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1 Introduction
We consider the following coupled system of nonlinear multi-term fractional differential equations:

PI5 00 = i (100, w(1).PZ 0 (1) PIIY (D)),

o 1€10,0], (1)
PIEw () = 2 (o). w0 PR (1) PV () ).

with the integral conditions
("7 9) (07) = (P7yw) (0%) =0, @)

where p,¢ >0, 0 < §;j < o < 1 and f; : [0,¢] x R* — R are continuous functions for every i, j € {1,2}. The operator
PP, and P folfo‘ represents the Katugampola fractional derivative and integral of order o > 0, respectively.

The initial value problems are a vast and significant area of research, as these problems have applications in various
scientific fields. Recently, so-called fractional initial value problems have appeared and become widespread, allowing the
modeling of many real-world phenomena, as well as giving an understanding of some mathematical problems such as the
Abel equation [22],

/IY(S)(I—S)aflds:f(t), 0<oa<l1.

Recently, the resolvability of fractional differential equations with different kinds of initial or boundary conditions has
witnessed a remarkable trend, which has led to the publication of many works in this regard, for example, but not limited
to, see [2,4,5,6,7,8,9,10,11,12,13,14,16,21,23] and references cited therein.

The existence and uniqueness result of the coupled system of fractional differential equations (1) with integral
boundary condition has been investigated in [3], but the functions f; dependent on time #, unknown functions ¢ and
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@(@zl]/ while f, dependent on time #, unknown functions y and @5&1 ¢. The authors in [20], studied the existence and
uniqueness of the solution for system (1) with integral conditions where the functions f] and f, dependent only on time ¢
and unknown functions ¢ and y. A similar result was found in [23], where the function f| dependent only on time ¢ and
unknown function ¢ and f, dependent only on time ¢ and unknown function .

The main contribution of this paper can be summarized in obtaining the existence and uniqueness result of a coupled
system, with some conditions on the functions of second member f; and f5.

The organization of this paper is as follows: In Section 2, we describe some preliminary concepts related to the
proposed study; in Section 3, we give some existence and uniqueness results for the problem (1)—(2). The results are
based on Schauder’s and contraction mapping principle fixed point theorems in a special Banach space. In Section 4, two
examples are presented to explain the application of our main results. Finally, we present some conclusions in Section 5.

2 Preliminaries

Here, as in [19], we will look at the Katugampola’s fractional integral, derivative and some of their properties. Let
reR, pe[l,o] and

X ([0,4],R) = {(p :[0,£] — R Lebesgue measurable and [|@||yr < oo} ,

with the norm

r 1/p
(éwdt) , for 1 < p < oo,

Iy = ess sup {t"|o(1)|}, for p = oo.
o<t</t

Let C([0,¢],R) be the collection of continuous functions from [0, ¢] into R with the norm

9]l = sup [ ()]
0<t<t

Then C (]0,¢],R) is Banach space.
Definition 1([17]). The Katugampola’s fractional integral of order o € Ry of a function g € X} ([0,€],R) is defined as
I—a

P IS g(r) = ﬁ(a)

[ gs)as, reloa, )
0

Jor p > 0. This is a left-sided integral.
Similarly, for the right-sided integrals definition. From Definition 1 we can infer

(1o ) Prete) = P850, @

Definition 2([18]). The generalized fractional derivative of order & € R, corresponding to the Katugampola’s fractional
integral (3) is defined for any t € [0,{] as

d n
"7 a0 = (105 ) CA 0
p(x—n+1 l—pd nooet p—1p  pyn—o-l
o) (t o /Os (P —sP) g (s)ds, )

if the integral exists. Here p > 0 and n = [at] + 1, with [-] denotes the integer part.
Lemma 1([7]). Let a,p > 0and g € C([0,£],R). Then:

1. The equation? 9 g (t) = 0 has a unique solution

n
g0)=Y P @ n=la]+1, ¢ R,
i=1
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2.1fP9g g(t) €C([0,4],R) and 0 < o < 1, then
PISL P g(t) =g (1) + e, ©)
for some constant ¢ € R..
3. Let0 < B < a < 1besuchthat? 7 g(t) € C([0,4],R) then
l—a+B (p gl-a +
- P Zor "8) (07) sap
pfoti P pﬁ(ﬁré’(” = p‘@(l)3+g(t) - F((OCO+B) ) tp(a P I)' (7N
Moreover; if (pfolfag) (07) =0, we have
P o) <2 P (8)

¢p(a—p)

P
where A’a*ﬁ = m.

