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1 Introduction

Let H and K be two groups and φ : K −→Aut(H) be a group homomorphism, where Aut(H) is the group of automorphisms
of the group H. Then G = H ⋊φ K is called the external semidirect product of groups H and K. On the other hand, let

G = HK be a group, where H and K are subgroups of G and K acts on H by conjugation defined as hk = khk−1 for all
h ∈ H and k ∈ K. Then G = HK is called the internal semidirect product of subgroups H and K, where H is a normal
subgroup of G and K is a non-normal subgroup of G.

Bidwell et. al. [1] studied the structure of automorphism group of direct product of two groups as the matrices of maps
satisfying some certain conditions. The next interesting question was to study the structure of the automorphism group of
semidirect product of two groups. The automorphism group of semidirect product of two groups was studied by Bidwell
and Curran [2]. Later, M . J. Curran [5] and D. Jill [6] studied the automorphism group of the semidirect product of two
groups that fixes the normal subgroup. In this paper, we study the structure of the automorphism group of the semidirect
product of two groups that fixes the non-normal subgroup. We apply our main result to compute such automorphisms of
non-abelian metacyclic p-groups and non-abelian p-groups (p ≥ 5) of order p4, where p is a prime.

Let K be a non-normal subgroup of a group G. Let S be a right transversal to K in G with 1 ∈ S. Then the group operation
on G induces a binary operation on S with respect to it S becomes a right loop, a right action θ of K on S and two map
f : S×S −→ K and σ : S×K −→ K (see [8] for details) . Let AutK(G) = {Θ ∈ Aut(G) |Θ(K) = K}. In [8, Theorem 2.6,
p. 73], R. Lal obtained that Θ ∈ AutK(G) can be identified with the triple (α,γ,δ ), where α ∈ Map(S,S), γ ∈ Map(S,K)
and δ ∈ Aut(K) satisfying the conditions in [8, Definition 2.5, p. 73] given below,

(i)α(xy) = (α(x)θγ(y))α(y)
(ii)δ ( f (x,y))γ(xy) = γ(x)σα(x)(γ(y)) f (α(x)θγ(y),α(y))

(iii)α(xθk) = α(x)θδ (k)
(iv)δ (σx(k))γ(xθk) = γ(x)σα(x)(δ (k))

for all x,y ∈ S and k ∈ K. In the case when there is a right transversal H to K in G which is a normal subgroup of G, the
group G is the semidirect product of K and H. In this case, the conditions on α,γ and δ agree with the conditions given
in [7, Lemma 1.1, p. 1000]. These conditions are given as follows.
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(C1)α(hh′) = α(h)α(h′)γ(h),

(C2)γ(hk) = γ(h)δ (k),

(C3)α(hk) = α(h)δ (k),
(C4)For any h′k′ ∈ G, there exists a unique hk ∈ G such that α(h) = h′ and γ(h)δ (k) = k′.

Remark.In [8], the author put the non-normal subgroup in the left in the factorization of G. To match the terminology
with that in [5], we put the non-normal subgroup K in the right, that is G = HK. Through out the paper, we will use the
terminology used in [5]. We will identify the internal semidirect product G = HK with the external semidirect product
H ⋊φ K, where φ : K −→ Aut(H) is the corresponding homomorphism.

2 Structure of the automorphism group AutK(G)

In this section, we will give the structure of the group AutK(G).Consider a set

M̂K =

{(

α 0
γ δ

)

|
α ∈ Map(H,H), γ ∈ Hom(H,K),

and δ ∈ Aut(K)

}

,

where the maps α,γ and δ satisfy the conditions (C1)− (C4). Let us define a binary operation on the set M̂K as,

(

α 0
γ δ

)(

α ′ 0
γ ′ δ ′

)

=

(

αα ′ 0
γα ′+ δγ ′ δδ ′

)

, (1)

where αα ′,δδ ′ are the usual composition of maps and (γα ′ + δγ ′)(h) = γ(α ′(h))δ (γ ′(h)), for all h ∈ H. Then using

(C1)− (C4), for all h, h′ ∈ H, we have (γα ′ + δγ ′)(hh′) = γ(α ′(hh′))δ (γ ′(hh′)) = γ(α ′(h)α ′(h′)γ ′(h))δ (γ ′(h)γ ′(h′)) =

γ(α ′(h))γ(α ′(h′)γ ′(h))δ (γ ′(h)) δ (γ ′(h′)) = γα ′(h)γ(α ′(h′))δ (γ ′(h))δ (γ ′(h))δ (γ ′(h′)) = γα ′(h)δ (γ ′(h))γα ′(h′)δ (γ ′(h′)) =
(γα ′ + δγ ′)(h)(γα ′ + δγ ′)(h′). Thus the map γα ′ + δγ ′ ∈ Hom(H,K). Since α , α ′ ∈ Map(H,H) and δ , δ ′ ∈ Aut(K),
αα ′ ∈ Map(H,H) and δδ ′ ∈ Aut(K).

