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1 Introduction

The Fibonacci sequence and its generalizations offer a variety of intriguing features and uses in science and art (see, e.g.,
[9,10]). The Fibonacci and Lucas numbers { fh} and {lh} are expressed as the recurrence relations, respectively, for h ≥ 0

fh+2 = fh+1 + fh with initial conditions f0 = 0 and f1 = 1,

lh+2 = lh+1 + lh with initial conditions l0 = 2 and l1 = 1

Filipponi [5] introduced the incomplete Fibonacci and Lucas numbers. The incomplete Fibonacci numbers Fh(u) and
Lucas numbers Lh(v) are expressed, respectively, by

Fh(u) =
u

∑
i=0

(

h− 1− i

i

)

,

(

⌊
h− 1

2
⌋ ≤ u ≤ h− 1

)

and

Lh(v) =
v

∑
i=0

h

h− i

(

h− i

i

)

,

(

⌊
h

2
⌋ ≤ v ≤ h− 1

)

where ⌊x⌋ is the largest integer less than or equal to x and
(

n
k

)

=
n!

k!(n− k)!
. It is obvious that

Fh(⌊
h− 1

2
⌋) = fh and Lh(⌊

h

2
⌋) = lh

where the h−th Fibonacci and Lucas numbers are denoted by fh and lh, respectively.
The generating functions of the incomplete generalized Fibonacci and generalized Lucas numbers were examined by
Djordjevic [3]. The incomplete generalized Jacobsthal and Jacobsthal-Lucas numbers were defined and studied by
Djordjevic and Srivastava [4]. The generating functions of the incomplete Fibonacci and Lucas numbers were discovered
by Pintr and Srivastava [18]. Ramrez [14] presented the bi-periodic incomplete Fibonacci sequences, the incomplete
k−Fibonacci and k−Lucas numbers [15]. The incomplete Tribonacci numbers and polynomials were introduced by
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Ramirez and Sirvent [16]. The incomplete Fibonacci and Lucas p−numbers were defined by Tasci and Firengiz [26].
The incomplete bivariate Fibonacci and Lucas p−polynomials were defined by Tasci et al. [27]. We refer to other studies
on incompletes of some impressive numbers and polynomials [2,11,12,13,17,20,25].
In [6,22,23,28], the (p,q)−Fibonacci and (p,q)− Lucas sequences are defined, respectively, by

F
(p,q)
h = pF

(p,q)
h−1 + qF

(p,q)
h−2 , F

(p,q)
0 = 0, F

(p,q)
1 = 1, (1)

and

L
(p,q)
h = pL

(p,q)
h−1 + qL

(p,q)
h−2 , L

(p,q)
0 = 2, L

(p,q)
1 = p.

where p and q are real coefficients.
In [8,19,24], the (p,q)−Fibonacci and (p,q)− Lucas sequences are also given by the well-known formulas

F
(p,q)
h =

⌊
h− 1

2
⌋

∑
j=0

(

h− j− 1

j

)

ph−2 j−1q j
, h ≥ 1

and

L
(p,q)
h =

⌊
h

2
⌋

∑
j=0

h

h− j

(

h− j

j

)

ph−2 jq j
, h ≥ 1.

Note that F
(p,q)
h and L

(p,q)
h reduce to the Fibonacci and Lucas sequences Fh and Lh, respectively, when p = q = 1; see,

respectively, sequences A000045 and A000032 in [29].
According to Filipponi, the specific use of well-known combinatorial expressions for Fibonacci and Lucas numbers yields
two interesting classes of integers (specifically, Fn(k) and Ln(k)) ruled by the integral parameters n and k [5]. In this paper,
we examine how the specific application of combinatorial phrases for (p,q)−Fibonacci and (p,q)−Lucas numbers yields
to two interesting classes of integers governed by the integral parameters n and k. Moreover, we derive some identities
and the generating functions of the incomplete (p,q)−Fibonacci and (p,q)−Lucas numbers.