3 Main results

Below, we prepare some important lemmas to illustrate our main results.

Lemma 2. Let (9, y), (P29, PZ,2y) € C([0,{],R) x C([0,£],R). Then the problem (1)~(2) is equivalent to the

fractional integral equations:

0 (1) = [ Gay (1,5) /1 (5:9(), W (), PZI 9 (s) , P 752y (s) ) ds,
V(1) = [§ Gay (1:5) 12 (5,9(9), W (), P22 0 (5) ,P 72y (s) ) ds,

pl—aisp—l

gy (P —sP) %71

where Gy, (t,5) =
Proof. Applying Pfooi‘ and P foof to the first and second equations in (1), respectively, we get
PI LT = P A i (100 W (). P A0 P AV ) ).
PPy (1) =PI fo (1.0 (0. W (). "D 0 (1) LI (1) ).
By using the relation (6), we obtain
W) =PI 1 (10 (). V(). PZR (1) PALRY () ) — e,
V() =P 12 (100 W (), P D 0 (1) PR (1) ) - carP@7D),
for some cy,c; € R. Taking into account the condition (2) and the fact that
PP @) = p*IT (a),

we find
O::GJQJM¢)(Uw::*ﬁPm_UXaO = =0

and
0= (Pfo';o‘zw) (07) = —c2p® ' T (o) =, =0.

Combining the results (11), (12) and (13), we obtain (9).

©))

(10)

1D

12)

13)
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Let us define the following Banach spaces [7],

E={pecco.q.R)/(*7 ") (0%) =0},

with the norm
[olle= sup |@(1)|
o<t/

and
F={vec(o.0.R)/(°5v)(0%) =0},
with the norm
Wl = sup |y ()]
o<t/

Again the product space (£, ||| ) is a Banach space with norm ||(@, ¥)||o = ||@||z + || ¥||F forany (¢, ¥) € Q = E X F.
Now, we define an operator .7 : Q — C([0,¢],R) x C([0,],R) by

T (9.v) (1) = (To (0, ¥) (1), Ty (0, ¥) (1)), (14)
where
To (@) () = [ Gay (5111 (5,005, (5), T 05 P72 5) ) i,

Ty @)1= [ Gar 15)12 (5,005)w(5),P7E 9(5) TP w () ),

and G, (1,5) = P (1P — P) "
Lemma 3. Let the integral operator 7 : Q — C([0,€],R) x C(]0,£],R) given in (14), equipped with the norm
17 (9, W)ll = sup [Ty (9, ¥)[+ sup [Ty (@, )]
0<r<t 0<r<t
Then T () C Q.

Proof. Let (@, y) € Q. From (14), we have
(P77 Zo (0, 9)) () = P27 P 5 i (1,0(1),w (1), P73 0 1) P 70w (1))
=PI fi (10 () W0, P2 (1) PIP (1))
and
(P70 Ty (0.1) () = A= 05521 (1,0 (0, W (1), P D 0 (1) P 72y (1)
o+ y\¥ o+ or 2\Le), ylt), or P ) or ¥V
= 1 (100, W (1), PR 0 (1) LAY (1) ).

Using Definition 2 and relation (4), we get

) N )
(P T l0.0) ()= P73 P L0 (1) = °.) <’lp5) PN (1) = Pl M (1)
and
. o )
(P AT (0.9)) () = P 0 P w (1) = P A ("pa) Py (1) = Pl ().
Thus

5000 09— (500 070
Asaresult 7 (Q) C Q.
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Getting ready to present our results, we propose the following hypotheses:
Hyp.1. Let f1, /> : [0,4] x R* — R are continuous functions and there are two strictly positive constants k; and k, such
that

4
|ﬁ(t7(P1a(P27(P3a(p4)_ﬁ(tawlaWZaw3aW4)| Sklz ‘(Pj_Wj|7 i=1,2,

j=1
forallz € [0,/] and ¢, y; € R, i =1,2,3,4.
Hyp.2. There exist a positive functions a;,b; € C([0,¢],R), i =1,2,...,5 such that

|f|(t (Pla(p2(P3(P4|<al Zal |(Pl

and

5
|f2(t7(P1a(P27(P3a(p4)| <b (t)+zbi(t)|(pi|’
i=2

forany @; € R, i=1,2,3,4andt € [0,].
To simplify the computation, we adopt the notation:
gp(ai—ﬁ_/i)
AL =AP ,
7~ Te i~ poBL (14 a5 — Byy)

al*()nglax |al()|a bi:(gflg[|bi(t)|ﬂ i=1,2,...,5,

Go= L G max{Guy,Ga)
= = = X
o F(a+1); apry ™Moy
a+b;
dy = — _ 2P0 T 2P _
mll’l{l 7(141” 7b4/112, 1 7(15)L bsl’{, 2}
b — max{dg+l_72,dg+l_73}
2T mll’l{l 7(34&” b4/112, bsl’{, 2}
with
_ Go kiA> + Go ko A
‘max {a3+,~,1i‘f+b3+,-x;;,klxﬁ+k215, o1 T ol '2} <1. (15)
ic{1,2} Ga,-