Now, αα ′(hh′) = α(α ′(hh′)) = α(α ′(h)α ′(h′)γ ′(h)) = α(α ′(h))α(α ′(h′)γ ′(h))γ(α ′(h)) =

αα ′(h)(α(α ′(h′))δ (γ ′(h)))γα ′(h) = αα ′(h)αα ′(h′)(γα ′+δγ ′)(h). Also, (γα ′ + δγ ′)(hk) = γ(α ′(hk))δ (γ ′(hk)) =

γ(α ′(h)δ ′(k))δ (γ ′(h)δ ′(k)) = γ(α ′(h))δ (δ ′(k))δ (γ ′(h))δ (δ ′(k)) = (γ(α ′(h))δ (γ ′(h)))δ (δ ′(k)) = (γα ′+ δγ ′)(h)δδ ′(k). Clearly,

αα ′(hk) = α(α ′(h)δ ′(k)) = α(α ′(h))δ (δ ′(k)). Hence,

(

αα ′ 0
γα ′+ δγ ′ δδ ′

)

satisfies (C1)− (C4). The inverse of an arbitrary

element

(

α 0
γ δ

)

∈ M̂K is given as

(

α 0
γ δ

)−1

=

(

α−1 0

−δ−1γα−1 δ−1

)

and

(

1 0
0 1

)

is the identity element, where 1 denotes the identity group homomorphism and 0 denotes the trivial group

homomorphism. Hence M̂K is a group with the binary operation as given in the Equation (1).

Proposition 1.AutK(G) is a subgroup of Aut(G).

Proof.Let Θ1,Θ2 ∈ AutK(G). Then Θ1(K) = K and Θ2(K) = K. Then Θ1Θ2(K) =Θ1(Θ2(K)) =Θ1(K) = K. Also, since
Θ1,Θ2 ∈ Aut(G), Θ1Θ2 ∈ Aut(G). Hence, Θ1Θ2 ∈ AutK(G). Further, for all Θ ∈ AutK(G), Θ−1(K) = K. Thus, Θ−1 ∈
AutK(G). Hence, AutK(G) is a subgroup of Aut(G).

Proposition 2.Let G = H ⋊K be the semidirect product of groups H and K. Let M̂K be defined as above. Then the group

AutK(G) is isomorphic to the group M̂K .

Proof.Let Θ ∈ AutK(G). Then define the maps α,γ and δ by means of Θ(h) = α(h)γ(h) and Θ(k) = δ (k) for all h ∈ H

and k ∈ K. Now, for all h,h′ ∈ H,
α(hh′)γ(hh′) = Θ(hh′) =Θ(h)Θ(h′) = α(h)γ(h)α(h′)γ(h′) = α(h)α(h′)γ(h)γ(h)γ(h′). Therefore, by the uniqueness of
representation, γ ∈ Hom(H,K) and (C1) holds. Using a similar argument, we get δ ∈ Hom(K). Now,

α(hk)γ(hk)δ (k) = Θ(hkk) = Θ(khk−1k) = Θ(kh) = Θ(k)Θ(h) = δ (k)α(h)γ(h) = α(h)δ (k)δ (k)γ(h). Then, by the

© 2024 YU

Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



JJMS 17, No. 2, 241-248 (2024 ) / 243

uniqueness of representation, (C2) and (C3) hold. Since Θ is a bijection, (C4) holds. As a result, we can assign to every

Θ ∈ AutK(G) a unique element

(

α 0
γ δ

)

∈ M̂K . This defines a map ψ : AutK(G)−→ M̂K given by Θ 7→

(

α 0
γ δ

)

.

On the other hand, let

(

α 0
γ δ

)

∈ M̂K . Then we define a map Θ : G −→ G by Θ(hk) =α(h)γ(h)δ (k). Now, for all h,h′ ∈ H

and k,k′ ∈ K, using (C1)− (C4), we get

Θ(hkh′k′) = Θ(h(h′)kkk′)

= α(h(h′)k)γ(h(h′)k)δ (kk′)

= α(h)α((h′)k)γ(h)γ(h)γ((h′)k)δ (k)δ (k′)

= α(h)γ(h)α(h′)δ (k)γ(h′)δ (k)δ (k)δ (k′)

= α(h)γ(h)δ (k)α(h′)γ(h′)δ (k′)

= Θ(hk)Θ(h′k′).

Thus Θ is a group homomorphism. Using (C4), it is clear that Θ is a bijection. Thus Θ ∈ Aut(G). Since Θ(K) = δ (K) and
δ ∈Aut(K), Θ(K) =K. Hence, Θ ∈AutK(G). This shows that the map ψ is a bijection. Now, let Θ ′(hk)=α ′(h)γ ′(h)δ ′(k).
Then we have

ΘΘ ′(hk) = Θ(Θ ′(hk))

= Θ(α ′(h)γ ′(h)δ ′(k))

= α(α ′(h))γ(α ′(h))δ (γ ′(h)δ ′(k))

= αα ′(h)γ(α ′(h))δ (γ ′(h))δ (δ ′(k))

= αα ′(h)(γα ′+ δγ ′)(h)δδ ′(k).

