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1 Introduction

The Fibonacci sequence and its generalizations offer a variety of intriguing features and uses in science and art (see, e.g.,
[9,10]). The Fibonacci and Lucas numbers { f; } and {/; } are expressed as the recurrence relations, respectively, for 4 > 0

Jn+2 = fut1 + fn with initial conditions fy=0 and f} =1,
Ipyo = lp41 + 1 with initial conditions lp=2 and [} =1

Filipponi [5] introduced the incomplete Fibonacci and Lucas numbers. The incomplete Fibonacci numbers Fj,(u) and
Lucas numbers L (v) are expressed, respectively, by

Fh(u)g)(h;i), (L%J Suéhl)

and

Lh<v>=ihh,-(hi_i)7 (L%JSvsh—l)

i=0

where |x] is the largest integer less than or equal to x and (}) = - Itis obvious that

Kl (n—k)!
A= f and (2 =0,

where the 7—th Fibonacci and Lucas numbers are denoted by fj, and [j,, respectively.

The generating functions of the incomplete generalized Fibonacci and generalized Lucas numbers were examined by
Djordjevic [3]. The incomplete generalized Jacobsthal and Jacobsthal-Lucas numbers were defined and studied by
Djordjevic and Srivastava [4]. The generating functions of the incomplete Fibonacci and Lucas numbers were discovered
by Pintr and Srivastava [18]. Ramrez [14] presented the bi-periodic incomplete Fibonacci sequences, the incomplete
k—Fibonacci and k—Lucas numbers [15]. The incomplete Tribonacci numbers and polynomials were introduced by
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Ramirez and Sirvent [16]. The incomplete Fibonacci and Lucas p—numbers were defined by Tasci and Firengiz [26].
The incomplete bivariate Fibonacci and Lucas p—polynomials were defined by Tasci et al. [27]. We refer to other studies
on incompletes of some impressive numbers and polynomials [2,11,12,13,17,20,25].

In [6,22,23,28], the (p,q)—Fibonacci and (p,q)— Lucas sequences are defined, respectively, by

Fh(pyq) _ th(f,lq) +th(f’2q), Fo(p"’) -0, FI(M) —1, (1)
and
L(p q) _ pL( )+qL§l 2)7 L(()pvq) _ 27 L(ll’vq) =p.

where p and g are real coefficients.
In [8,19,24], the (p,q)—Fibonacci and (p,q)— Lucas sequences are also given by the well-known formulas

h—1
Sl
P =y <’. >p’“‘2f‘1qf, h>1

j=0 J

and

B

2] h o

Z h— ( >Ph_2161]7 h>1.
=0 J

Note that Fh(p 9 and L,(f 0 reduce to the Fibonacci and Lucas sequences Fj, and Ly, respectively, when p = ¢ = 1; see,
respectively, sequences A000045 and A000032 in [29].

According to Filipponi, the specific use of well-known combinatorial expressions for Fibonacci and Lucas numbers yields
two interesting classes of integers (specifically, F;, (k) and L, (k)) ruled by the integral parameters n and & [5]. In this paper,
we examine how the specific application of combinatorial phrases for (p,q)—Fibonacci and (p,q)—Lucas numbers yields
to two interesting classes of integers governed by the integral parameters n and k. Moreover, we derive some identities
and the generating functions of the incomplete (p,q)—Fibonacci and (p,g)—Lucas numbers.

2 The Incomplete (p,q)—Fibonacci Numbers

Definition 1.The incomplete (p,q)—Fibonacci numbers F<( q)) are defined as

h—j—1\ , 91 h—1 N

F((hpkcg)_zb( ; )ph 2j lqj, (1§h;0§k§LTJ:h)- )
j=

The numbers F(( q)) are displayed in Table 1. It shows the first few /& values and the corresponding permissible k values:

Table 1: The first few values of the incomplete (p,q)—Fibonacci Numbers

m\k | 0 1 2 3
1T [ 1
2 P
3| P pPtg
4 | P pP+2pg
s | pt pt+3p% pt43p7q+4
6 | p° p+4p’q P +4pPq+3pq’
7 | p® p+5ptq PO +5ptq+6p7d? PP +5ptq+6p° +4°
8 | p’ p'+6p°q p +6pg+10p°¢>  p’+6p g+ 10p ¢ +4pg’
9O | P P+7p% pP+7p8q+15p*¢  pP+7p8q+15p% ¢ +10p°4
10 | p° pP°+8p’q pP4+8pTq+21p3¢% pPP+8p q+21p° 42 +20p3 43

