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Abstract: Finite element methods (FEMs) for the strongly damped wave equation with semi- and fully discrete solutions are presented
in this paper. First, a system of first-order equations with respect to time was created from the strongly damped wave equation. We
established the solution spaces for the numerical solution by identifying the stability bounds of the solution. Convergence to the
continuous solution is demonstrated as part of the analysis. Additionally, a practicable algorithm is suggested to effectively solve the
fully-discrete formulation at each time step. The calculations are performed in one, two, and three spatial dimensions, demonstrating
the efficacy of the suggested methodology. The special characteristics of the study include the thorough transformation of the second-
order equation into a first-order system in time, the establishment of weak solutions, the proof and derivation of stability bounds, and a
convergence analysis of the proposed FEM schemes.

Keywords: damped wave equation; semi-discrete; fully-discrete; stability bounds; existence.

2010 Mathematics Subject Classification. 65M60; 65M12; 35D30.

1 Introduction

Since it accurately simulates situations involving both wave propagation and damping phenomena, the strongly damped
wave equation is essential in many fields. This equation is widely used in tsunami analysis, where it is used to simulate
wave dynamics in the wave equation form of the continuity equation [31]. In structural mechanics, this equation is also
crucial for the study of dynamic boundary conditions and viscoelastic materials. It facilitates the study of attractors and
the comprehension of these systems’ long-term behavior [16]. The strongly damped wave equation is a key tool in
mathematical physics for stability analysis and developing control plans for dynamic systems. For instance, exact
controllability issues are addressed using spectral decomposition techniques, which offer important insights into system
behavior [47]. In order to predict and control system behavior in engineering contexts, the strongly damped wave
equation is also used to solve inverse problems and identify parameters [13]. The equation is an effective tool for
studying partial differential equations and numerical simulations because of the strong damping term, which is crucial
for regularizing and stabilizing solutions [14].

In this article, our focus is on the numerical solution of the following strongly damped nonlinear wave equation [44]:
(&) Find {s} such that

Su+5—Asi—As+5> =0 in ¥x(0,.4), (D
ds

> = 0 on 0¥ x(0,.4), 2

5(x,0) =sY(x), 5(x,0)=s3(x), in ¥. 3)
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where ¥ is an open bounded domain in R4, d > 1 with a smooth boundary d'P, s is the displacement of the wave field, v
represents the outward unit normal to 9%, and 5% (x) and s3(x) are both given real smooth functions.

Problems (1)-(3) describe a wide range of physical phenomena, such as the longitudinal and transversal vibrations
of string and bar, respectively, with viscous effects [15], and the variation of a homogeneous and isotropic viscoelastic
material [44]. In quantum physics, equation (1) also appears as a Klein-Gordon equation for perturbed waves [44]. The
results of regularity and the globally existing strong solution have been shown in [53] and the cited works. [41,42]
offers more numerical techniques for solving the high-dimensional sinh-Gordon equation and the modified Klein-Gordon-
Zakharov equations. For numerical approximations and without the strong operator —As;, a three-level compact finite
difference scheme and a nonlinear difference scheme have been presented in [39,38, 1,32].

The damped wave equation has applications in fields such as seismic research, electromagnetics, and acoustics,
making its numerical solution crucial. The damped wave equation, which is a partial differential equation, illustrates the
necessity for accurate numerical methods by representing a variety of physical processes involving wave propagation
with damping effects. To solve the strongly damped wave equation, FEMs have been used extensively. Significant
advancements in the numerical treatment of these complex equations have been demonstrated, highlighting their
application in viscoelastic theory and other internally damped systems [33]. Maximum-norm estimates for finite-element
methods have received attention, offering strong mathematical foundations to improve and comprehend the damped
wave equation’s numerical approximations [51]. A nonstandard finite difference scheme for the damped wave equation
was presented in [36], guaranteeing the maintenance of positivity in numerical simulations. This method shows promise
for faithfully capturing wave behaviors when damping is present.

As demonstrated in [17], high-order explicit local time-stepping techniques have been introduced to effectively
address damped wave equations. These techniques are particularly helpful for simulations that require a high degree of
computational efficiency and precision. In [46], the locally damped wave equation was studied, with an emphasis on the
creation of FEMs for hyperbolic equations. The study provided insightful information about the numerical difficulties
and solutions associated with controlling local damping effects in wave propagation. Real-world wave phenomena must
be accurately simulated, and recent advances in nonlinear strongly damped wave equations have shown that numerical
methods can achieve second-order accuracy in both space and time [30].

Prior research on FEM for damped wave equations frequently concentrated on linear models or semi-discrete
formulations, where the damping term manifests as a lower-order contribution. For instance, [43] established error
estimates mainly in one-dimensional settings by analyzing a Galerkin FEM for the strongly damped linear wave
equation. The nonlinear cubic term and the diffusive damping term —As;, which both have a substantial impact on
solution regularity and stability, are not addressed by these formulations, which typically assume smooth data and linear
damping. Although later works, like [48], expanded the semi-discrete analysis to include non-smooth initial data, they
only addressed linearized problems and did not offer convergence proofs for fully discrete schemes. In addition, the
combined effects of strong damping and nonlinearity in multi-dimensional domains, where it is more difficult to
establish the stability and convergence behavior of the discretized system, are not typically explored in numerical
studies. While recent studies such as [34] have examined generalized FEMs for strongly damped wave equations with
heterogeneous coefficients, they mainly concentrated on linear models and spatial multiscale analysis, largely ignoring
the time discretization and nonlinear damping aspects.