Write

(

h

k

)

for hk, then

(

α ′ 0
γ ′ δ ′

)(

h

k

)

=

(

α(h)
γ(h)δ (k)

)

and

(

α 0
γ δ

)(

α(h)
γ(h)δ (k)

)

=

(

αα ′ 0
γα ′+ δγ ′ δδ ′

)(

h

k

)

for all h ∈ H and k ∈ K. Therefore, ψ(ΘΘ ′) =

(

αα ′ 0
γα ′+ δγ ′ δδ ′

)

= ψ(Θ)ψ(Θ ′). Hence, ψ is an isomorphism of groups.

From now on we will identify automorphisms in AutK(G) with the matrices in M̂K . Now, we have the following remarks.

Remark.

(

α 0
0 1

)

∈ AutK(G) if and only if α ∈ Aut(H) and α(hk) = α(h)k
for all h ∈ H and k ∈ K.

Remark.

(

1 0
γ 1

)

∈ AutK(G) if and only if γ(H)⊆CK(H) and γ(hk) = γ(h)k
, for all h ∈ H and k ∈ K, where CK(H) = {k ∈

K | hk = h, ∀ h ∈ H} is the centralizer of H in K.

Remark.

(

1 0
0 δ

)

∈ AutK(G) if and only if k−1δ (k) ∈CK(H) for all k ∈ K.

Now, let us consider the following subsets of Aut(H),Aut(K) and Aut(H)×Aut(K),

U = {α ∈ Aut(H) | α(hk) = α(h)k,∀h ∈ H,k ∈ K},

V = {δ ∈ Aut(K) | k−1δ (k) ∈CK(H),∀k ∈ K},

W = {(α,δ ) ∈ Aut(H)×Aut(K) | α(hk) = α(h)δ (k),∀h ∈ H,k ∈ K}.
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Clearly, U , V and W are the subgroups of Aut(H), Aut(K), and Aut(H)× Aut(K), respectively. The corresponding
subgroups of the group AutK(G) are

A =

{(

α 0
0 1

)

| α ∈U

}

,D =

{(

1 0
0 δ

)

| δ ∈V

}

and E =

{(

α 0
0 δ

)

| (α,δ ) ∈W

}

.

Note that, if α ∈U and δ ∈V , then (α,δ ) ∈W . Therefore, U ×V ≤W .

Clearly, E is a subgroup of AutK(G). However, one can check that E need not be a normal subgroup of AutK(G). Let

C =

{(

1 0
γ 1

)

∈ AutK(G) | γ(H)⊆CK(H) and γ(hk) = γ(h)k,∀h ∈ H and k ∈ K

}

.

Then, for all

(

1 0
γ 1

)

∈C and

(

α 0
0 δ

)

∈ E , we have

(

α 0
0 δ

)(

1 0
γ 1

)(

α 0
0 δ

)−1

=

(

1 0

δγα−1 1

)

(2)

Now, for all h,h′ ∈ H and k ∈ K, we have hδγα−1(h′) = hδ (γα−1(h′)) = hγ(α−1(h′)) = h. This implies that δγα−1(h′) ∈

CK(H). Also, δγα−1(hk) = δγ(α−1(hk)) = δ (γ(α−1(h)δ−1(k))) = δ (γ(α−1(h))δ−1(k)) = δ (δ−1(k)γα−1(h)δ−1(k)−1) =

kδγα−1(h)k−1 = δγα−1(h)k. Thus

(

1 0

δγα−1 1

)

∈ C and so, C is a normal subgroup of the group AutK(G). Clearly,

E ∩C = {1}. Now, let

(

α 0
γ δ

)

∈ AutK(G). Then,

(

α 0
γ δ

)

=

(

1 0

γα−1 1

)(

α 0
0 δ

)

∈CE.

Hence, AutK(G) =CE . Thus, we have proved the following theorem,

Theorem 1.Let G = H ⋊K be the semidirect product. Then AutK(G)≃C⋊E.

3 Computation of AutK(G) for some groups

In this section, we will compute the automorphism group AutK(G) for non-abelian metacyclic p-groups and non-abelian
p-groups (p ≥ 5) of order p4, where p is a prime. The notation Zm will denote the cyclic group of order m.

Metacyclic p-groups

First, assume that p is odd. A non-abelian split metacyclic p-group G is of the form G = 〈a,b | apm
= 1 = bpn

,ab =

a1+pm−r
〉, where m ≥ 2,n ≥ 1, and 1 ≤ r ≤ min{m− 1,n}. Let H = 〈a〉, K = 〈b〉 and φ : K −→ Aut(H) be defined by

φ(b)(a) = a1+pm−r
. Then G = H ⋊φ K.