The relation (2) has some special cases as follows:
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LR =ph (h>1)
20 FP = ph 4 (h=2)ph g, (h=3)
h—4)(h—3
3.0 R =p 4 (h=2)p" s+ )2( LS, (n=5)
O e N (Y
h h_

5 F(Paq) _ }:‘}1([7711)__pq(7 D (h even) h>3
T (hh-1) T ( )2 1 , (h=23)

' FPY—¢")  (h odd)

2.1 Some identities of the numbers F(%)

)

Proposition 1.The incomplete (p,q)—Fibonacci numbers F((hp kq) can be given by the recurrence relation

(p.9) (p.9) (p.9) 7
o) = PPt ey T4 ggy s 0k <h. A

Proof.Using Definition (3), we obtain the desired equality as follows:

ktl /p — ko /p—j— . -
-] .]
pF((h 1)[( N qF(pq ( ) h— 2]+lqj } ( ) h—2j—1_j+1

™

j=0
k+1 h— k+1 h— ) )

_ < .J)ph zj+1qjJr ( -1]>ph—2j+1qj
=\ J =V

-1 [("7)+ o)1)
=0 j j—1 —1
k+1 h— 1 . .

_ < {Jr >ph—2j+1qj_0
Jj=0 J

_ p(pa)

=K (h+2,k+1)

Proposition 2.The following identity holds:
(p.q) (p.a) (p.q) h—k—=1\ 4 o1 ket
Frrwy = PEoin T 9F sy — ( v )P q (4)

Proofiit is clear that

£[07) ()

S (h—J\ 2 u h—2j+1
ZZ( )p ”q“r):(J 1)19 gl

j=0

—1
1\
F(lerqlk + Z < >ph Hlgrt

j=—1
k .
) h—j—1 i1 i h—k—1 o
:pF((th}ql),k)"'(l)th"'qZ( ; )ph 2j Iq]_( ) )ph 2k lqurl
j=0

h—k—1 Y
- pF((lﬁ?,k) _i_qF((hlil-,g)_( ) ) P2k g
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Proposition 3.The following identity holds:

y rippa)  _ plpa) h—r—1
Zb (1) r'q ]F(th] k) = Frzraery 0Sks— ®)
=

Proof:-We use induction on r. The sum (5) is plainly valid for » = 1; Assume it is true for a specific case r > 1. In order to
perform the inductive step r — r+ 1, we get

Fra) v r i1 plpa)

(A+2(r+1) k(1)) ,Z -1 rla (hj kt-j)
- r—j 2 (Ps9) r r+1 2 5(p.4q)

qg < > g ]Fh+jk+])+ <r+1)p T E i k)

% 1 (pa)
Z< > - F(h+]k+j)

_ r(rg ji+1 (p.q)
qF(h+2rk+r +0+ Zl< ) g ]F(h+j+1k+j+1)
=

_ r—j(P:q) r —1_r+1(pq)
th+2rk+r +PZ ( ) A R (1>p 4" Fop

(r.9) (P.9)
qF(h+2rk+r) T PE ot k) TO

Proposition 4.For n > 2k + 2, we have

i 2 -(p.q) o ( q) r(p.q)
ZP gt Fif:qu k)~ q" F(hp+qr+1,k+1)_pF(’f)ﬂ“qlvk“)' ©

Proof:-We use induction on r. The sum (5) is plainly valid for » = 1; Assume it is true for a specific case r > 1. In order to
perform the inductive step » — r+ 1, we obtain

-

i+2 -(P,q) 1 j+2 -(P:q) +2 1-(P:q)
Pl Floja = PZP” TG T4

J=0
_ r+1(p.4) r(P.g) r+2 - (Pq)
=P (‘1 " F(hp+qr+1 1) P F(;iuql k+1)) +q"" F(;f:uqu)
_ ol (p.q) (p.q) r+1(p.9)
=q" (pF(h+r+lk+l)+qF(h+rk)) P Flt )
r+1 (Pq) r+1 (Pq)
=q" F(}f;+qr+1k+1) P F(if:qu k+1)

