
Pab@d”:_Z{Sac rbgi_éj Tpe}- 9)

Since P is flat (P = 0), then F;jy = 0 for all i, j,k,I. So, from equations (5) and (7), we get roy = 0 and r,q = 0,
respectively. Now, from equation (9), we obtain:
8y — 84 e = 0.
So, by contracting (a,¢) in the above equation, we have:
0y Tpi— 5;1 rpa =0, then we get :
(n—1)r,; =0, and this implies that :
n=1orr,;=0.

If n =1, then 2n+ 1 = 3. This contradicts the hypothesis dim(M) = 2n + 1> 3. Then r, ; = 0. Hence equation (6) gives:
Fp F4 =0. (10)
Thus equations (8) and (10) imply that roo = 0. Then r;; = 0 on M for all i, j and hence M has flat Ricci tensor.

Theorem 4.If Co—manifold M of dimension greater than 3 has flat projective curvature tensor, then M is cosymplectic
manifold.

ProofLet P;jj; = 0 on M. According to the proof of Theorem 3 and exactly equation (10), we get:

Fp F4 =0,

FpF? =0, by contracting (b,d)
Z |FCh |2 — 0'
c,b

So, F® = 0 and F,. = 0. Then the result is valid from Proposition 2.
Corollary 2.If Co—manifold M of dimension greater than or equal to 5 has flat projective curvature tensor, then Az? =0.

Proof.Let P;j;; = 0 on M of dimension greater than or equal to 5. According to Theorem 3, M has flat Ricci tensor. Then
rij = 0and so r; = 0. Thus, from equation (3), we have Alc’g = Ala’? =0.
Theorem 5.Let M be a Co—manifold of dimension 3. M has flat projective curvature tensor if and only if M is Einstein
manifold with A = —2|F|> = All.
Proof.Assume M has flat tensor P, then P;j; = 0 for all i, j,k,l = 0,1,2. Then from Corollary 1, we obtain rog = r» and
rio = r11 = 0. According to the equation (3), we get:

72|F|||2 = 72F|| Fll =Tro0 =7Tr12 :AH

So, Definition 5 and equation (2) imply that M is Einstein manifold with A = —2|Fj;|*> = AH because r;j = Ag;; and if
we put i = j = 0 in the previous identity, then we have rgg = Agoo = A. Since M is 3-dimensional Cy—manifold, then
according to the proof of Corollary 1, we obtain the following:

)L = roo = 72F|1F11 = 72F||F_|1: |F|||2.

Also, if we puti=1and j = 1=2,thenrip =Agp = 1511 =A.S0, A =rp» :AH. Hence, A = —2|F|? :AH.
Conversely, let M be Einstein manifold with A = —2|Fj;|> = A{l. Then we deduce from equation (3) that roo = r1»
and rg; = r11 = 0. So, r9 = roz = 7o1 = 0. Then Corollary 1 gives P,y = 0, for all i, j, k,l = 0,1,2. Hence P is flat.
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Theorem 6.If a Riemannian manifold M of dimension 2n + 1 satisfies the following property:
Pijrr + Priji + Pjrir = 0,
then M is an Einstein manifold.

Proof.Let P;ji; + Pyiji + Pjgi = 0. Then from the fact R;ji; + Ry i + R jri = 0 and equation (4), we obtain:

1
—%{&'k it — it Tjk + 8kj Tit — &k Tij + &ji Tk — &j1 Tki} = 0.
Thus, .
{gin rji —gir rjk +&kj rit — & Tij + &ji T — &t "ki}glk =0.
According to the following identities [19]:
g ¥ rjp=Qn+1)rj; 8kj 8" riy = 8 ru; gji 8% ru = 8f ry
g1 & rig =8 rjw; gu 8% rij =8 rijs g1 &5 i =78

where 7 is a scalar curvature of the Riemannian manifold M, the above identity turns into the following:

Y
(2n+1)rﬂfygjl:0érﬂ: 2n—+1 8jl-
Hence M is Einstein manifold with A = 14 .
2n+1

Theorem 7.If M is Co—manifold with the property above in Theorem 6, then A%. = —2nF, F .