Note that [H,K] = 〈apm−r
〉 ≃ Zpr . Since K is abelian, by [2, Corollary 2.2, p. 490], γ(hk) = γ(h) is equivalent to γ ∈

Hom(H/[H,K],K). Define γi : H → K by γi(a) = bi,1 ≤ i ≤ pn when m− r ≥ n and by γi(a) = bipn−m+r
,1 ≤ i ≤ pm−r

when m−r< n. Since [H,K]⊆Kerγi, it will induce a homomorphism from H/[H,K] to K. Let γ̂1 =

(

1 0
γ1 1

)

. Then, one can

easily observe that γ1(H)⊆CK(H). Therefore, Hom(H/[H,K],K)≃C = 〈γ̂1〉 ≃Zpmin{m−r,n} . Also, CK(H) = 〈bpr
〉 ≃Zpn−r

and for b ∈ K, b−1δ (b) ∈ CK(H). Therefore, there are pn−r choices for δ (b). If δ1(b) = b1+pr
, then V = 〈δ1〉 ≃ Zpn−r

and so, D ≃ Zpn−r . Now, for all α ∈ Aut(H), α(ab) = α(a1+pm−r
) = α(a)1+pm−r

= α(a)b. Therefore, U = Aut(H) ≃
Zpm−1(p−1) and so, A≃Zpm−1(p−1). Then, by Theorem [5, Theorem 2, p. 207], E = A×D. Now, by Theorem 1, AutK(G)≃

Zpmin{m−r,n} ⋊ (Zpm−1(p−1)×Zpn−r). Hence, AutK(G) is a subgroup of index pmin{m,n} in the group Aut(G).

Now, assume p = 2. Then, as given in [4], the non-abelian split metacyclic 2-group is one of the following three forms,

(i)G = 〈a,b | a2m
= 1 = b2n

,ab = a1+2m−r
〉,1 ≤ r ≤ min{m− 2,n},m≥ 3,n ≥ 1.
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(ii)G = 〈a,b | a2m
= 1 = b2n

,ab = a−1+2m−r
〉,1 ≤ r ≤ min{m− 2,n},m ≥ 3,n ≥ 1.

(iii)G = 〈a,b | a2m
= 1 = b2n

,ab = a−1〉,m ≥ 2,n ≥ 1.

Let H = 〈a〉 ≃ Z2m and K = 〈b〉 ≃ Z2n . We will compute the automorphism group, AutK(G) in the above three cases

(i)− (iii). Using the similar argument as for odd prime p above, in the case(i), [H,K] = 〈a2m−r
〉 ≃ Z2r and CK(H) =

〈b2r
〉 ≃Z2n−r . Then Hom(H/[H,K],K)≃Z2min{m−r,n} . Thus C ≃Z2min{m−r,n} , A≃Z2×Z2m−2 and D≃Z2×Z2n−r−1 . Hence,

AutK(G)≃ Z
2min{m−r,n} ⋊ (Z2 ×Z2m−2 ×Z2 ×Z2n−r−1).

In the case (ii), [H,K] = 〈a2〉 ≃ Z2m−1 and CK(H) = 〈b2r
〉 ≃ Z2n−r . Thus, C ≃ Z2,A ≃ Z2 ×Z2m−2 and D ≃ Z2 ×Z2n−r−1 .

Hence, AutK(G) ≃ Z2 × (Z2 ×Z2m−2 ×Z2 ×Z2n−r−1). Similarly, in the case(iii), [H,K] = 〈a2〉 ≃ Z2m−r , and CK(H) =
〈b2〉 ≃ Z2n−1 . Thus, C ≃ Z2, A ≃ Z2 ×Z2m−2 and D ≃ Z2 ×Z2n−r−1 . Hence, AutK(G)≃ Z2 × (Z2 ×Z2m−2 ×Z2 ×Z2n−2).

Non-abelian p-groups of order p4 (p ≥ 5)

Burnside in [3] classified p-groups of order p4, where p is a prime. Below, we list 10 non-abelian p-groups (p ≥ 5) of
order p4 up to isomorphism.

(i)G1 = 〈a,b | ap3
= 1 = bp,ab = a1+p2

〉,

(ii)G2 = 〈a,b | ap2
= 1 = bp2

,ab = a1+p〉,

(iii)G3 = 〈a,b,c | ap2
= 1 = bp = cp,cb = apbc,ab = ba,ac = ca〉,

(iv)G4 = 〈a,b,c | ap2
= 1 = bp = cp,ca = a1+pc,ab = ba,cb = bc〉,

(v)G5 = 〈a,b,c | ap2
= 1 = bp = cp,ca = abc,ab = ba,bc = cb〉,

(vi)G6 = 〈a,b,c | ap2
= 1 = bp = cp,ba = a1+pb,ca = abc,bc = cb〉,

(vii)G7 = 〈a,b,c | ap2
= 1 = bp = cp,ba = a1+pb,ca = a1+pbc,cb = apbc〉,

(viii)G8 = 〈a,b,c | ap2
= 1 = bp = cp,ba = a1+pb,ca = a1+d pbc,cb = ad pbc,d 6≡ 0,1 (mod p)〉,

(ix)G9 = 〈a,b,c,d | ap = bp = cp = d p = 1,dc = acd,bd = db,ad = da,bc = cb,ac = ca,ab = ba〉,
(x)G10 = 〈a,b,c,d | ap = bp = cp = d p = 1,dc = bcd,db = abd,ad = da,bc = cb,ac = ca,ab = ba〉.

