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1 Introduction

Let H and K be two groups and ¢ : K — Aut (H ) be a group homomorphism, where Aut (H) is the group of automorphisms
of the group H. Then G = H x4 K is called the external semidirect product of groups H and K. On the other hand, let
G = HK be a group, where H and K are subgroups of G and K acts on H by conjugation defined as #* = khk~! for all
h e H and k € K. Then G = HK is called the internal semidirect product of subgroups H and K, where H is a normal
subgroup of G and K is a non-normal subgroup of G.

Bidwell et. al. [1] studied the structure of automorphism group of direct product of two groups as the matrices of maps
satisfying some certain conditions. The next interesting question was to study the structure of the automorphism group of
semidirect product of two groups. The automorphism group of semidirect product of two groups was studied by Bidwell
and Curran [2]. Later, M . J. Curran [5] and D. Jill [6] studied the automorphism group of the semidirect product of two
groups that fixes the normal subgroup. In this paper, we study the structure of the automorphism group of the semidirect
product of two groups that fixes the non-normal subgroup. We apply our main result to compute such automorphisms of
non-abelian metacyclic p-groups and non-abelian p-groups (p > 5) of order p*, where p is a prime.

Let K be a non-normal subgroup of a group G. Let S be a right transversal to K in G with 1 € S. Then the group operation
on G induces a binary operation on S with respect to it S becomes a right loop, a right action 6 of K on § and two map
f:SxS— Kand 0:5x K — K (see [8] for details) . Let Autx (G) = {O € Aut(G) | ©(K) = K}. In [8, Theorem 2.6,
p. 731, R. Lal obtained that ® € Autx(G) can be identified with the triple (¢, ¥, 0), where oo € Map(S,S), y € Map(S,K)
and § € Aut(K) satisfying the conditions in [8, Definition 2.5, p. 73] given below,

(Do(xy) = (a(x)07(y))o(y)

(i) (f (x, ) ¥(xy) = ¥(x) O () (Y()).f ((x)07(y), ()

(iih) o (x0k) = a(x)08 (k)

(v)8(0x (k) Y(xOk) = Y(x) G (x) (8 (k)

for all x,y € S and k € K. In the case when there is a right transversal H to K in G which is a normal subgroup of G, the

group G is the semidirect product of K and H. In this case, the conditions on ¢,y and 6 agree with the conditions given
in [7, Lemma 1.1, p. 1000]. These conditions are given as follows.
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(ChHa(hh') = o(h )05( e

(C2yp(h) = v()°¢

(C3)a(h) = a(h)®*

(C4)For any W'k € G there exists a unique ik € G such that a(h) = A’ and y(h)8 (k) =K.

Remark.In [8], the author put the non-normal subgroup in the left in the factorization of G. To match the terminology
with that in [5], we put the non-normal subgroup K in the right, that is G = HK. Through out the paper, we will use the
terminology used in [5]. We will identify the internal semidirect product G = HK with the external semidirect product
H x4 K, where ¢ : K — Aut(H) is the corresponding homomorphism.

2 Structure of the automorphism group Autk (G)

In this section, we will give the structure of the group Autk (G).Consider a set

Mo — o0\, aeMap(H,H), y€ Hom(H,K),
k=1{ys)l and 5eAu(K) [

where the maps o,y and § satisfy the conditions (C1) — (C4). Let us define a binary operation on the set .# as,

0 "0 ! 0

(? 5) ((qx/ 5/) = (yafxfsy 56’)’ M
where aa’,88’ are the usual composition of maps and (ya' + 8Y)(h) = y(c' (k)6 (Y (h)), for all h e H. Then using

(C1) — (C4), for all h, W' € H, we have (ya/ + 87)(hh') = ( (hh’))S(J/(hh’)) y(a! () ()Y M8 (y (h)y (1)) =
y(e () y(o ()Y )& (v () 8(y (1)) = yel'(h (@ o ()2 IS(y (h)8(Y (1)) = 'h)5(9/(h))}’05 (K)8(y'(h)) =
(o +87)(h)(ya' + 8y)(K'). Thus the map ya' + 8y € Hom(H K). Since a, o € Map(H,H) and 8, 6’ € Aur(K),

oo’ € Map(H,H) and 68’ € Aut(K).