Now, we present the principal theorems
Theorem 1. Assume (Hyp.1) holds. If
(kl Gal + kz(_;az) (_;

ler?llg} {Ga (kl GO{] Aﬁ + kZGOQA’lg) }

kg = <1, (16)

then the problem (1)~(2) has a unique solution on [0, ¢].
Proof. First, we define the fixed point problem, which is equivalent to the one problem (1)—(2) by

T (0. y) (1) = (@, ¥) (1). (17)
Let (,y), (@, W) € 2, then we have

| o (0.9) (1)~ To (6, W) (1)|
=[G 19) [ (5060 w(5). P 7 05) P AP 5))
~fi (5.8 ) W) P B (5) P AW () ) |

:/(:Gm(t,s)[f"@g‘m() P75 (s)] ds

1
< [ Gu (1) P 751 0() = P 71 | ds
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204 B. Lekdim and B. Basti: Coupled system of multi-term Katugampola fractional differential equations

Using Holder inequality and the fact that

t (t.5)d p P
su G t,s)ds = ——,
ogrlg)z o I'(o+1)

we get
17 (0.%) (1)~ 7 0.9 0).. < [ Gan (125)ds P 7
p—algp 1
L Py
And in the same way, we obtain
0 pp oo

| Zy (0, w) (t) = Ty (0, 7) ( ||N_w||”@§? V() =PI

Also, we have

17 (9, 9) (1) = 7 (¢, %) (1),

By taking into account the hypothesis (Hyp.1), we obtain

& P00~ 7500 <[00~ 5 0)|+ W) - V(0] + P70 (1) -

v -ralv|.

Using the equality (8), we get

1 _
E\p%‘ifp(t)*”@gfﬂfp(tﬂSI(P(I) e +AL P25t (1)~ P 75t @

D],
®]...

||<>o

<G [P 210 (1) =P 710 (1) |, + G | 752w (r)J@“Z'(r)H
<6(lP7to0-r256 0|+ P 7w (0~ 750

Hoo

+Hw () = w0+ 23 [P 252w (1) = P 272w (1) ...

Consequently

1 _ _
o P28 (t) P28 00 || <o)~ @) +AL P28 0 (1)~ P25 0 (1) ]|,

Iy @O = Ol + 23 [P 752w () = P 720 ()| .

In the same way, we can get

—H" 0w ()= P72 ()], <o) =@l + A0 [P Zpt 0 (1) —
Hw () =Tl + 25 [P 22w (1) -
Multiplying (21) by kl(_;a] and (22) by kzéaz, then take the sum, we obtain

Gon [P 25t 0 (1) = P75t @ (1) | .+ G [P 752w (1)

< (kiGa, +sza2){||<P(t) ()IIJIIW() (1)}
+ (kG ALy + kG, AD) P Dt 0 (1) = P 2510 (1) ]|
+ (kiGoy A5 + kG, AD) [P 22w (1) — P 22w (1) ||,

oo

p ().,

P73 (0)]

(18)

19)

(20)

21

(22)

(23)
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Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



JIMS 17, No. 2, 199-209 (2024 ) / 205

thus

min {6~ (kG +hGa )} [P 75100 P70 )|+ P72 w0 - P 72w 0]

< Gay — (kG Af) + kG AD) | 75t 0 (1) = P75t @ (1),
+G(12 - (kléal A2pl +k260¢2)’§2) Hp.@gfw(t) - p‘@(;?l’_/(t) Hoo
< (kiGa, +kaGay) l(@ (1), w (1) = (@ (1), W (1))l (24)

relation (15) guarantees that r?m {Go, — (k1 Gy Al +k2G oy A5) } > 0, then
ie{l,2

P gitow -7+ P70 - P70

kléoq +k2(_;a2 N _
< - (\Bod? oG]y (@O ¥ ) =00 ¥ Ol 25)
ic

Combining (20) and (25), we get
17 (@, 9) (1) = T (9,%) ()llg <ka (@), w ()= (@(1),¥(1)aq-

where _ _ _
(k1Go, +k2Go,) G

lenglll%} {Ga (kl Ga] A’lll) + kZGaZA’lg) } .

ke =

Since kg < 1 according to (16), then .7 is a contraction operator and has unique fixed point following the Banach’s
contraction principle [15]. Which means that the problem (1)—(2) has a unique solution on [0, ¢].