Observe that G1 and G2 are metacyclic p-groups. AutK(G1) and AutK(G2) (for the corresponding K) can be calculated as
in the previous case.

The group G3. Let H = 〈a,b | ap2
= bp = 1,ab= ba〉 and K = 〈c | cp = 1〉. Then G3 ≃H⋊φ K, where φ : K −→Aut(H) is

given by φ(c)(a) = a and φ(c)(b) = apb. Note that [aubv,c] = (aubv)c(aubv)−1c−1 = aubv(au+pvbv)−1 = a−pv. Therefore,
[H,K] = 〈ap〉 ≃ Zp. Also, if cs ∈CK(H), then aib j = csaib jc−s = ai+p jsb j. Therefore, js ≡ 0 (mod p) for all j and hence,
CK(H) = {1}. This implies that Hom(H/[H,K],K) is the trivial group. Since K is abelian, by [2, Corollary 2.2, p. 490]
C is the trivial group. Note that, each α ∈ Aut(H) defined by α(a) = aib j and α(b) = apmbl can be expressed as a matrix
(

i j

m l

)

, where 0 ≤ i ≤ p2 −1,gcd(p, i) = 1, 0 ≤ m, j ≤ p−1 and 1 ≤ l ≤ p−1. Also, let δ ∈ Aut(K)≃ Zp−1 be defined

by δ (c) = cr, where 1≤ r ≤ p−1. Now, if (α,δ ) ∈W , then (i) α(ac) =α(a)δ (c) and (ii) α(bc) =α(b)δ (c). By (i), aib j =

α(a) =α(ac) =α(a)δ (c) =(aib j)cr
= aiapr jb j = ai+pr jb j. Thus, pr j ≡ 0 (mod p2) which implies that j = 0. Now, by (ii),

api+pmbl = α(apb) = α(bc) = α(b)δ (c) = (apmbl)cr
= apm(bl)cr

= apmaprlbl = apm+prlbl . Thus, i ≡ rl (mod p). Let t be

a primitive root of 1 (mod p) and x =

((

t + p 0
0 t

)

,δ1

)

,y =

((

1 0
1 1

)

,δ1

)

and z =

((

t + p 0
0 1

)

,δt

)

, where δρ(c) = cρ .

Then W ≃ 〈x,y,z | xp(p−1) = 1 = yp = zp(p−1),xz = zx,xy = yx,zyz−1 = yt−1
〉. Therefore, W ≃ (Zp ×Zp(p−1))⋊Zp(p−1)

and so, E ≃ (Zp ×Zp(p−1))⋊Zp(p−1). Hence, by Theorem 1, AutK(G3)≃ (Zp ×Zp(p−1))⋊Zp(p−1).

The group G4. Let H = 〈a,b | ap2
= bp = 1,ab= ba〉 and K = 〈c | cp = 1〉. Then G4 ≃H⋊φ K, where φ : K −→Aut(H) is

given by φ(c)(a) = a1+p and φ(c)(b) = b. Note that [H,K] = 〈ap〉 ≃Zp. By the similar argument as in the case G3 above,
CK(H) = {1}. Since K is abelian, by [2, Corollary 2.2, p. 490] C is the trivial group. Note that, any α ∈ Aut(H) defined by,

α(a) = aib j and α(b) = apmbl can be expressed as a matrix

(

i j

m l

)

, where 0 ≤ i ≤ p2 −1,gcd(p, i) = 1, 0 ≤ m, j ≤ p−1

and 1 ≤ l ≤ p− 1. Also, let δ ∈ Aut(K)≃ Zp−1 be defined by δ (c) = cr, where 1 ≤ r ≤ p− 1. Now, if (α,δ ) ∈W , then

(i) α(ac) = α(a)δ (c) and (ii) α(bc) = α(b)δ (c). Note that α(bc) = α(b) = apmbl and α(b)δ (c) = (apmbl)cr
= (apm)cr

bl =

apm(1+p)r
bl = apmbl . Therefore, each α ∈ Aut(H) satisfies (ii). Now, by (i), (aib j)1+p = α(a1+p) = α(ac) = α(a)δ (c) =

(aib j)cr
= (ai)cr

b j = ai(1+p)r
b j. Thus, i(p+1)≡ i(1+ p)r (mod p2) which implies that r = 1. Therefore, W ≃ Aut(H)≃
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Zp−1 × (((Zp ×Zp)⋊Zp)⋊Zp−1). Hence, E ≃ Zp−1 × (((Zp ×Zp)⋊Zp)⋊Zp−1). Thus, AutK(G4)≃ Zp−1 × (((Zp ×
Zp)⋊Zp)⋊Zp−1).