Now =~ aw(W) & = o) = ale(ha W) = a(@m)aa @)
aa (h)(o ( '(H))° ’/fh) = ad'(haa’ (h/)("“f‘w Also, (yal' + 57/)(hk) (o' (1))8 (7/( ) =
( o () > @) (y ()W) = }’( '(h))5 s (}"( ) <5<)):(7(0€'(h))5(}"(h))) = (ya/ +87)(h)°* V. Clearly,
(h))°® )-

/
ao (hF) = a(a (h)¥®)) = a(a (h) . Hence, (yaixf&/ 5%’) satisfies (C1) — (C4). The inverse of an arbitrary

a0\ ' a™! 0
yé) ~ \ =8 lya! 57!

and <é (1)> is the identity element, where 1 denotes the identity group homomorphism and O denotes the trivial group

/

element (? g) IS //fk is given as

homomorphism. Hence My is a group with the binary operation as given in the Equation (1).
Proposition 1.Autk (G) is a subgroup of Aut(G).

ProofLet ©),0, € Autg(G). Then ©;(K) = K and ©,(K) = K. Then ©,0,(K) = 0,(0,(K)) = ©;(K) = K. Also, since
01,0, € Aut(G), ©,0, € Aut(G). Hence, @0, € Autk(G). Further, for all @ € Autx(G), @ '(K) = K. Thus, @~ ! €
Autg(G). Hence, Autk (G) is a subgroup of Aut (G).

Proposition 2.Let G = H X K be the semidirect product of groups H and K. Let My be defined as above. Then the group
Autk (G) is isomorphic to the group M.

ProofLet © € Autk(G). Then define the maps @,y and 6 by means of @(h) = a(h)y(h) and © (k) = o(k) forall h € H
and k c K. Now, for all hh € H,
a(hh)y(hi') = @ (k') = O(h)O (1) = a(h)y(h)ou(K)y(K') = ou(h)ac(h' )" y(h)y(K'). Therefore, by the uniqueness of
representation, ¥ € Hom(H,K) and (C1) holds. Using a similar argument, we get 0 € Hom(K). Now,
a(H)y(hS (k) = O (hk) = O(khk'k) = O(kh) = O(k)O(h) = §(k)a(h)y(h) = a(h)’®)§(k)y(h). Then, by the
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uniqueness of representation, (C2) and (C3) hold. Since @ is a bijection, (C4) holds. As a result, we can assign to every

O € Autg(G) a unique element ((; g) € M. This defines a map v : Autx(G) — A given by O ((;c/ g)

On the other hand, let (? g) € . Then we define a map @ : G — G by O (hk) = a(h)y(h)S (k). Now, for all h, i’ € H
and k,k’ € K, using (C1) — (C4), we get

Thus O is a group homomorphism. Using (C4), it is clear that © is a bijection. Thus ® € Auz(G). Since ®(K) = 6(K) and
6 € Aut(K), ®(K) = K. Hence, © € Autg(G). This shows that the map y is a bijection. Now, let @' (hk) = o' (k)Y (h) &' (k).
Then we have

00 (hk) = O(0' (hk)

~—

Write <Z> for hk, then

(7 5) (£) = Ginsto)
wnd (59) (i) = Garsy o) (1)

!/
for all h € H and k € K. Therefore, y(O0') = <‘ya£x—€6)/ 505’> = y(O)y(O’). Hence, v is an isomorphism of groups.

From now on we will identify automorphisms in Aurg (G) with the matrices in M. Now, we have the following remarks.

Remark. (g (1)) € Autg(G) if and only if & € Aut(H) and a(h¥) = at(h)* forall h € H and k € K.