Y
2n4+1°

Proof.From Theorem 6, M is an Einstein manifold with A =

Then y g;j = (2n+1) rjj forall i, j,k,l =0,1,...,2n.
If we make i = j = 0 once and i = a & j = b again in the last equation, then equation (3) implies that:

y=—2(2n+1)F,F", (11)
Y8y = (2n+ DAY (12)
Thus, the contracting of (a,b) in equation (12) gives the following:

2n+1
’}/:

A% (13)

Making use of the equations (11) and (13) produced A% = —2nF,F.

4 Projective Invariant Classes
Consider the following collections of functions:
P = {Poooa> Fyoog }s P2 = {Povoas Food b3 = {Fopod» Fosoa t - P4 = {Poped Fobea
Ps = {Poo0d; Py} Ps = { P05 Paood } i Pr = { P> Paoca }: P8 = { P> Paoca }
Py ={P 04 Pagoats Pro = {Pabca Papea s P11t = {Popeis Panca s P12 = {Popiis Pabea ts
P13 = {P 04> Pavoa }s Pra = { Py gs Pavca }s Prs = {Ppoq, Paved }

which are defined tensors on the AC—manifold M. Such tensors are called the basic projective invariants of M, where
Py, Ps, P are of type (1,1) and P5, P, Py, Ps, Py, Pi3 are of type (2,1). Whereas, Py, Pyo, P11, P12, P4, Pi5 are of type (3,1).

Definition 6.An AC—manifold is named a manifold of class Py, if Py, =0, where @ = 1,2,...,15.

Lemma LIf ® is the (1,1)—tensor of an AC—manifold M, IT = —1(®?> +/=1®) and T = }(— D> + \/—1®), then
{MI(X)} =Xand {IT(X)} =X4, VX € 2 (M) and i = 0,a,a.
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Proof.From equation (1), we have:

. 1 . 1 . . .
OX)}y = {(P*+V-1®)X} = ——{P'®] + V1D }X*; k=0,a,a,
2 2 J Tk k

=0— %{(le)2+ (VIIRIX — 2 {(—V/ TP — (VTP
=X

2

In the same way, we can prove that {TT(X)} = X

Theorem 8.The basic invariant tensors Py, on AC—manifold M with AC—structure (n,&, ®@,g) are determined for o0 =
1,2,...,15 by the following formulas:

Pi(X) = P(§,X)E + P* o P(E,X)&;
Py(X,Y) = P(§, IT(X))II(Y) + @ 0 P(§, IT(X))I1(Y) + P(§, TI(X))II(Y) + ° o P(§, TI(X ) TI(Y);
Py(X,Y) = P(&.TI(X)II(Y)+ ®*o P(§, TI(X))II(Y) + P(&, IT(X))II(Y) + @ o P(§, IT(X)TI(Y);
Py(X,Y)Z = P(II(X), TI(Y))[1(Z) + @ o P(I1(X), TI(Y))[1(Z) + P(TI(X), I1(Y)) II(Z) + ®* o P(TT(X), I1(Y ) T1(2)
Py(X) = 5 {0 P(E,PX)E ~ B0 P(EX)E);
Po(X) = 3 {970 P(X, E)E + Do P(X,E)EN:
Py(X,Y)=THoP(II(X),I(Y))E+ o P(IT(X),I1(Y))E;
R(X,Y)=THoP(II(X),(Y))E+ o P(IT(X),I(Y))E;
Py(X,Y) =TToP(&,TI(Y))I(X) + T o P(&, II(Y))TT(X);
Pio(X,Y)Z =TI o P(II(X),I1(Y))I1(Z) + I o P(TI(X), TI(Y))TI(Z);
Pu(X,Y)Z=ToP(II(X),I(Y))I1(Z)+ o P(II(X),1(Y))II(Z);
P(X,Y)Z=MoP(II(X),I(Y))1(Z)+ o P(II(X),[1(Y))I1(Z);
Pi3(X,Y) =TT o P(&, TI(X))TI(Y) +ITo P(E, II(X)II(Y);
Py(X,Y)Z=TIoP(II(X),II(Y))II(Z) + ITo P(IT(X), I1(Y))I1(Z)
Pis(X,Y)Z=MoP(I(X),(Y))I(Z)+ o P(II(X),[(Y))(Z),