The group G5. Let H = 〈b,c | bp = cp = 1,bc = cb〉 and K = 〈a | ap2
= 1〉. Then G5 ≃ H ⋊φ K, where φ : K −→ Aut(H)

is given by φ(a)(b) = b and φ(a)(c) = b−1c. Note that [H,K] = 〈b〉 ≃ Zp. Also, if as ∈CK(H), then bic j = asbic ja−s =

bi− jsc j. Therefore, s ≡ 0 (mod p) and CK(H) = 〈ap〉. Since K is abelian, by [2, Corollary 2.2, p. 490], γ(hk) = γ(h) is
equivalent to γ ∈ Hom(H/[H,K],K). Define γk ∈ Hom(H/[H,K],K) by γk(b) = 1 and γk(c) = apk for all 0 ≤ k ≤ p− 1.

Since [H,K]⊆ Kerγk, it will induce a homomorphism from H/[H,K] to K. Let γ̂1 =

(

1 0
γ1 1

)

. Then, one can easily observe

that γ1(H)⊆CK(H). Therefore, Hom(H/[H,K],K)≃C = 〈γ̂1〉 ≃ Zp. Note that, any α ∈ Aut(H)≃ GL(2, p) defined as,

α(b) = bic j and α(c) = blcm can be represented as a matrix,

(

i j

l m

)

, where 0 ≤ l, j ≤ p− 1 and 1 ≤ i,m ≤ p− 1. Also,

let δ ∈ Aut(K) ≃ Zp(p−1) be defined by δ (a) = ar, where r ∈ Zp2 ,gcd(p,r) = 1. Now, if (α,δ ) ∈ W , then (i) α(ba) =

α(b)δ (a) and (ii) α(ca) = α(c)δ (a). By (i), bic j = α(b) = α(ba) = α(b)δ (a) = (bic j)ar
= bib−r jc j = bi−r jc j. Thus, r j ≡

0 (mod p) which implies that j = 0. Now, by (ii), b−i+lcm = α(b−1c) = α(ca) = α(c)δ (a) = (blcm)ar
= bl(cm)ar

=

blb−rmcm = bl−rmcm. Thus, i ≡ rm (mod p). Let t be a primitive root of 1 (mod p) and x =

((

t 0
1 t

)

,δ1

)

, and y =
((

t + p 0
0 1

)

,δt

)

, where δρ(a) = aρ . Then W ≃ 〈x,y | xp(p−1) = 1,yp(p−1) = 1,yxy−1 = xλ 〉, where xλ =

(

t 0

(t + p)−1 t

)

.

Then W ≃ Zp(p−1)⋊Zp(p−1) and so, E ≃ Zp(p−1)⋊Zp(p−1). Hence, AutK(G5)≃ Zp ⋊ (Zp(p−1)⋊Zp(p−1)).

The group G6. Let H = 〈a,b | ap2
= bp = 1,ba= a1+pb〉 and K = 〈c | cp = 1〉. Then G6 ≃H⋊φ K, where φ : K −→Aut(H)

is given by φ(c)(a) = ab and φ(c)(b) = b. Note that [H,K] = 〈b−1,ap〉 ≃ Zp ×Zp. By the similar argument as in the case
G3 above, CK(H) = {1} and hence C is the trivial group. Now, α ∈ Aut(H) as given in [2] can be expressed as a matrix
(

η β
ξ 1

)

, where η(a) = ai,0 ≤ i ≤ p2−1,gcd(p, i) = 1, β (b) = ap j,0 ≤ j ≤ p−1, ξ (a) = bk, 0≤ k ≤ p−1, and 1(b) = b.

Also, δ ∈ Aut(K) is given by δ (c) = cr,1 ≤ r ≤ p− 1. Now, if (α,δ ) ∈ W , then (i) α(ac) = α(a)δ (c) and (ii) α(bc) =

α(b)δ (c). Note that α(bc) =α(b) = ap jb and α(b)δ (c) =(ap jb)cr
=(crac−r)p jb=(abr)p jb= ap j+rp

p j(p j−1)
2 bp jr+1 = ap jb.

Therefore, each α ∈ Aut(H) satisfies (ii). Now, by (i), ai+p jbk+1 =α(ab) = α(ac) =α(a)δ (c) = (aibk)cr
= (crac−r)ibk =

(abr)ibk = ai+rp
i(i−1)

2 bri+k. Thus, ri ≡ 1 (mod p) which gives that i ≡ 2 j+1 (mod p). Therefore, i ∈ {(2 j+1)+λ p | λ ∈

Zp}. Let t be a primitive root of 1 (mod p) and x=

((

t + p 0
0 1

)

,δt

)

,y=

((

1 0
1 1

)

,δ1

)

, and z=

((

1+ p 0
0 1

)

,δ1

)

, where

δρ(c) = cρ . Then W ≃ 〈x,y,z | xp(p−1) = 1 = yp = zp,xyx−1 = ye,xz = zx,yz = zy〉, where ye =

(

1 0

(t + p)−1 1

)

. Hence,

W ≃ Zp × ((Zp ×Zp)⋊Zp−1) and so, E ≃ Zp × ((Zp ×Zp)⋊Zp−1). Thus, AutK(G6)≃ Zp × ((Zp ×Zp)⋊Zp−1).