This paper aims to rectify these gaps by constructing a full theoretical and numerical theory for semi-discrete and
fully discrete finite element methods applied to the nonlinear strongly damped wave equation. The paper is devoted for
establishing the existence and stability of the discrete solution, deriving a priori estimates, verifying the convergence
towards the continuous solution. In addition, one derives a machine- amenable algorithm for solving this fully discrete
nonlinear system at each time step, which renders the method computationally feasible in higher dimensions. Extensive
numerical experiments in one, two and three spatial dimensions are carried out to validate the proposed method, which
indicate uniform error reduction and stability as well as the ability of handling smooth and non-smooth initial data.
Therefore, the present work closes a theoretical and computational gap by proposing an unified and stable FEM framework
for strongly damped nonlinear wave problems in multiple dimensions.

To numerically approximate Eqs.(1)-(3), the strongly damped wave equation was first recast in a first-order time-
dependent system formulation by adding an artificial variable ¢ = s; + s. The resulting coupled system was subsequently
discretized in space by the standard Galerkin finite element scheme with continuous piecewise linear functions as basis.
The weak form was obtained by multiplying both sides of each equation by a test function and integrating over the spatial
domain, with Neumann boundary conditions as defined in Eq. (2). The spatially discrete system was evolved in time using
an implicit backward Euler scheme. This method guarantees unconditional stability for the strongly damped dynamics.
Combining spatial and temporal discretization results in a stable and convergent fully discrete formulation. This makes it
easy to replicate the results in any standard FEM environment. Because numerical solutions to differential equations are
crucial, many recent studies have focused on solving various equations using different numerical methods [24,29,2,52].
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In this study, we consider g = s; + s, which allows System (1)-(3) to be reformulated as follows:

dg—Agq+s =0, )

als+s_q:05 (5)
ds

P =0 on ¥ x(0,.#), (6)

s(x,0) = s{(x), ¢(x,0) =s}(x)+s5(x) =¢°(x) in ¥. (7

Subsequently, we present a weak formulation of System (4) and (5) expressed as follows:

(@) Find s(x,1),q(x,t) € H'(¥) such that s(x,0) = s7(x) and ¢(x,0) = ¢°(x) and for almost every ¢ € (0,.#), we have
that

(9q,m)+ (Vg,Vn)+(s,m) =0, ¥V neH'(P), (8)
(ds,m)+(s,n)—(q,n) =0, ¥V neH(P). )

The current study adds to the numerical analysis of the strongly damped nonlinear wave equation. It presents a clear
framework that combines semi-discrete and fully discrete finite element methods. Unlike typical weakly damped or linear
models, adding a strong damping term (related to the Laplacian of the velocity) creates more mathematical complexity
and stiffness. This requires special numerical methods to ensure stability and accuracy. The papers originality lies in the
careful transformation of the second-order equation into a first-order system over time. It also includes the derivation and
proof of stability bounds, the existence of weak solutions, and the convergence analysis of the proposed FEM methods.
In addition, an efficient algorithm is developed to solve the fully discrete nonlinear system at each time step, connecting
theoretical analysis with practical use.

The notations utilized in this paper are outlined in Section 2. In Section 3, we present the standard piecewise linear
FEM to derive a semi-discrete approximation and detail the necessary assumptions regarding the partitioning of . Section
4 formulates the semi-discrete approximation of problem (®) and establishes its existence. Section 5 introduces a fully
practical FEM of (&), along with stability estimates for the fully-discrete approximations. In Sections 5.1 and 5.2, we
demonstrate the existence of a fully-discrete approximation and a weak solution, respectively. In Section 6, we conduct the
computations in one, two, and three dimensions to validate the theoretical findings presented earlier. All simulations were
executed using programs developed in Matlab. Section 6.1 outlines a practical algorithm for computing the approximated
solution. In Section 6.2, we analyze the computational error associated with the fully-discrete error bound across one,
two, and three dimensions. Additionally, Section 6.3 provides simulation results specifically for two-dimensional cases.

2 Notation and Preliminaries

The space L?(¥), defined over ¥ and associated with the norm || - ||o, is equipped with an inner product denoted by (-, -).
Additionally, the notation (-, -) signifies the duality pairing between the dual space (H' (¥))’ and H' (¥), where (H' (¥))’
is the dual of H!(¥). A norm for the dual space (H' (¥))’ is defined as follows:

oy = sup 2 = qup 1) (10)
n0 [l ny=1

Additionally, we define the function spaces that depend on both time and space as L*(0,.#;I") where 1 < a < oo, and
I represents a Banach space. These spaces include all functions ¥ such that for almost every s € (0,.#), y € I', and the
following norm remains finite [35]:

a

O lio.airr = [ IrIEas)

1Y) ll2=(0,.2:) = ess sup [|¥(s)llr-
s€(0,.4)
Additionally, we define the spaces L*(¥ ) = L*(0,.#;L*(¥)), a € [1,e]. Also, we define C([0,.#];I"), the space of
continuous functions from [0,.#] into I, which consists of ¥(s) : [0,.#] — I" so that y(s) — ¥(so) in I" as s — so. The
norm which is associated to the space C([0,.#];I") can be defined as [49]:

1Y) llcqo,.ary = sup [[Y(s)lr-

s€(0,.4
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Additionally, we need the following outcomes as presented in [9, 10]:

[1,00] ifd =1,
H'(¥) S 1P (W) — (H'(W)) holds forp € { [1,00) ifd =2, (11)
[1,6] ifd=3.