forall XY, Z € X (M).

Proof By using the facts £¢ =0 = &4, 9 = | and equation (1), we obtain the following:

1 1 j j ekl
{P(E,X)EY =Py &M X! = Py T ERX!,
= PoooaX* + Py X + PaooaX? + Pogo X + P X“ + PaooaX .
{@*oP(E,X)E}Y = D/ DLPy E/E X = D[ D\ Pooy X!, 5,0=0,1,2,....2n

= —{Pao0aX" + P X* +Pa00 X 44 ProoaX“}.

Then {P(&,X)&+ P> P(E,X)E}H = PoooaX + Py X< d_Hence, the functions {Po00a, Py} are components of the tensor
{P(&,X)E + @? o P(E,X)E}, and therefore this tensor coincides with the tensor P;(X). So, the first equality is satisfied.
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Now, by using Lemma 1 and equation (1), we have the following:

{PETIX))I(Y)} = Py {II(Y }jé"{ﬁ( )},
PObOdY x¢ +PboaiY Xd+PboainXd
{@% 0 P(E, TI(X)I(Y)} = H{SLPy {IT(Y) Y EHTT (X)),
= —{Pupoa¥ Xd+Pb0dYbXd}
{P(E, TX)TI(Y)} = Py {TT(Y)} E{II(X)},
= FopoaY Pxd +P, 50dYZ7Xd +Pab0dYbXd
{@% 0 P(E, TT(X)I(Y)} = &{ SLPy{TT(Y) Y E{IT (X)),
—{P, abOthXd+P ahOthXd}
Then

Popog? "X JrP()bodybxd {P(&,TI(X))I(Y)+ @0 P(&,TI(X))I(Y)
+P(E,I(X)TI(Y)+ D> o P(§,IT(X))TI(Y)}'.

Hence, the functions { P, Pyj0,} are the components of the following tensor:

P(§,TI(X)I(Y) + @ o P(§,TI(X))I(Y) + P(&, IT(X))TT(Y) + * o P(§, IT(X))TT(Y).
Therefore, this tensor coincides with the tensor P3(X,Y). Thus, the third equality is satisfied.
At this moment, when we prove the fifth equality for Ps, we need to do the following:
{@oP(&, PX)E} = B P S/ E DX,
= PagoaX + Py, dX —Py, dX — PyooaX?.
{D*oP(§,X)E} = & DL Py, 54X,

= —Py0aX? — PdOOJXd P OOdX — PagoaX“.

Then ${® o P(E,PX)E — P? o P(E,X)EY = PagoaX? + P, oojxd Hence, the functions {Pygoq, P,o,;} are the components

of the tensor 3{® o P(&,PX)E — &2 o P(E,X)EY, and this tensor coincides with the tensor Ps(X ). Therefore, the fifth
equality is satisfied.
The proof of Pj( based on the following:

{TTo P(I1(X),I1(Y))I1(2)} = {TI(P(IT(X), I1(Y))I1(Z))},
= {P(I(X),(Y))[1(Z)}*,
= PR IO Y{I(Y)Y{11(z)},
= PupeaXYIZP.
{Io P(TI(X),TI(Y))TI(2)} = {I(P(TL(X),TI(Y))TI(2))},
= {P(II(X),II(Y))I1(Z)}*,
PLATIXO) YT )Y {TI(2)Y,
= PyeX V2.