2 The Incomplete (p,q)−Fibonacci Numbers

Definition 1.The incomplete (p,q)−Fibonacci numbers F
(p,q)
(h,k)

are defined as

F
(p,q)
(h,k) =

k

∑
j=0

(

h− j− 1

j

)

ph−2 j−1q j
,

(

1 ≤ h;0 ≤ k ≤ ⌊
h− 1

2
⌋= ĥ

)

. (2)

The numbers F
(p,q)
(h,k)

are displayed in Table 1. It shows the first few h values and the corresponding permissible k values:

Table 1: The first few values of the incomplete (p,q)−Fibonacci Numbers

h\k 0 1 2 3

1 1

2 p

3 p2 p2 +q

4 p3 p3 +2pq

5 p4 p4 +3p2q p4 +3p2q+q2

6 p5 p5 +4p3q p5 +4p3q+3pq2

7 p6 p6 +5p4q p6 +5p4q+6p2q2 p6 +5p4q+6p2q2 +q3

8 p7 p7 +6p5q p7 +6p5q+10p3q2 p7 +6p5q+10p3q2 +4pq3

9 p8 p8 +7p6q p8 +7p6q+15p4q2 p8 +7p6q+15p4q2 +10p2q3

10 p9 p9 +8p7q p9 +8p7q+21p5q2 p9 +8p7q+21p5q2 +20p3q3

The relation (2) has some special cases as follows:
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1. F
(p,q)
(h,0)

= ph−1, (h ≥ 1)

2. F
(p,q)
(h,1)

= ph−1 +(h− 2)ph−3q, (h ≥ 3)

3. F
(p,q)
(h,2)

= ph−1 +(h− 2)ph−3q+
(h− 4)(h− 3)

2
ph−5q2, (h ≥ 5)

4. F
(p,q)

(h,ĥ)
= F

(p,q)
h , (h ≥ 1)

5. F
(p,q)

(h,ĥ−1)
=







F
(p,q)
h −

h

2
pq(

h
2−1) (h even)

F
(p,q)
h − q(

h−1
2 ) (h odd)

, (h ≥ 3)

2.1 Some identities of the numbers F
(p,q)
(n,k)

Proposition 1.The incomplete (p,q)−Fibonacci numbers F
(p,q)
(h,k)

can be given by the recurrence relation

F
(p,q)
(h+2,k+1)

= pF
(p,q)
(h+1,k+1)

+ qF
(p,q)
(h,k)

, 0 ≤ k ≤ ĥ. (3)

Proof.Using Definition (3), we obtain the desired equality as follows:

pF
(p,q)
(h+1,k+1)

+ qF
(p,q)
(h,k)

=
k+1

∑
j=0

(

h− j

j

)

ph−2 j+1q j +
k

∑
j=0

(

h− j− 1

j

)

ph−2 j−1q j+1

=
k+1

∑
j=0

(

h− j

j

)

ph−2 j+1q j +
k+1

∑
j=1

(

h− j

j− 1

)

ph−2 j+1q j

=
k+1

∑
j=0

[(

h− j

j

)

+

(

h− j

j− 1

)]

ph−2 j+1q j −

(

h

−1

)

=
k+1

∑
j=0

(

h− j+ 1

j

)

ph−2 j+1q j − 0

= F
(p,q)
(h+2,k+1)

Proposition 2.The following identity holds:

F
(p,q)
(h+2,k)

= pF
(p,q)
(h+1,k)

+ qF
(p,q)
(h,k)

−

(

h− k− 1

k

)

ph−2k−1qk+1 (4)

Proof.it is clear that

F
(p,q)
(h+2,k)

=
k

∑
j=0

(

h− j+ 1

j

)

ph−2 j+1q j

=
k

∑
j=0

[(

h− j

j

)

+

(

h− j

j− 1

)]

ph−2 j+1q j

=
k

∑
j=0

(

h− j

j

)

ph−2 j+1q j +
k

∑
j=0

(

h− j

j− 1

)

ph−2 j+1q j

= pF
(p,q)
(h+1,k)

+
k−1

∑
j=−1

(

h− j− 1

j

)

ph−2 j−1q j+1

= pF
(p,q)
(h+1,k)

+

(

h

−1

)

ph+1 + q
k

∑
j=0

(

h− j− 1

j

)

ph−2 j−1q j −

(

h− k− 1

k

)

ph−2k−1qk+1

= pF
(p,q)
(h+1,k)

+ qF
(p,q)
(h,k)

−

(

h− k− 1

k

)

ph−2k−1qk+1
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Proposition 3.The following identity holds:

r

∑
j=0

(

r

j

)

p jqr− jF
(p,q)
(h+ j,k+ j)

= F
(p,q)
(h+2r,k+r)

, 0 ≤ k ≤
h− r− 1

2
(5)

Proof.We use induction on r. The sum (5) is plainly valid for r = 1; Assume it is true for a specific case r > 1. In order to
perform the inductive step r → r+ 1, we get

F
(p,q)
(h+2(r+1),k+(r+1))

=
r+1

∑
j=0

[(

r

j

)