3 FE spaces and associated results

FEM is used in this study because it offers a flexible and mathematically sound approach for approximating the strongly
damped nonlinear wave equation. This equation includes second-order spatial derivatives and a diffusive damping term,
—As;. Such equations often appear in complex geometries, varied materials, and nonlinear dynamic systems, where
analytical solutions are usually not available. Finite difference methods may also face problems with stability and
boundary conditions. FEM easily handles irregular shapes and Neumann or mixed boundary conditions. This allows for
precise spatial discretization without losing geometric flexibility. Additionally, its variational formulation helps ensure
that the discrete problem keeps important properties of the continuous system, such as energy stability and conservation
laws, which are crucial for managing strongly damped dynamics. The method also allows for careful control over
approximation accuracy by refining the mesh and choosing basis functions. This makes calculations efficient in one-,
two-, and three-dimensional contexts. Therefore, FEM combines strong theoretical foundations with efficient
computation, making it especially well-suited for the stable and convergent numerical solution of the strongly damped
wave equation.
Let Y’ C H'(¥) represent a FE space defined by:

Y ={weC(¥): 0| is linear VT € T }.

Let {x;}7_, denote the set of nodes of 7, and let {n;}7_, represent a basis for I’ defined by n;(x;) = &, fori,j =0,...,J.

Let 7 : C(¥) — Y be the Lagrange interpolation operator such that 7@ (x;) = ®(x;), fori =0,...,J. Additionally, define
a discrete L? inner product on C(¥) as follows:

J
(@1,02) = [ 701 er(x)}dx = ¥ Mo (x) s (), (12)
¥ i=0

where m; = (@(1;),9(1n:)) = (1,¢(n;)) > 0 which is called the lumped mass matrix. We can show that

(ry, ) = (0, ) Yo, m e C(P). (13)
If x;; := (V¢;, V;), then as the partitioning .7 is acute, we have that (see [40] page 49)

Kj; >0,Vj and x;; <0,Vi# j. (14)
1
We define k;; := (V¢;, V@;), where ¢; and @; are basis functions. The induced norm || - ||~ [(-,-)]2 on the finite-dimensional
1
space I is equivalent to the standard Z?>-norm || - ||o = [(-,-)]2. The following essential properties of the space I are

established and can be found in detail in [45, 12]:
Ci[[8o < 8] <GB0, VOET. (15)

For every 0(x) € ', we define the following:

1 1

EiE= ([P 7{18()"dx)" = (gﬁﬂw(xi)r); if0<r <o, (16)

and
0| := max |6(x;)], if 7= oo, 17
| |, Oﬁjaék| (])l i r ( )

The discrete Minkowski and Hélder inequalities can be defined for all §;,, € C(¥) (and thus also for elements in 1), as
outlined in [37] on pages 271-274, as follows:

1 1
|(61;62)| S |51|,r1|52|,r2a Z—i__ = 17 OSV],VQ Soo, (18)

)
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|81+ &, <[81],+8,, 0<r <o (19)
We require the following estimate, as stated in [50]:
(81,82) — (81,82) | < CH!|81 [l 82111, forall 6,8, €T .k =0or . (20)
We also require the following properties, as stated in [11]:
(I —7)8]jo+h|(I—m)8|; < Ch*|8|, forall § € H*(¥), 1)
|(I—7)6llo1 < Ch?|8],, forall § € W2 (W) d < 3. 22)
It is also helpful to present the following result: For 1 < r < oo, we have the relation:
325 ol <,
18], < / ‘dx) <2785, forall § € W2 (). (23)
w =1 dxxy ’
The inverse inequalities are also presented here: For every 8 € 1, as shown in [10], the following holds:
811,70 < Chog |5|0rw, 1<r<e, (24)
- (rl )
16]l0.ry 0 < Choe ™ ? [6llo,ry7em, 1< <1 <o, (25)
Gy —7y)
1811,y 700 < Chop ™ 27 [81 00, 1< <y <ooo, (26)
where the abbrev1at10n ”7” means “with” or "without” T N

We require the followmg interpolation results: For every n € W!™2(Q), where m € [2,0] if d = 1 and m, € (d, 0] if
d =2 or 3, the following holds:

(7= 7)Moy my < CHT" N1y, 1m1 € {0,13, 27
tim | (7 7)) |1, = 0. (28)
—0
The following inequalities is required [8]:

Cir’nli < Chlnllo < nll-x < Inll-1 < Gslnll-s, Y €T (29)
Let P : L> — Y be the orthogonal projection from L? onto 1", then it satisfies:
(Pp, %) = (p,d%), forall peL? d*eT. (30)
We require the following projection property:
PO <C|[D]1, forall ¥ €H'. (31)
4 A semi-discrete approximation
We introduce the subsequent semi-discrete approximation of the system (4)-(7):
(@) Find {s,q} € T x Y such that fora.e. t € (0,.#)
(%g.1m) +(Vq,Vn) +((s)*n) =0, Vn €T, (32)
(ds;n) +(s;m) = (¢,m) =0, Vn €T, (33)
5(x,0) = Ps(x), q(x,0) = Ps}(x) + Ps3(x) = Pq"(x). (34)

4.1 Global existence

Theorem 1.Assume that ¥ C RY (d < 3) is an open, bounded, and convex domain. Let s°,q° € H' (V). Then, the system

(32)-(34) admits a solution {S’q}, which satisfies the following conditions:
s € L=(0,.4;L4(P)),
q € L°°(0,///;L4(‘I’))ﬂLQ(O,///;Hl('I’)),

ors € L*0,.4(L*(P))'),

g € L3(0,.40:(H' (®))).

(35)
(36)
(37)
(38)
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Proof: We select § = ¢ in (32) and 1 = 7(s)? in (33) to obtain the result that

(3:4,9) + (Va,Va) + ((s),q) =0, (39)
(s, m(s)}) + (s,7(s)}) — (¢,m(s)®) = 0. (40)
By merging (39) and (40), we arrive at the following result
i/ 7r|q|2dx+i/ 7r|s|4dx+/ 7r|s|4dx+/ 7| Vg[*dx = 0. 1)
2dt Jy 4dt Jy v ¥

By performing an integration of both sides of equation (41) over the time interval (0,.# ), we arrive at the result that

1 1 M M
Sla2)1 + ZIIs(x//)HS,ﬁ/O Islf‘4dt+/0 lqltde < C.|¥®). 42)
From (42) and (15), we have that

gl =0 z200)) £ Cs Mslli=0. 20wy <€ Nsllrw ) £Co Nall2o,mm (wy) < C- (43)

By integrating (32) over (0,7) and applying Holder’s inequality, it follows, for all n € L*(0,.#;H' (¥)), that

M
‘ / / 0;q" dxdt
0o Jw

[mLzMH. 1m0y + 1%

I L1 (44)

Utilizing equation (43) and recognizing the embeddings L*(0,.#; H' (¥)) < L*(0,.4;H' (¥)) and L*(0,.# ;H' (¥)) —

L*(¥ ), we conclude that
M
‘ / / 0:q" dxdt
0o Jw

This will produce the ensuing outcome:

<Clnll0,.0:0 (w))-

M
l9qll 3 = sup |f0 Sy Frqm dxdt| <c,

Li 0. 2:(H'(P))) o HnHL“O//lHl( ¥))

which means that

dq € L3 (0,4 (H' (¥))). 45)

By performing the integration of (33) over the interval (0,.#) and applying Holder’s inequality, it can be deduced that,
for every n € L*>(¥ 4 ), the following holds:

M
/ 0y s" dxdt
0o Jy
< (15w 1l + Mg 11| (46)
Subsequently, by employing (43), it follows that:
M n
‘/0 [Pa,q dxdt| < Cllnll 2 -
This will lead to the following result
6" o drsm ]
191|220 p-(120wyyy = SUP =C
CHEOEEOn e e,
which give the following result
s € L*(0,.4;(L*(¥)))). (47)
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5 A fully-discrete approximation

Let . be a positive integer, and define the time step as 6f := % We now consider the following fully-discrete FE
approximation of the system (4)-(7):
(@9 Find S’(.,1),Q0'(.,t) €Y x Y such that Vn € I

(-1
(Q 5tQ )+(VQZ7V'7)+((SZ)37H) =0, Vner, )

SZ SZ |
(T’”) (8m) —(Q",n) =0, VneT, o)
s"=ps, Q" =Pq". (50)

For future reference, it is important to record the following facts:

2k(k—24) = Kk>+(k—A)* =A% Vk,A €R. (1)

Theorem 2.Let 59, g0 € H' (¥) NL* (). Then, for any 8t > 0, there exists a solution {S*,Q"}{Z | to (®"). The following
stability bounds are then valid:

i [”Q’"I\2+IIS’"I\04+||SM|\}+Z|\Qf 0" 1||2+Z||sf s

[R3)

+2ﬁ 6r|VQf|%+ﬁ 6r||sf|é,4+2ﬁ 518! < C(81)* (52)
—1 =1 =1
Proof: By selecting n = Q° in (48), and = n(S*)? and n = S’ in (49), we obtain the following results:
S(0' - 0.0 +(VOLVO) +((8),) =0, 53
5, (8T =87hm(8)) + (85 m(8)?) — (@', 7(5)) =0, (54)
%(sf — 580 4 (s, 8% — (0,8 = 0. (55)

From (53), (54), and (55), it follows that
1

5(5*275*2—175*2)

+(VQ', VO + (85, m(5°)*) + (s°,8") = (', S"). (56)

Taking into account (51), Holder’s and Young’s inequalities, as well as (15) and (5), we deduce that:

50100+ 5 (515 a5 +

1 1
0112 ¢ (=112 4 092 C_ g2 4 0)4 2 014
N §—=S N S
25t”Q [ +25t”Q 0T+ || | +25t” (s St” ; o+ ||,4

1 1
0 (— (— - ( 0
ISP < s ll0t P+ &HS 24 55 ls 1||f‘4+—||Q I+ )|

- 25t
1 1
(=112 4 (—1y2 012 4+ 04 2
S S C(01)”. 57
< 5510 P 4 5 I8P+ 5 QP+ IS + () (57)
Adding the given equation over £ = 1,...,m for m < .2, multiplying the resulting expression by 8¢, and incorporating the

assumptions regarding the initial conditions, leads to the conclusion that

max_[[|Q" |+ |s”
m=1,....¢

IS }+Z lo" -0 1|\2+2 s =112

m m m
+2Y 81|[VQ'5+ Y 8t sl +2 ) 8t
(=1 (=1 (=1

< NI+ UIS°N2 + 118 +C(8n)°. (58)
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5.1 Existence of the approximations

Using a similar methodology as detailed in [18,19,20,21,27,25,28,3,26,5,6,22,23,4], we define the functions A; : 1" X
Y —TandA,:T xY — 1. This formulation is intended to demonstrate the existence of solutions S and Q for the system
(48) and (49), for £ > 1, where S~ ! and O’ ! are given. This solution satisfies, for all 7 € 1, that

(44(5,0),m) = (0— 0", n) +81(VQ, Vn) +81(s*n), (59)
(As(S,0),m) = (S—S"".n) +6¢(S,m) — 81(Q,m). (60)

The continuous piecewise linear functions A and A, are uniquely determined by their values at the nodal points 4", as
outlined below. This uniqueness is verified by substituting ) = ¢; into equations (59) and (60) for j =0,...,J, resulting
in solvable square matrix systems.

MA(S,Q) = 51,

MA,(S,0) = S,.

Here, the matrix M represents the lumped mass matrix previously introduced. The vectors S and S, are constructed using
the nodal values of S, Q, =1 and QZ_I. As aresult, the functions A and A, are clearly and uniquely defined.

Equations (59) and (60) allow us to reformulate the problem (¥%) in the following manner:
For given {$°,0°} € T x T, find {S,Q} €Y x T, £ > 1, such that

As(S,0)=0, A,(S,0)=0. (61)

Lemma 1.For every Z > 0, the mappings As : [T]% — T and Ay : [T]?g, — 1 are continuous functions, where

= {{m,nz} €T X T : [+ mal? s%ﬂ}.

Proof: Given {S1,01},{S2,0,} € [Y']?, it follows from (59) that for any 1 € 1", the following relationship is satisfied:

(Aq(Slan) 7Aq(527Q2)an) = (Ql 7Q27n) +6t(le *VQQa Vn) +5Z(S?7S%7n) (62)

Selecting n = A4(S1,01) —A4(S2,02) in (62) and applying the Cauchy-Schwarz inequality alongside (24) and (15), we
obtain the following conclusion:

Ag(S1,01) — Ag(S2,02)[” < |01 — 02| [44(S1,01) — Ay (S2,02)|

+ Ch™'5t|Q1 — 0| [|A4(51,01) — Agq(S2,00)|

+ 81|87 — 83| |Aq(S1,01) —Ag($2,02)]. (63)
The Cauchy-Schwarz inequality implies that

81[s3 — 83| < Cor(|si[2 + (2|2 [S1 = 8o < €Bt[$1— 5|, (64)

Using (63) and (64), it follows that

[Ag(S1,01) — Ag($2,02)| < C(8t,h 1) (|S1 = 2| +101 — Qa). (65)
From (60), we conclude, for every 1 € T, that
(A5(S1,01) —Ag(52,02), M) = (S1—82,1) +8t(S1—S2,m) — 6¢(Q1 — 02,71). (66)

Setting 1 = As(S1,01) — As(S2,02) and applying the Cauchy-Schwarz inequality, we arrive at the following:
2
|As(S1,01) = As(S2,02)|” < [S1— 52| [As(S1,01) — A(S2, 02))|
+ 81|81 = $2|[As(S1,01) — As(S2, )|
+ 81|01 — 0a| |As(S1,01) — As($2,02)|. (67)
Therefore, we can infer that
|As(S1,01) — Ag(S2,02)| < C8t(|S1 — S2| + |01 — Q2] ). (68)

The results in (65) and (68) show that A, and A, are Lipschitz continuous, respectively. ]
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Theorem 3.Ler S'' and Q'~" € Y represent the solution at the ({ — 1)-th iteration of (¥:%), where £ =1,2,...,.%. Then,
for every > 0, there exists a solution pair {S,Q} € [Y|%, corresponding to the (-th iteration of (¥"°").
Proof: Let % > 0, and suppose that there is no pair {S,Q} € Y x I such that A,(S,Q) = A,(S,Q) = 0. Given that the

functions A,(S,Q) and A,(S,Q) are continuous over [Y']%,, we can define a continuous mapping % : [Y']%, — [Y']%, as
follows:

HB(S,0) = (%:(S,0), %54(S,0)),
where (S, Q) and %,(S, Q) are as follows:

B —ZA(S,0)
Hs(S,0) = |(As(S,0),A4(S,0))|r <1’ (69)
25.0) - —RA,(S,0)

|(AS(SvQ)7 ( 7Q))|Y><Y

where |(., ')|[Y]§y is the standard norm on [Y']%, defined by

2
| 22) lr<r = (L 1xl?)2
i=1
The continuity of the function 2 follows directly from the continuity of A, and A,, as established in Lemma 1. Since
[T]%J is a convex and compact subset of 1" x ', Schauder’s fixed-point theorem guarantees the existence of S,Q € [T]%]
that are fixed points of A, expressed as:

H(8,0) = (#:(S,0),%4(5,0)) = (5,0).
Additionally, from (69), it is evident that the fixed point {S,Q} satisfies:

IS+ 1017 = |B:(S, Q)] +|%,(S, Q)] = %*. (70)
By setting 1 = Q in (59) and n = 7S in (60), it follows that:

(44(5,0),0) = (0-0"",0) +81(VQ, VQ) +51(5%,0), (71)
(A5(S,0),78%) = (S—5"",7S?) + 6t(S,7S?) — 5t(Q, 7 S*). (72)
From (51) and the application of Young’s inequality, we deduce that

1
(0-0""0) > 5(lof* - 1'P), (73)

and :
(S—81 ns%) > 3 (IS[% = 1S 1%)- (74)

By combining (71) and (72), and taking into account (73) along with Young’s inequality, we conclude that for #
sufficiently large:

(A4(5,0),0) + (A(S,0),8°) > :

| _ 1, 4 1.,
2|Q| _§|QZ l|2+§‘5|74_§|55 I|fl4‘f' 5f|Q|%+5f|S|fl4

> min{8t}{|Q|” + |s[',} —c(@"',s" ")
Z%Z_C(QZ—I,SZA)ZO. (75)

Acknowledging that {S,Q} is a fixed point of the function 28, and taking into account (69) and (75), we deduce that for

sufficiently large Z, the following relation holds:

Z[(Aq(S,0),5) + (As(S,0), mS?)]
|( (S Q aAq(SaQ))lTXT

(Q, Q) +(S,78%) = — <0. (76)
From (70), it follows that:

(0,0) + (S, m8°) = Q] + S| = %> = 0. (77)
It is evident that (77) contradicts (76). This contradiction ensures the existence of a pair {S,0} € T x Y such that
Ay(S,0) =Ay(S,0) = 0. Consequently, this implies the existence of a solution, denoted as {S,Q}, for the n-th time step
of the problem (@%"). O
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5.2 Existence of a weak solution

We start by presenting the following definitions:

sy = (F5=t)s + () refnl ez 1, 78)
o = (S5 )0+ () re a1, (19
and
St(e)=58" S7(t)=8"", te(t_1,14],0>1, (80)
0T(t)=0" 0 (1)=0"", te (1] >1. (81)

After identifying equations (78), (79), (80), and (81), it can be concluded that
s St—8§- B St—8 _S=85

9 - - — > ] 2
at St ty—t [fte_l’ IE(Z‘Z 17@))6_ ) (8 )
00_0"-0" _0-0_0-0°
I = = t tr_1.t0). 0> 1. ’3
ot 8t th—t  t—tpy’ € (tr-1,10), 4 > (83)
By utilizing the notation introduced earlier for problem ('f”‘s’ ), we can express it in the following form:
e 2 V4 X
Gy mdet [T (voT Vmde s [T (s mar = 0 &4
A 98 M Y4
/ (—,n)dt+/ (S+,n)dtf/ (Q",n)dr = 0. (s5)
0o ot o 0

Theorem 4.Assuming the conditions of Theorem (2) hold, there exists a subsequence of {Si, Qi} that solves (84) and
(85) as h — 0, such that:

S,8% ~*s in L*(0,.4;L*(¥)), (86)
0,0 =*¢q in L=(0,.4;L*(¥)), (87)
S,8% ~*s in L™(0,.4;L*(¥)), (88)
0,0f —~q in L*0,.4;H'(¥)), (89)
S,8F =5 in LY(¥,), (90)
0,0" —»q in L*(¥y), o1
90— dq in LI(0,.4:(H'(P))), ©2)
S = ds in L*0,.4;(L*(¥))). (93)

Proof: The convergence results above are derived from the bounds in (2) and the fact that the spaces L*(0,.#; (L*(¥))'),
L*(0,.#;(H'(¥))"), and L*(¥,) are reflexive Banach spaces. Furthermore, the spaces L*(0,.#;H'(¥)),
L=(0,.;L*(¥)), and L=(0,.#; L*(¥)) are the duals of L' (0,.;(H' (¥))"), L' (0,.4;L*3(¥)), and L' (0,.4;L*(¥)),
respectively. While these dual spaces are separable Banach spaces, they are not reflexive. g