Then
) {TTo P(IT(X), IT(Y))I1(Z) + ITo P(TT(X), TH(Y )TI(Z)} = PapeaX V2" + Py XY I2°.
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Hence, the functions {P,pcq, Py;,7} are the components of the following tensor:
Mo P(II(X),I(Y)II(Z) +ITo P(II(X), II(Y))I1(Z),

and this coincides with the tensor Pjo(X,Y)Z. To prove P4, we do the following:
{ToP(I(X),II(Y)II(Z)} =P,;,;XY9Z’, and {ITo P(TI(X),I1(Y))I1(Z)}' = PapegX°Y9Z". Then

{TTo P(IT(X), TI(Y))TI(Z) + ITo P(TT(X), II(Y )IT(Z)} = P,; ;XYIZP 4 Payeg XY 2.
Hence, the functions {P;, ;, Ps¢q} are the components of the following tensor:

o P(IT(X), II(Y))II(Z) + ITo P(II(X), I1(Y ) I1(Z),

and this coincides with the tensor Pj4(X,Y)Z. The rest equalities in the present theorem can prove in the same manner
that presented above.

Corollary 3.Some of the basic invariant tensors in Theorem 8 can be written as follow:
Py(%1,75) = %@20{P(€,¢2%>¢2% —P(E,DW) D5} + %{P(i@%@%—P(&@%)Wz};
Py(N,%5) = %4’20{P(§,¢2“//1)¢2“//2 +P(E, D)D)+ %{P(i,@2%)¢27/2+P(5,¢7/1)¢7/2};
Py(1,%5) V5 = _Tlcbz o {P(P* 11, D*5) D> V5 + P(D* V1, DV3) D5 — P(DV1, D7 5) DV3 + P(D, DV5) D3}
— %{P((DQ%, D55 + P(P* V1, @5 DV; — P(DV, P> 95) DV; + P(PV1, P45 D4}
Py(11,75) = _Tlcbzo {P(D°, D*15)E + P(P, DY)} + %cbo {P(D° 1, D15)E — P(@1, D ¥5)E )
R, 73) = -8 o (PO, B IA)E — P®IL DIAE )+ 7@ 0 {PPh, @15)E + PP, BT
R, %3) = -0 (P&, D 10)87 i+ P(E, 912) T3} + 1 Do (P(E, DYDY — P(E, 7 1)14);
Pio(71,%5) V5 = %@2 o {P(P* 11, D*5) D V3 — P(D* 11, DV3) DV5 — P(DW, D V5) D V3 — P(DV, DV3) D73}
+ ééo{P(dﬂ%,@%)@% +P(D, V5) D7 V5 + PPV, D2 95) D> V5 — P(PV1, V5) DV )
PV, 15)9 = S0 [P(B211,0215) 07T + (D714, B15) 05 — P(BY, B25) 05 1 P(®Y1, @307 %3)
+ ééo{P(@Z%,qs%)@% — P(P*, DV5) D> V3 + P(PV1, 9295) D25 + P(OV1, DV3) DA}
Pu(,75) 75 = édﬂ o {P(®*11, D*95) D> V5 + P(D* I, DV5) DV5 + P(PV1, D 15) DV — P(DV], &V3) D ¥4}
+ %dbo{P(sz%,@%)@% — P(P*W, DV3) D V5 — P(PV, D213) D25 — P(DV1, DV3)DY4}:
Pi(1,%3) = @70 (P(§, 9 ) 875 — P(E, BH) @3} + ;o (P(E, 1) Y5+ P(E, BI) B2 Va);
Pis(1,%5) %5 = éé%{P(@Q%,cb%)cb% — P(D*W, D15) D5+ P(DV], D245 D5 + P(PV1, DV5) D> 43}
+ %450{_1:@2%,@2%)@% — P(D*W, DV3) D> V5 + P(P, D 13) D5 — P(DV1, DV3) D4}
Pis(%1,%3) V5 = %@2 o {P(P* 11, @%15) D>V — P(D* 11, DV3) DV — P(DV,, 7 V5) DV3 — P(DV, DV5) D> ¥5}
+ %450{_1:@2%,@2%)@% — P(D*W1, DV3) D> V5 — (P, D7 13) D5 + P(DV1, DV3) DA},

where V1, Y3, %3 € Z (M).
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Proof.We shall prove only P and Pys, while the others can be proven in the same way. So, according to the definitions of
IT and IT in Lemma 1, P, appears as:

—V—1 ~1
5 ¢74)(74’2”Vz+

_ %{P(é,(bz%)dbz”i/z—i— VZIP(E, ¥ 1) B Y5+ V=TP(E, BV7) D> V5 — P(E, BV7) D51

— Vz_ldb“f/z),

P& TTOA)IT(%) = P(E, 5027 +

@20 P(E, TTOANTI) = 1820 (P&, D)5+ v/ TP(E, 8241 @5 +v/TP(E, B1) 4775
—P(5,27) D71}

PETTON)T) = pE. 501+ L or)Shatns e o),

— P& D)@ 7s ¢—_1P<5,<1>2%><wz — VTIP(E, DH) D5 — P(E, BV7) D5},
%o P(E,TT(1))I(#5) = P* o P(E, —¢2%+ cb%)( Lorys i L 5 P%5),

= %@20 {P(E,D*V) D> 5 — \/—_113(5,452%)457/2 —V=1P(&,®9,)D* V5
—P(E,2) P72}

Then

Py(71,75) = P(§, TI()I(¥3) + % o P(&, TT(¥1)) T (#2) + P(§, TL(¥1))TT(¥2) + ®* o P(§, TT(41) T1(5),
- %¢20{P<57¢2%>¢2%—P(&db%)cb%}+%{P<57¢2%>¢2%—P(é,cb%)cb%}-

Now, Pys5 appears as:

o P(II(A). TTOR)TT) — (o0 + Y@y o p(Sharni+ Yo Loy,
oy Lo on),

2 2
:rzdbzop(cbz%,cbz%)cb%*%(PoP(@z%,@%)@z”f/s

- —”1;1<b2 o P(D* W, D*95) DY — %@oP(CDZ% , DY) D4
Vol o P(D*Y], D5 D> Y5 — %mp(qsz%@%)q&%

16
1 V-1
— e PP P(PMN, @) PV + o= Do P(DP1, BYy) DY

— _vlgl(pz o P(DW, D> V5) D> Y5 — %cp o P(DW, D> V5) D4

- %@%P(@%,@z%)@% + —”lglqaop(@%,qbQ%)qb%

- %GDZoP(GD%,GD%)@z% + —”61q>op(q>7/l,q>7/2)cb 7

£ VL0 P07, $1) Y5 + B0 P(DVE, V30
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’Vz qs} P( 21q>2%+

V=T
2

o PIT(A). () I() = (507 + R

—/—=1
2

- D)+ Loy, +

D7%3),

_ %cbzop(cbz“f/l,qbz%)dbz% + %%P(@z%vq’z%)q’z%

YL 0 (@71, 07 1) Y5 — <o P61, B713) D4

+ VL2 0 (@241, @93) 07 — b P61, 03) 074

1 V=1
— R¢20P(<1527/1,d>7/2)d>7/3 — YcpoP(<1>27/1,cp%)qb%

V=1 1
+ L PP P(DV], V) D V; — 16 PoP(@7i, D) D>V

16
1 2 2 _\/T 2

— %@%P(cb%,qb%)cb% — —VlgldboP(GD%,GD%)diz”ié

- —V161q>2 o P(®V, DY5)DV5 + 16€DoP(d57/1,d5”1/2)€D”V3

So,
Pis(V1,%3) %5 = Lo P(TI(1), TT(¥2))T1(¥3) + I o P(IT(%), I1(¥2) ) I1(¥5),
= édbzo {P(D*, D*15) D> V5 — P(D° 17, DV5) Y5
— P(PV1,D°75)DV3 — P(@, DV5) D Y5}
+ %cb o {—P(D*1, D*5)DV; — P(P*W, DY) D> V4
— P(PV1, D%5) D> V5 + P(D Y, DV3) D3}