Remark. (;/ (1)) € Autg (G) if and only if y(H) C Cx (H) and y(h*) = y(h)*, for all h € H and k € K, where Cx (H) = {k €
K | h* = h, ¥V h € H} is the centralizer of H in K.

Remark. ( ) € Autg(G) if and only if k=18 (k) € Cx(H) forall k € K.

10
006
Now, let us consider the following subsets of Aut(H),Aut(K) and Aut(H) x Aut(K),

U={acAu(H)| o(h*) = a(h)*,Yh e H k €K},
V ={8 cAut(K) |k '8(k) € Cx(H),Vk € K},
W = {(a,8) € Aut(H) x Aut(K) | (") = a(h)°® Vh e H k € K}.
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Clearly, U, V and W are the subgroups of Aut(H), Aut(K), and Aut(H) x Aut(K), respectively. The corresponding
subgroups of the group Autk (G) are

A:{(‘g‘?) Ian},Dz{((l)g)|5eV} andE:{(g‘g)l(a,(S)ew}.

Note that, if o € U and 6 € V, then (&, 0) € W. Therefore, U x V < W.
Clearly, E is a subgroup of Autk (G). However, one can check that E need not be a normal subgroup of Autg (G). Let

<~ { (71’ ?) € Aut(G) | Y(H) € Cx(H) and y(h") = y(h)",¥h € H and k € K} .

10 a0
Then, for all (Y 1) € Cand (0 5) c E, we have

GDEDES) (o) ®

Now, for all h,/' € H and k € K, we have pSve () — pd(ra” (W) — pr(@ () — . This implies that Sya~' (1) €
Cx(H). Also, Sya ! (1) = 8y(o (1)) = 8(v(a ()% ) = S(y(a ! ()% W) = (8" (k)yo ' ()& (k) ") =

kSya~'(W)k~! = Sya~'(h)*. Thus < € C and so, C is a normal subgroup of the group Autg(G). Clearly,

10
Sya~'1
ENC={1}. Now, let <‘;‘/ g) € Autg(G). Then,

(58) = () (55) <=

Hence, Autk (G) = CE. Thus, we have proved the following theorem,
Theorem 1.Letr G = H X K be the semidirect product. Then Autg(G) ~ C X E.

3 Computation of Autx (G) for some groups

In this section, we will compute the automorphism group Autk (G) for non-abelian metacyclic p-groups and non-abelian
p-groups (p > 5) of order p*, where p is a prime. The notation Z,, will denote the cyclic group of order m.

Metacyclic p-groups

n

First, assume that p is odd. A non-abelian split metacyclic p-group G is of the form G = (a,b | a?" =1 = b"" ,a® =
a P’y where m >2,n>1,and 1 < r < min{m — 1,n}. Let H = (a), K = (b) and ¢ : K — Aut(H) be defined by
¢(b)(a) =a'*""". Then G = H x4 K.

Note that [H,K] = (a”"") =~ Z,r. Since K is abelian, by [2, Corollary 2.2, p. 490], y(h*) = y(h) is equivalent to y €
Hom(H/[H,K],K). Define % : H — K by yi(a) = b,1 <i < p" when m —r > n and by yi(a) = b"" """ 1< i< pm

when m —r < n. Since [H, K] C Ker?;, it will induce a homomorphism from H/[H,K] to K. Let 7 = (}11 ?) . Then, one can

easily observe that y; (H) € Cx (H). Therefore, Hom(H /[H,K],K) 2= C = (fi) = Z min(m-rn} - Also, Cx (H) = (b?") ~ L
and for b € K, b~'8(b) € Cx(H). Therefore, there are p"~" choices for §(b). If 8;(b) = b'*7", then V = (&) ~ L

and so, D ~ Z . Now, for all & € Aut(H), a(a®) = a(a"7"") = a(a)!"""" = at(a)®. Therefore, U = Aut(H)

s (p—1) and s0, A = Z n-1 (p—1)- Then, by Theorem [5, Theorem 2, p. 207], E = A x D. Now, by Theorem 1, Autg (G)

Z ymingm-rny X (Zpm-1,,_1) % Lyn-r). Hence, Autg (G) is a subgroup of index pmintmat in the group Aut(G).