+

(

r

j− 1

)]

p jqr− j+1F
(p,q)
(h+ j,k+ j)

= q
r

∑
j=0

(

r

j

)

p jqr− jF
(p,q)
(h+ j,k+ j)

+

(

r

r+ 1

)

pr+1q2F
(p,q)
(h+r+1,k+r+1)

+
r+1

∑
j=0

(

r

j− 1

)

p jqr− j+1F
(p,q)
(h+ j,k+ j)

= qF
(p,q)
(h+2r,k+r)+ 0+

r

∑
j=−1

(

r

j

)

p j+1qr− jF
(p,q)
(h+ j+1,k+ j+1)

= qF
(p,q)
(h+2r,k+r)

+ p
r

∑
j=0

(

r

j

)

p jqr− jF
(p,q)
(h+ j+1,k+ j+1)

+

(

r

−1

)

p−1qr+1F
(p,q)
(h,k)

= qF
(p,q)
(h+2r,k+r)

+ pF
(p,q)
(h+2r+1,k+r+1)

+ 0

Proposition 4.For n ≥ 2k+ 2, we have

r−1

∑
j=0

pr− j−1q j+2F
(p,q)
(h+ j,k)

= qr+1F
(p,q)
(h+r+1,k+1)

− prF
(p,q)
(h+1,k+1)

. (6)

Proof.We use induction on r. The sum (5) is plainly valid for r = 1; Assume it is true for a specific case r > 1. In order to
perform the inductive step r → r+ 1, we obtain

r

∑
j=0

pr− jq j+2F
(p,q)
(h+ j,k)

= p
r−1

∑
j=0

pr− j−1q j+2F
(p,q)
(h+ j,k)

+ qr+2F
(p,q)
(h+r,k)

= p
(

qr+1F
(p,q)
(h+r+1,k+1)

− prF
(p,q)
(h+1,k+1)

)

+ qr+2F
(p,q)
(h+r,k)

= qr+1
(

pF
(p,q)
(h+r+1,k+1)

+ qF
(p,q)
(h+r,k)

)

− pr+1F
(p,q)
(h+1,k+1)

= qr+1F
(p,q)
(h+r+1,k+1)

− pr+1F
(p,q)
(h+1,k+1)

In [24,1], note that if p and q in (1) are real variables, then F
(p,q)
h = Fh(x,y) and hence they correspond to the bivariate

Fibonacci polynomials expressed as

Fh(x,y) = xFh−1(x,y)+ yFh−2(x,y), F0(x,y) = 0, F1(x,y) = 1, h ≥ 2.

Lemma 1.In [1], the following relation holds:

∂F
(p,q)
h

∂ p
=

hF
(p,q)
h + q(h− 2)F

(p,q)
h−2 − 2pF

(p,q)
h−1

p2 + 4q
.

Lemma 2.For h ∈ Z+, the following equality is true:

ĥ

∑
j=0

j

(

h− j− 1

j

)

ph−2 j−1q j =
((h− 1)(p2+ 4q)− hp)F

(p,q)
h − pq(h− 2)F

(p,q)
h−2 + 2p2F

(p,q)
h−1

2(p2 + 4q)
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Proof.We are aware that

pF
(p,q)
h =

ĥ

∑
j=0

(

h− j− 1

j

)

ph−2 jq j

By derivating into the previous equation with respect to p, we get

F
(p,q)
h + p

∂F
(p,q)
h

∂ p
=

ĥ

∑
j=0

(h− 2 j)

(

h− j− 1

j

)

ph−2 j−1q j

= hF
(p,q)
h − 2

ĥ

∑
j=0

j

(

h− j− 1

j

)

ph−2 j−1q j

From Lemma 1, the proof is completed.

Proposition 5.For h ∈ Z+, the following equality is true:

ĥ

∑
k=0

F
(p,q)
(h,k) =

((2ĥ− h+ 3)(p2+ 4q)+ hp)F
(p,q)
h + pq(h− 2)F

(p,q)
h−2 − 2p2F

(p,q)
h−1

2(p2 + 4q)

Proof.From Lemma 1, we obtain

ĥ

∑
k=0

F
(p,q)
(h,k) = F

(p,q)
(h,0) +F

(p,q)
(h,1) + · · ·+F

(p,q)

(h,ĥ)

=

(

h− 1

0

)

ph−1 +

[(

h− 1

0

)

ph−1 +

(

h− 2

1

)

ph−3q

]

+ · · ·+

[

(

h− 1

0

)

ph−1 +

(

h− 2

1

)

ph−3q+ · · ·+

(

h− ĥ− 1

ĥ

)

ph−2ĥ−1qĥ

]