Corollary 4.The identity Py(X,Y)Z = —Py(Y,X)Z satisfies for « = 4,10, 11,12,14,15. Moreover, the identity Py (X,Y) =
—Py(Y,X) satisfies for oo = 7,8, where X ,Y,Z € 2 (M).
Proof.
Py(X,Y) =TTo P(II(X),IT(Y))§ + ITo P(IT(X), I1(Y)),

= —IToP(TI(Y),II(X))§ — ITo P(IT(Y), I1(X))E,

= —{IToP(II(Y),II(X))G + ITo P(II(Y), IT(X))E },

=—R(Y,X).
In the same way, we can prove the rest identities of the invariant tensors Py and oo = 4,7,10,11,12,14,15.

Theorem 9.Let M be a Co—manifold. If M is a manifold of classes P, and Py, then M is an Einstein manifold with
A =n"1A% = —2F, F.

Proof.Suppose that M is fall in both classes P; and P;;. Then Definition 6 and Theorem 2 imply that ro, =0 & r,;, = 0.
Moreover, Definition 5 and equation (3) produced A = n~'A% = —2F,.F%. Then the result attains.

Theorem 10.7he Co—manifold belongs to class P, iff it belongs to class Py.

Proof.Suppose that M is a Cy—manifold. If M of class P;, then Theorem 2 gives —ﬁr()d = 0. Hence ry; = 0. Now, since
roa =rq0 and b,d € {1,2,...,n} then r,y = 0. But Theorem 2 also shown that P, » = 2—1n{6,frbo}. Hence P, ;= 0= Py,
So, Py = 0, and this means that M is a Co—manifold of class Py.

Conversely, we can show that if M is a Co—manifold of class Py, then M of class P; by the same way that follower
above.
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Theorem 11.Let M be a Co—manifold of dimension equal or greater than 5. Then

1.the following statements are equivalent:
(a) M of class Pi;
(b) M of class Ps;
(c) M of class Py.
2.the following statements are equivalent:
(a) M of class P»;
(b) M of class Ps;
(c) M of class Pyy1;
(d) M of class Pis.

ProofLet M be a Co—manifold of dimension 2n+ 1 with n > 2. We shall prove 1.(b) = (c¢) and 2.(a) = (d). The rest
cases can be proved in similar way.

For 1.(b) = (c), assume M of class Py, then from Definition 6 and Theorem 2, we get §57,,;— 6¢ro; = 0. So, by contracting
(a, ¢), we obtain either n = 1, or r,,; = 0. The case n = 1 contradicts our assumption n > 2. Then r,,; = 0 and this gives
rpo = 0. Thus, P, s = 0, and according to Definition 6, we have M of class Py.

Now, for 2.(a) = (d), suppose M of class P». Then Definition 6 and Theorem 2 imply that r,; = 0. So, from Theorem 2,
we get P ;. » = 0. Hence, Definition 6 gives M of class Pis.

Declarations

Competing interests: The authors declare no competing interests.

Authors’ contributions: Humam T. S. Al-Attwani and Mohammed Y. Abass contributed to the design and
implementation of the research, to the analysis of the results and to the writing of the manuscript.

Funding: The authors declare no funds, grants, or other support were received during the preparation of this manuscript.
Availability of data and materials: No data was used for the research described in the article.

Acknowledgments: The authors would like to thank the referees for careful reading of the manuscript and for useful
comments and suggestions.