6 Computational results

In order to verify the theoretical results and illustrate the practicality of the approximated solutions, this section presents
computations in both one and two dimensions. First, an efficient algorithm was developed to compute the approximated
solutions. Next, the computations were executed in both one- and two-dimensional spaces. Additionally, the results for the
fully-discrete system in one and two dimensions were analyzed and presented. All computations were performed using a
fully numerical approach. All computations in this study were done with a fully numerical finite element implementation.
We used piecewise linear basis functions for spatial discretization, and we applied an implicit backward Euler method
for time integration. We solved the resulting nonlinear systems at each time step with a Gauss-Seidel method. All matrix
assembly, linear algebra operations, and post-processing were done numerically in MATLAB (R2023a) without symbolic
computation. This numerical approach guarantees efficiency, scalability to higher dimensions, and the ability to reproduce
results.
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6.1 Computational algorithm

To address the nonlinear algebraic system arising from the approximated problem, denoted as ((D’S’ ), at each time step,
we introduce the following efficient solution formula:

(@;%"): Given Q0,80 € T, then for 1 > 1 find {Q**,S%} € T x T, forall € T, such that

(i l—1
(S5 ) + (0" )+ (8™ m) =, 94)
Sé,lisifl
(S5 m) +(s"m) — (@".m) =0, 95)

The process begins with the definitions Q° = 790 and S° = 7°0. For time steps £ > 1, we initialize 0 as Q*~! and §¢0
as $'~1. To formulate a linear system of equations, the system (94) and (95) is tested against ¢;, where j ranges from 0
to J. This results in 2 x (J 4 1)? linear equations. The Gauss-Seidel iteration method is employed to solve this system.
Although the convergence of the Gauss-Seidel method has not been formally established, numerical experiments at each
time step demonstrate that it converges within only a few iterations. To ensure the accuracy of the iterative solution, the
following stopping criteria are employed:

max{|QZ” _ Qé,l—llo7007 |S€,l _ S€’1_1|0,m} <p= 10_8. (96)

If the condition stated earlier is met, we update the values as follows: S¢ = §* and Q' = Q.

6.2 Error computations

To evaluate the error, we modify the problem (&) by adding a source term f(x,#) and g(x,¢). This modification changes

the system represented by equations (4) and (5) into the following form:

dq—Ag+s’ = f(x,1), 97)
oas+s—q=g(x,t). (98)

As a result, we examine the following improved FE approximation of problem ((D,’&):

(@,’6[): Given 00,50 € T, find {Q"', 8"} € T x T, forall n €Y, such that

{1 l—1
(%,n) + (VO™ V) + ((S™)*.m) = (F(x.1).m), ©9)
Sé,l_Sf—l . .
(Tvn)“l‘(S’,T])—(Q’J‘I) Z(g(XJ),T])- (100)

6.2.1 One-dimensional error

This section provides two computational examples to solve the system defined by equations (99) and (100) under
homogeneous Dirichlet boundary conditions and predefined initial conditions. To simplify the analysis, all examples are
conducted within the spatial domain ¥ = [0,1] and over a time interval .# = 1. The initial conditions, boundary
conditions, and source terms f(x,#) and g(x,#) are tailored to align with the exact solution for each case. The spatial
domain ¥ = [0, 1] is initially divided uniformly into J intervals, forming a square mesh. Each element of the mesh has a
size denoted by /1 = 1/J, while the time step is chosen as 8¢ = 10~*. The exact solutions are defined as follows:

s(x,t) = sin(27x) exp(—2t).

The errors in the L!, L2, and L™ norms are provided in Table 1.

6.2.2 Two-dimensional error

In a two-dimensional context, governed by the system described in equations (99) and (100) with Dirichlet boundary
and initial conditions, the spatial domain is confined to ¥ = [0, 1] x [0, 1]. For simplicity, the time interval is defined as
[0,.#] = [0,1]. The initial and boundary conditions, as well as the source terms f(x,y,#) and g(x,y,t), are specified to
correspond to the exact solution for each case. A time step of 8 = 10~# is used for the simulations. The exact solution is
given by:

s(x,y,t) = sin(27mx) sin(27y) exp(—2¢).
The errors in the L', L?, and L*-norms for these simulations are presented in Table 2.
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J L L2 L=

10 3.27E-03 1.19E-03 4.55E-03
20 7.82E-04 1.96E-04 1.18E-03
25 4.98E-04 1.11E-04 7.50E-04
40 1.91E-04 3.36E-05 2.93B-04
100 1.22E-04 1.91E-05 1.87E-04
200 3.01E-05 3.34E-06 4.68E-05
250 7.49E-06 5.88E-07 1.17E-05
400 4.79E-06 3.37E-07 7.50E-06

Table 1: Discrete L!, L?, L*-norms error for one-dimensional example.

J L L2 L=

10 2.18E-03 2.88E-04 4.22E-03
20 5.07E-04 3.18E-05 1.15E-03
25 3.21E-04 1.59E-05 7.30E-04
40 1.21E-04 3.76E-06 2.86E-04
100 7.69E-05 1.90E-06 1.82E-04

Table 2: Discrete L', L?, L-norms error for two-dimensional example.

J Ll 2 L

10 2.89E-02 1.38E-03 7.76E-02
20 2.68E-02 4.21E-04 9.13E-02
25 2.66E-02 2.92E-04 9.09E-02
40 2.53E-02 1.38E-04 9.16E-02
100 2.50E-02 9.74E-05 9.11E-02

Table 3: Discrete L', L?, L-norms error for three-dimensional example.