~
~

Now, assume p = 2. Then, as given in [4], the non-abelian split metacyclic 2-group is one of the following three forms,

HG={a,b|a® =1=0b*",a" =a"t?""),1 <r<min{m—2,n},m>3n>1.
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(i)G={(a,b|d®" =1=b",a" =a"*?"") 1 <r<min{m—2,n},m>3,n> 1.

(iNG = (a,b|a® =1=b",a"=a"),m>2,n> 1.

Let H = (a) ~ Zyn and K = (b) ~ Zy». We will compute the automorphism group, Autg(G) in the above three cases
(i) — (iii). Using the similar argument as for odd prime p above, in the case(i),[H,K] = (a*" ) ~ Zyr and Cx(H) =
(b*") = Zop-r. Then Hom(H /[H,K],K) = Zpmingm—rn} - ThUS C =~ Zoymingin—rny, A = Z X Zym—2 and D =~ 7y X Zipn—r—1. Hence,
Autg (G) =~ Lymingm—rny X (Lo X Liym—2 X Ly X Liyn—r—1).

In the case (ii), [H,K] = (a?) ~ Zow-1 and Cx(H) = (b*) ~ Zynr. Thus, C =~ Zp,A =~ Ly X Lism—2 and D ~ Zy X Zopyr-1.
Hence, Autk(G) =~ Zy X (Zy X Zom-—2 X Zy X Zon—r1). Similarly, in the case(iii), [H,K] = (a*) ~ Zyn-r, and Cx(H) =
(b*) ~ Zyn1. Thus, C ~ Z, A ~ Zp X Zym2 and D =~ Z X Zpn-r-1. Hence, Autg (G) == Zn X (Zo X Zom2 X Lo X Loyn2).

Non-abelian p-groups of order p* (p > 5)

Burnside in [3] classified p-groups of order p*, where p is a prime. Below, we list 10 non-abelian p-groups (p > 5) of
order p* up to isomorphism.

ab|a” =1="bP a® =a'*r),

2 2
a,bla” =1=0bP"a" =al*P),

2
a,b,c|a?”” =1=>b" =cP ,cb=aPbc,ab = ba,ac = ca),

Gy = (

(i)Ga = (

(ii))G3 = {

(iv)G4 = {a,b,c | a?’ =1=bP =P, ca=a'*Pe,ab = ba,ch = be),

V)Gs = <abc|ap2:1fb”fcpca:abc ab = ba,bc = cb),

(vi)Gg = (a,b,c | ap =1=b? = cP,ba=a'*Pb,ca = abc,bc = cb),

(vii)G7 = (a,b,c | a’ =1=pP = c?.ba = a'*Pb,ca = a'*Pbc,cb = a’bc),

(viii)Gg = (a, b, ¢ | a’ =1=0pP = c?,ba = a'*Pb,ca = a'*%bc,cb = a®’bc,d # 0,1 (mod p)),

(ix)Gy = (a,b,c,d | a? = bP = c? =dP = 1,dc = acd,bd = db,ad = da,bc = cb,ac = ca,ab = ba),
x)G1o = (a,b,c,d | aP = bP =P =dP = 1,dc = bed,db = abd ,ad = da,bc = cb,ac = ca,ab = ba).

Observe that G| and G, are metacyclic p-groups. Autx (G1) and Autk (G,) (for the corresponding K) can be calculated as
in the previous case.