In [24,1], note that if p and ¢ in (1) are real variables, then Fh(p ) Fy(x,y) and hence they correspond to the bivariate
Fibonacci polynomials expressed as

Fh(x7y)ZXFhfl(x)y)+th72(x7y)a FO(-xay):O7 Fl(-xay):17 hZZ

Lemma 1.In [1], the following relation holds:

IFP)  hEPD 4 q(h—2)FPS —2pFPY

dap p2+4q

Lemma 2.For h € Z*, the following equality is true:

f}. (h —j- 1)ph2,-,q,~ _ ((h=1)(P*+49) = hp) " — pg(h—2) Y 4+ 2p2F, ")

frd J 2(p*+4q)
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Proof.-We are aware that

h
—1 .o
prq Z< J > h2jqj

By derivating into the previous equation with respect to p, we get

From Lemma 1, the proof is completed.

Proposition 5.For h € Z™, the following equality is true:

fi o _ (2R ht3) (P> +4q) + p)E" Y + pa(h =23 2p°F," ]!
& 2(p? +4q)

Proof.From Lemma 1, we obtain

_ h—1 h—1 h—1 h—1 h—2 h—3
(s)r +[<0)P (7)o
h=1\ 1 (P72 s h—=h—=1\ ;i1 j
(s (e
A h—1 h—3 h_ho1 -
=(h+1) phlJr/’l ph_3q+...+ . ph—Zh—lqh
0 1 h
h .
h—j—1 o
Z (h—j+1) ( Y )ph2]lq]
j=0 J
; h=J=1\ poict ;W (h=i—=1\ iy
(h“)Z( : )p“’ 'q’—ZJ( )Y

Jj=0 J Jj=0 J

((h=1)(p*+4q) —hp)E"" — pq(h — 2)F"Y + 2%,
2(p* +4q)
((2h—h+3)(p*+4q) +hp)F"" + pa(h = 2) RS — 2p ")
- 2(p* +4q)

(P.a)
= (hath+ 1)F,"% —

3 The Incomplete (p,q)—Lucas Numbers

Definition 2.The incomplete (p,q)—Lucas numbers Lg Z)) are defined by

k .
(ra) _ h (h=Jj\ naj ; : hy s
L(ZZ) th—_]< j >P q’, <1§h,0§k§L§J_h)' )

The numbers LEZ’Z)) are displayed in Table 2. It shows the first few /& values and the corresponding permissible k values:
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Table 2: The first few values of the incomplete (p,q)—Lucas Numbers

n\k| 0 1 2 3
1 P
2 | p? PP+2q
3| P pPP43pg
4 | pt pt+dapg p+4pPq+24*
5 | P pP+5pg P’ +5p°q+5pq°
6 | p° pP+6pig P +6p*q+9p°q pe +6p *q+9p%¢* +24°
7| P P +7p°q P +Tpq+14p3¢ p7 +7p q+ 14p3q +7pq’
8 b pd+8pg P8 +8pPq+20p* 42 P8 4+8p0q+20p 4% + 16p2¢°
9O | p°  PP+%’q  PP+97q+21p°¢ PP +9p q+27p q2 +30p°q°
10 | plo p'%+10p8%¢  p'04+10p8g+35p°¢%  p'O+10p8q+35p°4% +50p* 43

The relation (7) has some special cases as follows:

L(pq) h (h>1)

(h,0) )2

—Lgf)) pl4hp' g, (h>2)
h(h—3
—L(8) = p+ hph=? +7( 5 L4, (h>5)
L =100z 1)
(r.g) (I

(r.g9) L 24"z} (h  even)
_[\Pd h>2

(hi—1) {L(p,q) hpq(%) (h odd) ( )

3.1 Some identities of the numbers L 5 Z

—~
N

Proposition 6.The following identity holds:

I3 qu) _ qF(pyq) 4+ Flpa) 0<k<h.