References

[1] D. Chinea, C. Gonzalez, A classification of almost contact metric manifolds, Annali di Matematica pura ed applicata, 156(1)
(1990), 15-36.
[2] A. R. Rustanov, A. I. Yudin, T. L. Melekhina, Geometry of strictly pseudo-cosymplectic manifolds, Izvestiya Vuzov. Severo-
Kavkazskii Region. Natural Science, (1) (2019), 33-40.
[3]1 M. Y. Abass, H. M. Abood, @ —Holomorphic sectional curvature and generalized Sasakian space forms for a class of Kenmotsu
type, Journal of Basrah Researches (Sciences), 45(2) (2019), 108-117.
[4] M. Y. Abass, H. M. Abood, On generalized @ —recurrent of Kenmotsu type manifolds, Baghdad Science Journal, 19(2) (2022),
304-308.
[S]1H. M. Abood, M. Y. Abass, A study of new class of almost contact metric manifolds of Kenmotsu type, Tamkang Journal of
Mathematics, 52(2) (2021), 253-266.
[6] M. Y. Abass, Q. S. A. Al-Zamil, On Weyl tensor of ACR-manifolds of class C1, with applications, Izvestiya Instituta Matematiki
i Informatiki Udmuurtskogo Gosudarstvennogo Univrsiteta, 59 (2022), 3-14.
[71 H. M. Abood, N. J. Mohammed, Projectively vanishing nearly cosymplectic manifold, Communications in Mathematics and
Applications, 9 (2018), 207-217.
[8] N. J. Mohammed, H. M. Abood, On the pseudo-projective tensor of nearly cosymplectic manifold, Jordan Journal of Mathematics
and Statistics, 15 (2023), 497-506.
[9] K. De, U. C. De, Projective curvature tensor in 3-dimensional connected trans-Sasakian manifolds, Acta Universitatis Palackianae
Olomucensis. Facultas Rerum Naturalium. Mathematica, 55 (2016), 29-40.
[10] A. R. Rustanov, E. A. Polkina, S. V. Kharitonova, Projective invariants of almost C(A)—manifolds, Annals of Global Analysis and
Geometry, 61 (2022), 459-467.
[11] T. Raghuwanshi, G. Pandey, M. K. Pandey, A. Goyal, On generalized projective curvature tensor of para-Kenmotsu manifolds,
Miskolc Mathematical Notes, 24 (2023), 383-394.
[12] P. N. Klepikov, E. D. Rodionov, O. P. Khromova, Invariant Ricci solitons on three-dimensional nonunimodular Lie groups with a
left-invariant Lorentzian metric and a semisymmetric connection, Siberian Electronic Mathematical Reports, 20(1) (2023), 48-61.

©2026 YU
Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



276 Humam T. S. Al-Attwani : projective curvature tensor ...

[13] S. Roy, S. Dey, A. Bhattacharyya, X. Chen, A classification of Kenmotsu manifold admitting *—Einstein soliton, Jordan Journal
of Mathematics and Statistics, 16 (2023), 117-138.

[14] A. R. Rustanov, O. N. Kazakova, S. V. Kharitonova, Contact analogs of Gray’s identity for NC¢o—manifolds, Siberian Electronic
Mathematical Reports, 15 (2018), 823-828.

[15] W. M. Boothby, An introduction to differentiable manifolds and Riemannian geometry, Academic press, New York, (1975).

[16] S. V. Kharitonova, On the geometry of locally conformally almost cosymplectic manifolds, Mathematical Notes, 86(1) (2009),
121-131.

[17] V. F. Kirichenko, Differential-geometric structures on manifolds, (in Russian), Second edition, Pechatnyy dom, Odessa, (2013).

[18] V. F. Kirichenko, N. N. Dondukova, Contactly geodesic transformations of almost contact metric structures, Mathematical Notes,
80(2) (2006), 204-213.

[19] N. Islam, Tensor and their applications, New Age International (P) Ltd., Publishers, New Delhi, (2006).

© 2026 YU
Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



	 Introduction
	Preliminaries
	Geometry of Projective Curvature Tensor
	Projective Invariant Classes