= (ĥ+ 1)

(

h− 1

0

)

ph−1 + ĥ

(

h− 3

1

)

ph−3q+ · · ·+

(

h− ĥ− 1

ĥ

)

ph−2ĥ−1qĥ

=
ĥ

∑
j=0

(ĥ− j+ 1)

(

h− j− 1

j

)

ph−2 j−1q j

= (ĥ+ 1)
ĥ

∑
j=0

(

h− j− 1

j

)

ph−2 j−1q j −
ĥ

∑
j=0

j

(

h− j− 1

j

)

ph−2 j−1q j

= (hath+ 1)F
(p,q)
h −

((h− 1)(p2+ 4q)− hp)F
(p,q)
h − pq(h− 2)F

(p,q)
h−2 + 2p2F

(p,q)
h−1

2(p2 + 4q)

=
((2ĥ− h+ 3)(p2+ 4q)+ hp)F

(p,q)
h + pq(h− 2)F

(p,q)
h−2 − 2p2F

(p,q)
h−1

2(p2 + 4q)

3 The Incomplete (p,q)−Lucas Numbers

Definition 2.The incomplete (p,q)−Lucas numbers L
(p,q)
(h,k)

are defined by

L
(p,q)
(h,k) =

k

∑
j=0

h

h− j

(

h− j

j

)

ph−2 jq j
,

(

1 ≤ h;0 ≤ k ≤ ⌊
h

2
⌋= h̃

)

. (7)

The numbers L
(p,q)
(h,k)

are displayed in Table 2. It shows the first few h values and the corresponding permissible k values:
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Table 2: The first few values of the incomplete (p,q)−Lucas Numbers

n\k 0 1 2 3

1 p

2 p2 p2 +2q

3 p3 p3 +3pq

4 p4 p4 +4p2q p4 +4p2q+2q2

5 p5 p5 +5p3q p5 +5p3q+5pq2

6 p6 p6 +6p4q p6 +6p4q+9p2q2 p6 +6p4q+9p2q2 +2q3

7 p7 p7 +7p5q p7 +7p5q+14p3q2 p7 +7p5q+14p3q2 +7pq3

8 p8 p8 +8p6q p8 +8p6q+20p4q2 p8 +8p6q+20p4q2 +16p2q3

9 p9 p9 +9p7q p9 +9p7q+27p5q2 p9 +9p7q+27p5q2 +30p3q3

10 p10 p10 +10p8q p10 +10p8q+35p6q2 p10 +10p8q+35p6q2 +50p4q3

The relation (7) has some special cases as follows:

–L
(p,q)
(h,0)

= ph, (h ≥ 1)

–L
(p,q)
(h,1)

= ph + hph−2q, (h ≥ 2)

–L
(p,q)
(h,2)

= ph + hph−2q+
h(h− 3)

2
ph−4q2, (h ≥ 5)

–L
(p,q)

(h,h̃)
= L

(p,q)
h , (h ≥ 1)

–L
(p,q)

(h,h̃−1)
=

{

L
(p,q)
h − 2q(

h
2 ) (h even)

L
(p,q)
h − hpq(

h−1
2 ) (h odd)

, (h ≥ 2)

3.1 Some identities of the numbers L
(p,q)
(h,k)

Proposition 6.The following identity holds:

L
(p,q)
(h,k)

= qF
(p,q)
(h−1,k−1)

+F
(p,q)
(h+1,k)

, 0 ≤ k ≤ h̃. (8)

Proof.Using Definition (2), we obtain the desired equality as follows:

qF
(p,q)
(h−1,k−1)

+F
(p,q)
(h+1,k)

= q
k−1

∑
j=0

(

h− j− 2

j

)

ph−2 j−2q j +
k

∑
j=0

(

h− j

j

)

ph−2 jq j

= q
k

∑
j=1

(

h− j− 1

j− 1

)

ph−2 jq j−1 +
k

∑
j=0

(

h− j

j

)

ph−2 jq j

=
k

∑
j=0

[(

h− j− 1

j− 1

)

+

(

h− j

j

)]

ph−2 jq j −

(

h− 1

−1

)

ph

=
k

∑
j=0

h

h− j

(

h− j

j

)

ph−2 jq j − 0 = L
(p,q)
(h,k)

Proposition 7.The incomplete (p,q)−Lucas numbers L
(p,q)
(h,k)

can be given by the recurrence relation

L
(p,q)
(h+2,k+1)

= pL
(p,q)
(h+1,k+1)

+ qL
(p,q)
(h,k)

, 0 ≤ k ≤ h̃. (9)

Proof.Relation (9) can be proved by using (8).