The group G3. Let H = {(a,b | a” =bP = 1,ab=ba) and K = (c | c” =1). Then G3 ~ H x4 K, where ¢ : K — Aut(H) is
given by ¢(c)(a) = a and ¢(c)(b) = aPb. Note that [a“b", c] = (a“b*)c(a"b*) "' ¢~ = a“b’(a**P'b")~! = a~P". Therefore,
[H,K] = (aP) ~ Z,. Also, if ¢* € Ck(H), then a'b’ = c’a'b/c™* = a'*P/*b/. Therefore, js =0 (mod p) for all j and hence,
Ck(H) = {1}. This implies that Hom(H /[H,K],K) is the trivial group. Since K is abelian, by [2, Corollary 2.2, p. 490]
C is the trivial group. Note that, each a € Aut(H) defined by a(a) = a’b/ and o (b) = a”"b' can be expressed as a matrix

<’; {),Whereogigpzl,gcd(p,i) =1,0<m,j<p—Tland1<1<p—1.Also,letd e Aut(K)~Z,_ be defined

by 8(c) =", where 1 < r < p— 1. Now, if (&, 8) € W, then (i) a(a®) = a(a)®( and (ii) a(b¢) = (b)), By (i), a'b’ =
a(a) = a(a®) = a(a)®®) = (a'b))" = a'aPIb/ = a'*P"IbJ. Thus, prj =0 (mod p*) which implies that j = 0. Now, by (ii),
APyl — g (aPb) = a(bC) = a(b)5©) = (aPmpl) = g (bl = aPmarripl — aPm+ripl Thus, i = 1 (mod p). Lett be

a primitive root of 1 (mod p) and x = ((I—Sp O) 51) ,y= (G (1)) ,51) and z = ((I—Sp O) 5,),where Op(c) =cP.

Then W ~ (x,y,z | x?(P~1) = 1 =y = 2P(P=1) x7 = zx,xy = yx, 77" *y’71> Therefore, W =~ (Z X Zp(p—1)) X Zp(p—1)
and 80, E =~ (Zp X Zp(p—1)) X Zp(p—1)- Hence, by Theorem 1, Autk (G3) == (Zp X Zp(p—1)) X Zp(p—1)-

The group G4. Let H = (a,b | a” =bP = l,ab=ba)andK = (c | c? =1). Then G4 ~ H x4 K, where ¢ : K — Aut(H ) is
given by ¢(c)(a) =a'** and ¢(c)(b) = b. Note that [H,K] = (aP) ~ Z,. By the similar argument as in the case G3 above,
Ck(H) ={1}. Since K is abelian, by [2, Corollary 2.2, p. 490] C is the trivial group. Note that, any o € Aut (H) defined by,

a(a) = a'b’ and a(b) = a”"b' can be expressed as a matrix ,where 0 <i < p?>—1,gcd(p,i)=1,0<m,j<p—1

L]
m [
and 1 <1< p—1.Also, let 5 € Aut(K) ~ Z,_; be defined by 6(c) = ¢, where 1 <r < p—1. Now, if(oc 0) € W, then
(i) a(a®) = a(a)®© and (i) a(b®) = a(b)%(©). Note that a(b¢) = a(b) = a”"b' and a(b)%(©) = (aP"b)*" = (aP™) bl =

aPm1+p) pl = gPmpl Therefore, each o € Aut (H) satisfies (ii). Now, by (i), (a'b/)'*? = a(a' ) = a(a®) = at(a)®©) =
(a'b))" = (a') b) = a'"P)bi. Thus, i(p+1) = i(1 + p)” (mod p?) which implies that r = 1. Therefore, W ~ Aut (H) ~
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Zp—1 % (((ZpxZp) X Zp) ¥ Zp_1). Hence, E ~ Zp_1 X (((Zp X Lp) ¥ Lp) x Lp—1). Thus, Autg (Ga) ~ Zp_1 % (((Z)p x
Zp) X Lp) X Lp1)-