Theorem 2. Assume that hypotheses (Hyp.1) and (Hyp.2) hold. If we put
Gd, < 1, (26)
then the problem (1)—(2) has at least one solution on [0,{].

Proof. As in the previous proof, we will prove that the operator (17) has a fixed point using Schauder’s theorem [15]. This
is done through three steps:

Step 1: A is a continuous operator. Let (¢,, ), be real sequences such that (¢, y,,) — (@, y) in Q.
Using the same techniques used to prove theorem 1, then by replacing (§, ) by (¢,, ¥,), the relations (21) and (22)
became

—||" ot @n (1) — pgg‘lfp(f)HmSIIan(t)—fp(t)l\erMpl 1P Dyt pn (1) ®]..
v (0) = W ()l + 23, || Zg2 i (2 @gizll/(f)ﬂm 27)

and

CIP 72 0P 75w 0] < llou®) - 90+ 25 P75t 1) P@%¢ung

i (0) =y ()l + A% [P 252y (1) = P T2y (1) |- (28)
By combining (27) and (28), we obtain
||p +‘Pn() p@ ||00+Hp +W”( p‘@gf‘/’(’)nm
(k1+kz)
< (1), Ynll)) — 1),y )
< i (=0 Af —ai? [(@n (1), ¥ (1)) = (@ (1), W (1))l o

ie{1,2}

and from (15), we answer that mln% {1-kAfl —kAb} > 0. As (@n,yn) —> (p,y) in Q, then
16 n—oo

(P25t on P D5t wn) —> (PD5t 9, P Z2w ) forallt € [0,4].
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206 B. Lekdim and B. Basti: Coupled system of multi-term Katugampola fractional differential equations

Now, let 8 > 0 be such that for each 7 € [0,¢], we have
Sup{‘p-@gl% (t)| ) pg(()xfl/’n (t)| )

PIyte ()] [P 752w ()]} < 6.

Then, we have

Gay (15 [ 1 (5,00 (5) ¥ (5). P25 0 (5) . P T2 i (5))
I CUIORTORL IO STOM|
=|Ga, (t,5) (P Dot o (s) = P D5t 9 (5))|
<Gy (t,5) \p@éﬂ O (s) — p@(()ﬁ(P (s) ‘
< Gay (1,5) (P2 0u ()| + [P 252 9 (5)])
<28Gq, (1,5)
and in the same way we find
G (1,5) (|P 22y (5) — P D2 (5) |) < 28Gay (1,5) ds.

Which means that the functions s — 6Gg, (¢,5) , i = 1,2 are integrable for all # € [0, ¢].
Then Lebesgue dominated convergence theorem is applicable to the following

[ G 0.9 [ (50,09 702 00 6) P 7400 )

S CIORTORL A IONLZSTON I
=T (@n, Y1) (1) = T4 (9, y) (1) —0

and
\ | G (1:5) [12 (5:02 5). v 9). P 25110, (9) P T 9))
£ (5005),w(5). "7 0(5) LAY (5) ) | ds|
=Ty (o ) (1) = Zy (9, 9) (1) —> 0.

Therefore

17 (@, v) (1) = 7 (¢, %) (1)l g — 0

n—yoo

Hence the continuity of the operator .7.
Step 2: A(B:) C B:. Let B be bounded, closed and convex subset of 2, define by

B:={(o.¥) e/ (o, ¥)]a <7},
>4
where T > (1/G—a)
Let .7 : By — Q be the operator defined in (14). Then by applying the inequality (8) and hypothses (Hyp.2) for all
t €10,¢], we have

PoEe0| =] (o) v P70 () P (0)| )

<ar (1) +ax ()@ ()| + a3 ()W ()] + as (1) P20 0 ()] +as (1) P 252w (1)
<14+ (1) 33 [ ()l + @0 [P 520 ()] + sy [P 252w (o).

and
Pae 0] =] (te . V). P70 () PV () )| (30)
<bi (6)+b2(0) |9 (1) + b3 () [w (1) + ba (1) [P 25 0 ()| + b3 (0 [P 72w ()]
<B14Ba |9 (1) + B |y (1)l +-BaAD, [P 2570 1)+ D52 [P 752w (1) ..
©2024 YU
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Combining the results (29) and (30). Similarly to (20), for all (¢, ¥) € B; we get

17 (9, ¥) (1)llg < Gdi + Gdat
d

= (1/G—dy)

(1/67612) +d2"L'

<.