Proposition 8.The following identity holds:

L
(p,q)
(h+2,k)

= pL
(p,q)
(h+1,k)

+ qL
(p,q)
(h,k)

−
h

h− k

(

h− k

k

)

ph−2kqk+1 (10)
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Proof.Relation (10) can be proved by using (4) and (8).

Proposition 9.The following identity holds:

r

∑
j=0

(

r

j

)

qr− j p jL
(p,q)
(h+ j,k+ j)

= L
(p,q)
(h+2r,k+r)

, 0 ≤ k ≤
h− r

2
(11)

Proof.Relation (11) can be proved by using (5) and (8).

4 Generating Functions of the Incomplete (p,q)−Fibonacci and (p,q)−Lucas Numbers

The generating functions of the incomplete (p,q)−Fibonacci and (p,q)−Lucas numbers are given in this section.

Lemma 3.Assume {Th}
∞
h=0 is a complex sequence that obeys the non-homogeneous second-order recurrence relation:

Th = αTh−1 +β Th−2+Rh, h > 1,

where α,β ∈ C (the field of complex numbers) and Rh : N→ C is a sequence. Then the generating function U(t) of Th is

U(t) =
G(t)+T0 −R0 +(T1 −αS0 −R1)t

1−αt−β t2

where the generating function of {Rh} is denoted by G(t) (See [18]).

Theorem 1.The generating function of the incomplete (p,q)−Fibonacci numbers F
(p,q)
(h,k)

is

GF
p,q,k(x) =

x2qk+1

(1−px)k+1
+F

(p,q)
2k+1 + qF

(p,q)
2k x

1− px− qx2

Proof.Assume k is a fixed positive integer. Using (2) and (4), F
(p,q)
(h,k)

= 0 for 0 ≤ h < 2k+ 1, F
(p,q)
(2k+1,k)

= Fp,q,2k+1, and

F
(p,q)
(2k+2,k) = F

(p,q)
2k+2 ,

F
(p,q)
(h,k)

= pF
(p,q)
(h−1,k)

+ qF
(p,q)
(h−2,k)

−

(

h− k− 3

k

)

ph−2k−3qk+1

Now consider T0 = F
(p,q)
(2k+1,k), T1 = F

(p,q)
(2k+2,k) and Th = F

(p,q)
(h+2k+1,k).

Also, consider R0 = R1 = 0,

Rh =

(

h+ k− 2

h− 2

)

ph−2qk+1
.

Here,

G(x) =
x2qk+1

(1− px)k+1

is the generating function of the sequence {Rh} (see [21]). As a result of Lemma 3, we obtain the generating function
GF

p,q,k(x) of the sequence {Th}.

Theorem 2.The generating function of the incomplete (p,q)−Lucas numbers F
(p,q)
(h,k)

is

GL
p,q,k(x) =

x2(2−px)qk+1

(1−px)k+1 +L
(p,q)
2k + qL

(p,q)
2k−1x

1− px− qx2
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Proof.Assume k is a fixed positive integer. Using (2) and (4), L
(p,q)
(h,k)

= 0 for 0 ≤ h < 2k, L
(p,q)
(2k,k)

= L
(p,q)
2k , and L

(p,q)
(2k+1,k)

=

L
(p,q)
2k+1,

L
(p,q)
(h,k) = pL

(p,q)
(h−1,k)+ qL

(p,q)
(h−2,k)−

h− 2

h− k− 2

(

h− k− 2

h− 2k− 2

)

ph−2k−2qk+1

Now consider T0 = L
(p,q)
(2k,k)

, T1 = L
(p,q)
(2k+1,k)

and Tn = L
(p,q)
(n+2k,k)

.

Also, consider R0 = R1 = 0,

Rh =
n+ 2k− 2

h+ k− 2

(

h+ k− 2

h− 2

)

ph−2qk+1

Here,

G(x) =
x2(2− px)qk+1

(1− px)k+1

is the generating function of the sequence {Rh} (see [21]). As a result of Lemma 3, we get the generating function GL
p,q,k(x)

of the sequence {Th}.

5 Conclusion

In this paper, the incomplete (p,q)−Fibonacci and (p,q)−Lucas numbers are defined. Some properties and identities for
them are given. The generating functions are derived. From these results, we can reach familiar results for some special
numbers, such as Fibonacci, Lucas, Pell, and Jacobsall, as special cases
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