(
(h.k) (h—1k—1) T T (h+1k)

Proof.Using Definition (2), we obtain the desired equality as follows:

; h—j—2 h—j A
AT I W (A I 0 W (R

j=0 J
k
h 1 o h
ZQZ( .]1 ) h21q11+2( .]) h—2j j
=t =0\ J
h—j—1 h—j _ h—1
| ) (=)
=0 J— J -
k .
h h_-]) h—=2j j (p.q)
=) —\ . )P ¢ -0=Ly
,Zz)hj( J (k)

Proposition 7.The incomplete (p,q)—Lucas numbers LEZZ)) can be given by the recurrence relation

(Pa) _ 7 (Pa) (p.a) N
Ly gy = PLi i ey T qL(h  0<k<h

Proof.Relation (9) can be proved by using (8).
Proposition 8.The following identity holds:

(pg) _ r(pa) (pa) h (R=k\ o ki
Lty = PLy o +aly, )_hk( )P g

®)

©)

(10)
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Proof.Relation (10) can be proved by using (4) and (8).

Proposition 9.The following identity holds:

> (")e (P-4) (p.a)
'Zz) (J) 1 Jp L(h+1 k+j) — L(h+2r,k+r); 0
Jj=

IN
Pl
IN
=
|
<

1D

[\

ProofRelation (11) can be proved by using (5) and (8).

4 Generating Functions of the Incomplete (p,g)—Fibonacci and (p,q)—Lucas Numbers

The generating functions of the incomplete (p,q)—Fibonacci and (p,q)—Lucas numbers are given in this section.

Lemma 3.Assume {T},}, _ is a complex sequence that obeys the non-homogeneous second-order recurrence relation:
T,=aTly_1+ BT, 2+Ry, h>1,

where ., 3 € C (the field of complex numbers) and Rj, : N — C is a sequence. Then the generating function U(t) of Tj, is

G(l)+T0—R0+(T1—OCSo—R1)t

vt = 1 — ot — Br?

where the generating function of {R;,} is denoted by G(t) (See [18]).

Theorem 1.The generating function of the incomplete (p,q)—Fibonacci numbers F(( g) is

)

x2gkH! (p.9) (p.q)
- ,l,]x)url +Fyiy taby X
Gpaul®) = 1 — px—gx?
Proof.-Assume £ is a fixed positive integer. Using (2) and (4), F< ktg) Ofor0<h<2k+1, F((Qiz)l 0= = F}, 42141, and

(ra) _ ppa)
F (z’?im F, 2/f+qz’

(pa) _ -(p.q) (p.) h—k—=3\ 4 23 ket
R —pF(}f’_ql7k)+qF(,f_'727k)—( A

; _ rpa) _ plpa ) Fpa)
Now consider Ty = Fi5, ?) ), Ti = F, and T, = Fj, D gy

Also, consider Ry =R =0,

etk =2\ 2 ki1
R, = .
h <h—2 >P q
Here,
2kt
Gx)= —4
(1_px)k+l

is the generating function of the sequence {R),} (see [21]). As a result of Lemma 3, we obtain the generating function
Gi,q,k(x) of the sequence {7}, }.

(p.q)
Fing)

Theorem 2.The generating function of the incomplete (p,q)—Lucas numbers is

2—px)q (p.9) (p,q)
L (x): ((1;%4»[4 +qL2k Ix

G
p:a-k 1 — px—gx?
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Proof.Assume k is a fixed positive integer. Using (2) and (4), LEZ’Z)) =0for 0 < h <2k, P9 — Lé’l';’q), and LP9  _

(2k.k) (2k+1k)
e,
(ra) _ 7 (pa) (pg)  h—2 h—k—=2\ 4 o2 k41
Ly = PEn—10 92 ~ "5 2 (h k-2 q
: _7(pa) ) _ 7(pa)
Now consider Ty = L(Zk,k)’ T\ = L(2k+17k) and 7, = L<n+2k7k).
Also, consider Ry =R; =0,
n+2k—=2(h+k—=2\ ;5 ;1
" htk—2 ( h—2 )p 1

Here,

x2(2 = px)gtt!
G(x) = ((1 _ ;C))kcil

is the generating function of the sequence {R;, } (see [21]). As a result of Lemma 3, we get the generating function Gé q (%)

of the sequence {7}, }.

5 Conclusion

In this paper, the incomplete (p,q)—Fibonacci and (p,g)—Lucas numbers are defined. Some properties and identities for
them are given. The generating functions are derived. From these results, we can reach familiar results for some special
numbers, such as Fibonacci, Lucas, Pell, and Jacobsall, as special cases
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