The group G7. Let H = 〈a,b | ap2
= bp = 1,ba = a1+pb〉 and K = 〈c | cp = 1〉. Then, G7 ≃ H ⋊φ K, where φ : K −→

Aut(H) is given by φ(c)(a) = a1+pb and φ(c)(b) = apb. Note that [H,K] = 〈b,ap〉 ≃ Zp ×Zp. By the similar argument
as in the case G3 above, CK(H) = {1} and hence C is the trivial group. Each α ∈ Aut(H) can be expressed as a matrix
(

η β
ξ 1

)

, where η(a) = ai,0 ≤ i ≤ p2 − 1,gcd(i, p) = 1, β (b) = ap j,ξ (a) = bk,0 ≤ j,k ≤ p− 1, and 1(b) = b. Also,

δ ∈ Aut(K) is given by δ (c) = cr,1 ≤ r ≤ p−1. Now, if (α,δ ) ∈W , then (i) α(ac) = α(a)δ (c) and (ii)α(bc) = α(b)δ (c).

By (ii), api+p jb = α(apb) = α(bc) = α(b)δ (c) = (ap jb)cr
= (crac−r)p j(crbc−r) = (a1+p

r(r+1)
2 br)p j(arpb) =

ap2 j
r(r+1)

2 (abr)p jarpb = ap j+prb. Thus i ≡ r (mod p). Now, by (i), ai(1+p)+p jbk+1 = α(a1+pb) = α(ac) = α(a)δ (c) =

(aibk)cr
= (crac−r)i(crbc−r)k = ai+pri r+i

2 bri(arpb)k = ai+rpi( r+i
2 )+rpkbri+k. Thus, ri ≡ 1 (mod p) and

ip+ p j ≡ pri( r+i
2
)+ rpk (mod p2) implies that i+ j ≡ r + rk (mod p). So, j ≡ rk (mod p). Using r ≡ i (mod p) and

ri ≡ 1 (mod p), we get i2 ≡ 1 (mod p2). Let t be a primitive root of 1 (mod p) and

x =

((

1 1
0 1

)

,δ1

)

,y =

((

−1 0
0 1

)

,δ1

)

and z =

((

t + p 0
0 1

)

,δt

)

, where δρ(c) = cρ . Then

W ≃ 〈x,y,z | xp = 1 = y2 = zp(p−1),xy = yx−1,zxz−1 = xt ,yz = zy〉 ≃ Zp(p−1) × (Zp ⋊ Z2) and so,

E ≃ Zp(p−1)× (Zp ⋊Z2). Hence, AutK(G7)≃ Zp(p−1)× (Zp ⋊Z2)≃ D2p ×Zp(p−1), where D2p is the dihedral group of
order 2p.
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The group G8. Let H = 〈a,b | ap2
= bp = 1,ba= a1+pb〉 and K = 〈c | cp = 1〉. Then G8 ≃H⋊φ K, where φ : K −→Aut(H)

is given by φ(c)(a) = a1+d pb and φ(c)(b) = ad pb, d 6≡ 0,1 (mod p). By the similar argument as for the group G7, we get,
C is the trivial group and E ≃ Zp(p−1)× (Zp ⋊Z2). Hence, AutK(G8)≃ D2p ×Zp(p−1).

The group G9. Let H = 〈a,b,c | ap = bp = cp = 1,ab = ba,bc = cb,ac = ca〉, and K = 〈d | d p = 1〉. Then G9 ≃ H ⋊φ K,
where φ : K −→ Aut(H) is given by φ(d)(a) = a,φ(d)(b) = b, and φ(d)(c) = ac.

Note that [H,K] = 〈a〉 ≃ Zp. By the similar argument as in the case G3 above, CK(H) = {1} and hence C is the trivial
group. Note that, Aut(H) ≃ GL(3, p) and Aut(K) ≃ Zp−1. So, any automorphism α ∈ Aut(H) can be identified as an

element





i j k

l m n

λ µ ρ



 in GL(3, p). Let α ∈ Aut(H) and δ ∈ Aut(K) be defined as, α(a) = aib jck,α(b) = albmcn,α(c) =

aλ bµcρ , and δ (d) = dr, where 1 ≤ i,m,ρ ,r ≤ p− 1 and 0 ≤ j,k, l,n,λ ,µ ≤ p− 1. Now, if (α,δ ) ∈W , then (i) α(ad) =

α(a)δ (d), (ii) α(bd) = α(b)δ (d) and (iii) α(cd) = α(c)δ (d).