The group Gs. Let H = (b,c | b? =P = 1,bc = cb) and K = (a | a’ = 1). Then Gs ~ H x4 K, where ¢ : K — Aut(H )
is given by ¢(a)(b) = b and ¢(a)(c) = b~ 'c. Note that [H,K] = (b) ~ Z,. Also, if a® € Cx(H), then b'c/ = a*bic/a™ =
b*=is¢l. Therefore, s = 0 (mod p) and Cx(H) = (aP). Since K is abelian, by [2, Corollary 2.2, p. 4901, y(h*) = y(h) is
equivalent to y € Hom(H /[H,K],K). Define ¥ € Hom(H /[H,K],K) by %(b) = 1 and % (c) = a’* forall 0 <k < p— 1.
Since [H,K] C Kery,, it will induce a homomorphism fromH/[H,K|to K. Let ) = (;I (1)> . Then, one can easily observe
that y; (H) C Cg(H). Therefore, Hom(H /[H,K|,K) ~ C = () ~ Z,. Note that, any & € Aut(H) ~ GL(2, p) defined as,

a(b) =bic/ and a(c) = b'¢™ can be represented as a matrix, ,where 0<[,j<p-—1land1<im<p—1.Also,

ij
I'm
let § € Aut(K) ~Z,(, ) be defined by 8(a) = a’, where r € Z 2, gcd(p,r) = 1. Now, if (a,8) € W, then (i) a(b) =
a(b)?@ and (ii) a(c?) = a(c)®@. By (i), b'c/ = a(b) = a(b?) = a(b)®@ = (bic/\* = bib~"ic/ = bi~"ic) Thus, rj =
0 (mod p) which implies that j = 0. Now, by (ii), b~ c" = a(b~'c) = a(c?) = a(c)3@ = (ble™)@ = bl (™)

b'b="™c™ = b!="™c™. Thus, i = rm (mod p). Let ¢ be a primitive root of 1 (mod p) and x = <<i ?) ,51), and y =

t 0
(t+p)~'t
p(p—1) X Lp(p-1))-

<<t+p O) 5,>, where 8y (a) = aP. Then W =~ (x,y | xP(P~1) = 1,yP(P=1) = 1 yxy~! = x*), where x* =

0
Then W > Z,(,—1) X Zyp(p—1) and 80, E == Z(,_1) X ZLyp(p—1)- Hence, Autx (Gs) ~ 7, x (Z

p(p— p(p—

The group Gg. Let H = {a,b | a” =bP = 1,ba=a'"Pb) and K = (¢ |c? =1). Then G ~ H x4 K, where ¢ : K — Aut (H)
is given by ¢(c)(a) = ab and ¢(c)(b) = b. Note that [H,K| = (b~',a’) ~ Z, x Z,. By the similar argument as in the case
G3 above, Cx(H) = {1} and hence C is the trivial group. Now, & € Aut(H) as given in [2] can be expressed as a matrix
(g ?),Where n(a)=d,0<i<p*—1,gcd(p,i)=1,B(b)=a?’,0<j<p—1,E(a)=b",0<k<p—1,and 1(b) =b.

Also, § € Aut(K) is given by 8(c) = ¢",1 < r < p— 1. Now, if (&, 8) € W, then (i) a(a®) = at(a)®© and (ii) ot(b®) =
(b)), Note that o (b°) = a(b) = aPib and at(b)2©) = (aPib)e" = ("ac™")Pib = (ab)Pib = api+rp™ 5= ppirt1 — gpip,
Therefore, each oc EAut(H) satisfies (if). Now, by (i), aP/b*+! = a(ab) = a(a®) = o(a)®) = (a'bk)" = (c"ac™") bk =

(ab")ibk = a5 pritk, Thus, ri = 1 (mod p) which gives thati =2j+ 1 (mod p). Therefore, i € {(2j+1)+Ap|A €

Zp}.Lett be a primitive root of 1 (mod p) andx:((w(r)po) 6,) ((1 0) 51),andz=((1$p0) 51),where

Op(c) =cP. Then W =~ (x,y,z | xP(P=1) = 1 = yP = 77 xyx~! = y°,xz = zx,yz = zy), where y* =

1 . Hence,
t+p) 1
W ~Z, % ((Zp x ZLp) ¥ Zp—1) and so, E ~ Z,, X ((Zp X Lp) x Lp—1). Thus, Autg(Ge) ~ Zp X ((Zp X Zp) X Lp_1).