Then, we conclude that 7 (B;) C B;.
Step 3: A (By) is relatively compact. Let t1,1, € [0,€],1#; <t and (@, y) € B;. Then, we get

| T (0,¥) (12) — T (@, W) (1) | + | Ty (0, W) (12) — Ty (@, W) (1)

15 %)
<(dy+dy7) | max /]|Gai(t2,s)—Gai(t1,s)|ds—|— max/ Ga (12.5)ds| . 31)
ief1.2).Jo 1.2

On the other hand
gl pliai gl — (X[—l (X[—l
/0 |Go, (12,5) — G, (tlas)|dS:F(ai)/0 sP~! ‘(tf—sp) *(tffsp) ‘ds

1 % i i
< e ey L)+ (=] ()

and

1) pl_ai (5] o—1
Gg, (t2,5)|ds = / P (P —sP) M ds
| 16e 9l = Fros [P0 ()

= ; p_ p\%
= Zp (%) (5 =)™ (33)

Applying (32) and (33), then (31) becomes
| To (0.9) (12) = o (0, W) (1) | + | Ty (9, W) (2) = Ty (9, W) (1))

1 : ,- ,_
<(di+dyr) {‘?}{m (65— (18" rf“)}}

1 PP\
+ié?ﬁ)z(}{a,-p%r(a,-) (2 =17) H

Hence, we conclude that for all (@, y) € Be, |7 (@, ) (1) — T (@, ¥) (t1)]lg — 0.

n—t

From step 1-3 and Ascoli-Arzela Theorem [1], we show that 7 : By — B is continuous, compact and so by Schauder’s
fixed point, the operator .7 has at least one fixed point which corresponds to the solution of the problem (1)—(2) on [0, /].

4 Examples

Example 1. Consider the following problem

1/2 1/11

1
P g2 _
Zo-0 () VEeos R HoHv] coshr+p 23, o(0)|+p 2%, yio)| et
h “ot+ ot
p@% _ 1/4 01
0+W(t)_ 1 1 ) IE[ , ], (34)
L+ @[+ W) |[+P 22 9(0)|+[P 2.2, w(t)

(prte) 00 = (*7w) 09 =0

Obviously, the condition (Hyp.1) is satisfied with k; = 1/11 and k, = 1/4. Then;

©2024 YU
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208 B. Lekdim and B. Basti: Coupled system of multi-term Katugampola fractional differential equations

p | 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

kg | 10.76 | 3.917 | 2.050 | 1.458 | 1.148 | 0.963 | 0.838 | 0.745 | 0.674 | 0.628
Theorem 1 is not applicable in from Theorem 1, the problem (34)

this example. has a unique solution.

Example 2. Consider the following problem

1 o
P T 0() = 0 2 10,2,
LH Q@)W+ P 2, 0(0)|+]P 2, wit)
P w(r) = 242 ol 10 2cost 1€[0,2] 35
s d 5 T+e0)] T 2 ’ 24l (35)
LHH Y (@)|+P 25 0(1) |+ [P 2, w(t)

(prbe) 00 = (*7w) 09 =0,

Obviously, the hypotheses (Hyp.1) and (Hyp.2) are satisfied with k; = 10_27 ky=3/5,a; = b1=1,a,=0,b, = 3/5 and
a;=b;=0fori=2,3,4,5. Then, d, =2, d» = 0.6; Thus

p 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Gd, | 4.065 | 2.334 | 1.688 | 1.341 | 1.122 | 0.969 | 0.857 | 0.770 | 0.701 | 0.662
Theorem 2 is not applicable in from Theorem 2, the problem (35)

this example. has at least a solution.

5 Conclusion

Using the Banach contraction principle and Schauder’s fixed point theorem, this paper explores the existence and main
properties of at least one solution and its uniqueness for a class of new coupled systems of nonlinear multi-term fractional
differential equations with integral conditions. Katugampola’s fractional derivative is used as the differential operator,
which is crucial to generalizing Hadamard and Riemann-Liouville’s fractional derivatives into a single form.
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