Note that, drcd−r = arc. By (i),

aib jck = α(a) = α(ad) = α(a)δ (d) = (aib jck)dr
= aib j(drcd−r)k = aib j(arc)k = ai+rkb jck. Therefore, rk ≡ 0( mod p)

which implies that k = 0. Now, by (ii), albmcn = α(b) = α(bd) = α(b)δ (d) = (albmcn)dr
= al+rnbmcn. Therefore,

rn ≡ 0( mod p) which implies that n = 0. By (iii),

ai+λ b j+µcρ = α(ac) = α(cd) = α(c)δ (d) = (aλ bµcρ)dr
= aλ+rρbµcρ . Thus, i = rρ and j = 0. So, we have,

α =





rρ 0 0
l m 0
λ µ ρ



. Let t be a primitive root of 1 (mod p) and u =









t 0 0
0 1 0
0 0 t



 ,δ1



, v =









1 0 0
0 t 0
0 0 1



 ,δ1



,

w =









t 0 0
0 1 0
0 0 1



 ,δt



, x =









1 0 0
1 1 0
0 0 1



 ,δ1



, y =









1 0 0
0 1 0
1 0 1



 ,δ1



, z =









1 0 0
0 1 0
0 1 1



 ,δ1



, where δs(d) = ds. Then

W ≃ 〈u,v,w,x,y,z | up−1 = 1 = vp−1 = wp−1 = xp = yp = zp,uv = vu,uw = wu,uy = yu,vw = wv,vy = yv,wz = zw,xy =

yx,yz = zy,uxu−1 = xt−1
,uzu−1 = zt ,vxv−1 = xt ,vzv−1 = zt−1

,wxw−1 = xt−1
,wyw−1 = yt−1

,zx = xyz〉 ≃
(((Zp × Zp) ⋊ Zp) × Zp−1) ⋊ (Zp−1 × Zp−1) and so, E ≃ (((Zp × Zp) ⋊ Zp) × Zp−1) ⋊ (Zp−1 × Zp−1). Hence,
AutK(G9)≃ (((Zp ×Zp)⋊Zp)×Zp−1)⋊ (Zp−1 ×Zp−1).

The group G10. Let H = 〈a,b,c | ap = bp = cp = 1,ab= ba,bc= cb,ac= ca〉 and K = 〈d | d p = 1〉. Then, G10 ≃H⋊φ K,
where φ : K −→ Aut(H) is given by φ(d)(a) = a,φ(d)(b) = ab, and φ(d)(c) = bc.

Note that [H,K] = 〈a,b〉 ≃ Zp ×Zp. By the similar argument as above, C is the trivial group. Note that, Aut(H) ≃

GL(3, p) and Aut(K)≃ Zp−1. So, any automorphism α ∈ Aut(H) can be identified as an element





i j k

l m n

λ µ ρ



 in GL(3, p).

Let α ∈ Aut(H) and δ ∈ Aut(K) be defined as, α(a) = aib jck,α(b) = albmcn,α(c) = aλ bµcρ , and δ (d) = dr, where

1 ≤ i,m,ρ ,r ≤ p−1 and 0 ≤ j,k, l,n,λ ,µ ≤ p−1. Now, if (α,δ ) ∈W , then (i) α(ad) = α(a)δ (d), (ii) α(bd) = α(b)δ (d)

and (iii) α(cd) = α(c)δ (d).

Note that, drbd−r = arb and drcd−r = a
r(r−1)

2 brc. By (i),

aib jck = α(a) = α(ad) = α(a)δ (d) = (aib jck)dr
= ai(drbd−r) j(drcd−r)k = ai(arb) j

(a
r(r−1)

2 brc)k = ai+r j+k
r(r−1)

2 b j+rkck. Thus k = 0 and j = 0. Now, by (ii),

ai+lbmcn = α(ab) = α(bd) = α(b)δ (d) = (albmcn)dr
= al+rm+n

r(r−1)
2 bm+rncn. Thus, n = 0 and i = rm. By (iii),

al+λ bm+µcρ = α(bc) = α(cd) = α(c)δ (d) = (aλ bµcρ)dr
= aλ+rµ+ρ

r(r−1)
2 bµ+rρ cρ . Thus, m = rρ and

l = rµ +ρ r(r−1)
2

(mod p). So, we have, α =





r2ρ 0 0
l rρ 0
λ µ ρ



, where l = rµ +ρ r(r−1)
2

(mod p). Let t be a primitive root of

1 (mod p) and x =









t 0 0
0 t 0
0 0 t



 ,δ1



, y =









t2 0 0
0 t 0
0 0 1



 ,δt



 and z =









1 0 0
1 1 0
1 1 1



 ,δ1



, where δs(d) = ds. Note that,
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〈z〉 = 〈





1 0 0
1 1 0
0 1 1



 ,





1 0 0
0 1 0
1 0 1



〉 is an abelian group of order p2. Therefore,

W ≃ 〈x,y,z | xp−1 = yp−1 = zp,xy = yx,xz = zx,yzy−1 = zu〉, where zu =





1 0 0

t−1 1 0

t−2 t−1 1



. Thus

W ≃ (Zp × Zp) ⋊ (Zp−1 × Zp−1) and so, E ≃ (Zp × Zp) ⋊ (Zp−1 × Zp−1). Hence,
AutK(G10)≃ Zp−1 × ((Zp ×Zp)⋊Zp−1).
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