The group G7. Let H = (a,b | a” = bP = 1,ba = a'*Pb) and K = (c | ¢ = 1). Then, G; ~ H x4 K, where ¢ : K —
Aut(H) is given by ¢(c)(a) = a'™Pb and ¢(c)(b) = a’b. Note that [H,K]| = (b,a’) ~ 7, x Z,. By the similar argument
as in the case G3 above, Cx(H) = {1} and hence C is the trivial group. Each o € Aur(H) can be expressed as a matrix

(2 ?) where 1(a) = a',0 <i < p? —1,gcd(i,p) = 1, B(b) = a?,E(a) = b*,0 < j,k < p—1, and 1(b) = b. Also,
8 € Aut(K) is given by 8(c) =¢",1 < r < p— 1. Now, if (a,8) € W, then (i) ot(a®) = a(a)®( and (ii) (b)) = e ()3,
( )]

By (i), aPitprip = a(a’b) = a(b°) = a(b)S(c) — (apjb)c’ — (Cracfr)pj(crbcfr) = (a 14+p*©

r(r+|)

)i arh) =

ar’i (ab”)Pia"Ph = aPI*P"h. Thus i = r (mod p). Now, by (i), a"+P)TPipk+l = g (a'*Ph) = a(a®) = o(a)®©) =
(@b = (cac™")i(c"be™ )k = @t pri(@Ph)k = it trekpritk - Thus, ri = 1 (mod p) and
ip+pj = pri(*H) + rpk (mod p ) implies that i + j = r+ rk (mod p). So, j = rk (mod p). Using r =i (mod p) and
ri =1 (mod p), we get i# = 1 (mod p?). Let tr be a primitive root of 1 (mod p) and
11 10 t+p0

x = ((O 1),61),y = (( 0 1) 61> and z = (( 0 1),5[), where  Op(c) = c¢P. Then
W~ (yz |2 =1 =y = 2P0 xy = yx l,zxz_l = x,yz = 29) = Zpp-1)y X (Zp x Z) and so,
E ~Zy,-1) % (Zp x Z). Hence, AutK( 7) p(p X (Zp X L) = Dap X Lp(,—1), Where Dy, is the dihedral group of
order 2p.
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The group Gg. Let H = (a,b | a” =bP =1,ba= al™Pb) and K = (c | c? = 1). Then Gg ~ H x4 K, where ¢ : K — Aut (H)
is given by ¢(c)(a) = a'T¥Pb and ¢(c)(b) = a??b, d #0,1 (mod p). By the similar argument as for the group G7, we get,
C is the trivial group and E ~ Z,(,_1) X (Zp ¥ Z3). Hence, Autk (Gs) =~ Dap X Zp(p—1)-

The group Go. Let H = (a,b,c |aP =bP = ¢ = 1,ab = ba,bc = cb,ac = ca),and K = (d | d” = 1). Then Gg ~ H x4 K,
where ¢ : K — Aut(H) is given by ¢ (d)(a) =a,¢(d)(b) = b, and ¢(d)(c) = ac.

Note that [H,K]| = (a) ~ Z,. By the similar argument as in the case G3 above, Cx(H) = {1} and hence C is the trivial

group. Note that, Aut(H) ~ GL(3,p) and Aut(K) ~ Z,_;. So, any automorphism ¢ € Aut(H) can be identified as an
i jk o

element [ / m n | in GL(3,p). Let a € Aut(H) and § € Aut(K) be defined as, a(a) = a'b/c*, a(b) = d'b™c", a(c) =
App

a*b*cP, and §(d) = d", where 1 <i,m,p,r < p—1and0< j k,I,n,A,u < p—1.Now, if (&, §) € W, then (i) a(a?) =

a(a)®@, (i) o(b?) = a(b)® @D and (iii) a(c?) = at(c)?).