6.2.3 Three-dimensional error

In this section, we provide a three-dimensional example, focusing on the system described by (99) and (100) with Dirichlet
boundary and initial conditions. For this case, the spatial domain is simplified to ¥ = [0, 1] x [0, 1] x [0, 1], and the time
interval is set as [0,.#] = [0, 1]. The initial and boundary conditions, together with the source terms f(x,y,z,¢) and
g(x,y,z,t), are defined to align with the exact solution specific to each scenario. A time step of 8t = 10~* is used. The
exact solution is specified as follows:

s(x,y,2,t) = sin(27x) sin(27y) sin(27z) exp(—21).

The errors in the L!, 1.2, and L*-norms for these simulations are shown in Table 3.

Tables 1, 2, and 3 show the discrete L!, L2, and L™ norm errors of the proposed numerical method for the one-, two-,
and three-dimensional versions of the strongly damped nonlinear wave equation. As the mesh size, or grid resolution
J, increases, we see a consistent reduction in error across all norms. This confirms that the method is both stable and
convergent.

In the two-dimensional example (Table 2), the L', L, and L norm errors drop sharply as J grows from 10 to 100.
This shows second-order accuracy in space. Such behavior suggests that the numerical discretization captures the spatial
changes in the solution well, without causing much numerical diffusion or dispersion.

For the three-dimensional example (Table 3), the initial errors are slightly larger due to increased complexity, but the
scheme still shows a steady decline in error with improved grid resolution. Notably, the L?> norm displays almost a steady
decrease, demonstrating the method’s strength in multi-dimensional cases. The slight changes in the L™ norm are expected
because of nonlinear interactions and boundary effects in higher dimensions. Overall, the numerical results confirm that
the proposed method yields accurate, stable, and converging approximations for the strongly damped nonlinear wave
equation across different spatial dimensions.
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6.3 Two-dimensional simulations

Example 1.We choose the initial data as [7]:

5(x,3,0) = exp(—(x+2)* —y%) +exp(—(x—2)* =), x,y € [-8,8] x [-8,8], (101)
5:(x,,0) = exp(—x> —y?), x,y € [~8,8] x [~8,8]. (102)

We solve this model with the following parameter values: 6 = 0.000001, and J = 320. The solutions of this example at
A =0,0.3,1,2,4 and 5.5 are shown in Figure 1. Figure 1 displays the time evolution of the numerical solution s(x,y)
for Example 1 governed by the strongly damped nonlinear wave equation. The initial condition consists of two symmetric
Gaussian humps centered at x = +2 (see Eqgs. (101)—(102)), which interact and evolve over time. As the time variable
A increases from O to 5.5, the two distinct peaks gradually merge due to the combined effects of strong damping and
nonlinear diffusion. The early stages of humps’ separation and interaction are depicted in subfigures (a)—(c), whereas
the later stages of energy dissipation and the appearance of a single smooth structure close to the origin are shown in
subfigures (d)—(f). This numerical behavior demonstrates how the strong damping term —As; stabilizes the solution by
effectively suppressing oscillations and guiding it toward a steady state.

-6 -2 X 2 6

(b).# =0.3

6 2 X 2 6 -6 -2 X 2 6

(d) A =2 (e) M =4 6 A =55

Fig. 1: The solution s(x,y) for Example 1

Example 2.In this example the following initial conditions has been considered [54]:

(103)

(ri3,0) = —(xF 3% 40.0) ifxT+y3 <073, xye[-1,1]x[~1,1],
> 0 otherwise ,

s,(x,y,O) = 1OS(x7y7O)7 X,y € [_171] X [_171] (104)
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This example is solved at 8t = 0.000001. The answers to this example at . = 0,0.3,0.6, and 1 are provided in Figure
2. The temporal evolution of the numerical solution s(x,y) for Example 2 is shown in Figure 2. This solution is initialized
with a non-smooth, diamond-shaped profile defined by Eqs. (103)—(104). The piecewise definition of the initial condition
is characterized by sharp corners and steep gradients, which are present in the solution at the initial time .# = 0. Panels
(b)—(d) show how the strong damping term —As; in the governing equation introduces diffusion and smoothing effects as
time passes. With energy dissipating over time, the initially sharp structure quickly transforms into a smooth, symmetric
profile centered at the origin. This change demonstrates the damping mechanism’s potent regularizing power, which
guarantees the decay of high-frequency components and stabilizes the numerical solution, guiding the system toward a
stable, spatially smooth configuration.

-0.6 0 X 0.6 -0.6 0X 0.6
(@4 =0 (b).# =0.3

-0.6 0X 0.6
(c) # =0.6 @2 =1

Fig. 2: The solution s(x,y) for Example 2
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7 Conclusions

FE analysis of strongly damped wave equations has been studied in this paper. The order of the differential equation with
respect to the time derivative has been transformed from second order to first order. Then, Galerkin FEM has been applied
to strongly damped wave equations with stability guarantees under general FE spaces and this method providing accurate
solutions for this equation. Moreover, this method is effective for strongly damped wave equations with rapidly varying
data and provides improved numerical stability. The approach used in this article can also adapt to stochastic versions of
these equations, with error estimates provided for semilinear stochastic models.
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