Note that, d’ed™" = a’e. By (i),
a'bick = a(a) = a(a?) = a(a)®@) = (d'b/K) = a'bi (d"cd ") = d'b! (a"c)* = a’t"™*bIck. Therefore, rk = 0( mod p)
which implies that k = 0. Now, by (ii), a'b"c" = a(b) = a(b?) = a(b)?D = (d'b"c")" = a'+b"c". Therefore,

rn = 0( mod p) which implies that n = 0. By (iif),
adtrpitHer = a(ac) = a(c?) = a(c)® @ = (a*bHcP)? = a*HPEP. Thus, i = rp and j = 0. So, we have,
rp 00 t00 100
o= |1 mO]. Let t+ be a primitive root of 1 (mod p) and u = 010,86 ], v= 0r0]),6 |,
Aup 001 001
t00 100 100 100
w= 010,86 1|,x= 110]),6),y= 010,61 ], z= 010],06 |, where &(d) = d°. Then
001 001 101 011
W~ (u,v,w,x,y,7 | uP™l =1 =yP" L = WPl =xP = yP = 2P v = vu,uw = wu, uy = yu,vw = wv,vy = yv,wz = Iw,xy =
vz = ot = X uzl = Zool = vl = 2wl = 2 Lwyw ! =y o = xyz) o~

((Zp x Zp) X Zp) X Lp—1) X (Zp—1 X Zp—1) and so, E =~ (((Zp x Zp) X Zp) X Lp—1) X (Zp—1 X Zp_1). Hence,
AMIK(G9) ~ (((Z[, X Zp) X Zp) X prl) X (Zp,| X prl)

The group Go. Let H = (a,b,c |a? = bP = c” = 1,ab = ba,bc = cb,ac = ca) and K = (d | d” = 1). Then, Gjo ~ H x4 K,
where ¢ : K — Aut(H) is given by ¢(d)(a) = a,¢(d)(b) = ab, and ¢ (d)(c) = bc.

Note that [H,K] = (a,b) ~ Z, X Z,. By the similar argument as above, C is the trivial group. Note that, Aut(H) ~
ik

GL(3,p) and Aut(K) ~ Z,,_. So, any automorphism o € Aut(H) can be identified as an element | / m n | in GL(3, p).
Aup

Let a € Aut(H) and § € Aut(K) be defined as, a(a) = a'b/ck, a(b) = a'b™c", a(c) = a*b*cP, and §(d) = d”, where

1<im,p,r<p—1and0<jklnApu<p—1 Now,if(a,8) € W,then (i) a(a?) = a(a)®?, (i) a(b?) = a(b)°

and (iii) a(c?) = a(c)®@,

Note that, d’bd " = a’b and d"cd " = a™ T b'c. By (i),

a'bick = a(a) = a(a?) = a(a)® @ = (a'bi X = a'(d"bd ") (d"cd ") = d(a’b)

r(r—1) r(r—1)

(a=T Do)k = atritkT pitrkek, Thus &k = 0 and j = 0. Now, by (ii),
atlpmet = afab) = a(b?) = a(b)®@ = (b = abtmen it pntnen, Thus, n = 0 and i = rm. By (iii),
adtrpmtier = a(be) = alct) = a(c)®@ = (atbHcP)? = A purp p Thus, m = rp and
?p 00
I=ru —|—pr<r—2_1) (mod p). So, we have,x = | [ rp O |, where [ =ru —i—p@ (mod p). Let ¢ be a primitive root of
A oup
t00 200 100
1 (mod p) and x = 0t0].,6 ],y= 0r0|,6 | and z= 110,60, |, where &(d) = d°. Note that,
001t 001
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100 100
(zy = (|110],({010]) is an abelian group of order P2 Therefore,
011 101
1 00
W o~ (ryz | 70 =yl = P xy = yraz = oy ! = ), where ¢ = [¢7' 1 0]. Thus
t=21 11

W ~ (Z, x Zp) X (Zp—y X Zp—1) and so, E o~ (Z, x Zp) X (Zp—1 x Zp—1). Hence,
Autg(Gyp) = Lp—1 X ((Zp X Zp) X Zp_l).
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