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1 Introduction

Fuzzy set is an idea proposed by Zadeh [35] in 1965. Since then, this concept has been widely acknowledged by
researchers and utilized in diverse branches of mathematics as well as real life applications. At a later point, Kramosil
and Michdlek [18] presented fuzzy metric spaces as an extension for the probabilistic metric spaces with the perspective
of fuzzy sets. Their notion was later modified by George and Veeramani [8] so that Hausdorff topology can be studied on
this space. Grabiec [13] pioneered the investigation of fixed-point theory on fuzzy metric spaces. Consequently,
researchers studied fixed-point theory intensively on this abstract spaces and its generalized spaces. A few fixed-point
theories on these spaces may be seen in [10], [9], [22], [23], [25], [26], and [33].

In fixed-point theory, one of the well-known contraction mappings is Kannan-type contractive mapping introduced by
Kannan [16, 17]. There are several thoughts about the important of Kannan-type contractions, especially under the scope
of metric fixed-point theory. One of the reasons is the famous Banach contraction by Banach [3] requires continuous
mapping, but Kannan-type contractive mapping needs not to be continuous. Another reason is the relationship between
Kannan-type contractive mapping and the completeness of the metric spaces. Connell [7] gave an illustration of metric
space that is not complete and yet any Banach contractive mapping assigned on it have fixed point. However, this is not
the case for Kannan-type contraction mappings in metric spaces. Subrahmanyam [30] demonstrated that metric space is
complete implies and is implied by all Kannan-type contractive mappings in this space contain fixed points. Recent works
related to Kannan-type contractive mappings can found in [6], [11], [12], [20], and [36].

Aamri and El Moutawakil [1] proposed El Moutawakil-Aamri (E.A. for short) property for noncompatible
self-mapping on metric space in 2002. This (E.A.) property allows one to acquire fixed point results without the
completeness of the space. However, it requires a condition of closeness of range for fixed point to exist. Later,
Sintunavarat and Kumam [28] proposed a novel property, dubbed “common limit in the range” (CLR for short) that is
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more versatile compared to (E.A.) property, as it no longer needs the condition of closeness of range. These two
properties are studied extensively in different spaces (see [2], [4], [14], [19], [21], [29], [31] and [32]).

The objective of this research is to validate several common fixed-point theorems for generalized Kannan-type
contractive mappings equipped with a common limits in the range or (E.A.) properties on fuzzy metric spaces. This
manuscript is arranged into four main sections as follows: Section 1 presents introduction. Section 2 provides
preliminary definitions and notions. Section 3 contains primary findings and their proofs. Section 4 is the conclusion and
open problems.

2 Preliminaries

We recollect some terminologies from the fuzzy fixed point theory that will be employed in this manuscript.

Definition 1([16]). Let (X, §) denoted as metric space and 7 : E — E be a self-mapping. Then,  is called a Kannan-type
contractive mapping if there exist k € [0, %) satisfy

8(78,Tx) <k, 78)+6(x,7x)]
forallE y €X.

Definition 2([27]). A binary operation  : [0,1] x [0,1] — [0,1] is referred to as continuous t-norm if the conditions below
hold:

l.ax1=aforeveryainl0,1];

2.x s associative and commutative;

.axb<ixjprovideda <iandb < j, where a,i,b,j € [0,1];
4.x is continuous.

Definition 3([8]). Let E be a nonempty set, x be a continuous t-norm and I' be a fuzzy set defined on E x E x (0,0) such
that the following conditions hold:

1.0 < [(®, 0, 5);

2I'@,0,%) =1 <— ©=w;
3IN(@,0,%) =T (0,0, »);

40(0, 0,5+ ¢) > I'(@,0,) «'(0,9,6);
5I'(@,0,-) : (0,00) = (0,1] is continuous,

Sfor every @, @, € E and any »,6 > 0. Then, an ordered triple (E,I", ) is called a fuzzy metric space.
Lemma 1([13]). If (E,T", %) is a fuzzy metric space, then I’ (@, @, ») is increasing for any pair of @, ® in E.

Definition 4([8]). Lez (E,I", ) be a fuzzy metric space and {®,} be a sequence in E. Then,

1.{®@,} is convergent provided there exists x € E satisfies lim,_o. I'(®,,x, ) = 1 for any > > 0;

2{@,} is called Cauchy sequence provided that for any 0 < € < 1 and > > 0, there is ny € N satisfies I (®,, Wy, ») >
1 — € for every n,m > ng,

3.(E,T",%) is complete whenever each Cauchy sequence in E is convergent.

Consider .%, 4 : E — E where E is a nonempty set and consider an element @ € E. We say that @ is a fixed point
of & if it satisfies . @ = ®. For the case where .# ® = Y, @ is called a coincidence point of % and 4. Moreover, if
F o =0=%o, then @ is known as the common fixed point of .% and ¥.

Definition 5([15]). Let E be a nonempty set. Two self-mappings F,9 : E — E are weakly compatible if both F and 9
commute at the coincidence point of % and 9, for instance, F w = 4 ® for some ® in E implies that 9w = Y F ®.

The following definitions are (E.A.) and CLR property defined on two and four self-mappings. It is notable that
definitions below are written under the framework of fuzzy metric space instead of the space where they originally defined.

Definition 6([1]). For a fuzzy metric space (E,I", %), a pair (F, ) of self-mappings satisfy the (E.A.) property if there is
a sequence {®,} C E such that
im I'(Z ®,,z,%) = im I' (T ®,,z,) =1

n—yeo n—oo

for some z € E and for all s > 0.
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Definition 7([21]). For a fuzzy metric space (E,I",x), two pairs (¥#,T ) and (4 ,.7) of self-mappings satisfy the common
(E.A.) property if there are two sequences {®,},{@,} C E such that

lim ['(F®,,z, %) = im [ (T ®,,z,5) = lim [(4@,,2,%) = lim T (L @y, z, ) = 1

n—yoo n—yoo n—oo n—oo

for some z € E and for all 5« > 0.

Definition 8([28]). For a fuzzy metric space (E,I",%), a pair (%, of self-mappings satisfy the common limit in the
range of 7 property, denoted by (CLR 7 ) if there is a sequence {@,} C E such that

lim I'(F ®,,z,%) = im I'(T ®,,z,%) =1

n—oo n—oo

for some z € TE and for all » > 0.

Definition 9([34]). For a fuzzy metric space (E,I",x), two pairs (¥#,T ) and (4 ,.7) of self-mappings satisfy the common
limit in the range of F and . property, denoted by (CLR 7 ) if there are two sequences {®,},{®,} C E such that
lim I (@2, 5) = im (T @y, 2, 5) = lim [ (@, 2, 5) = lim [ (S 0,2, 5) = |

n—oo n—oo n—oo n—oo

for some z € TENSE and for all » > 0.

Definition 10([24]). For a fuzzy metric space (E, I, %), assume F,7, and ./ are three self-mappings of E. The pair
(F,T) satisfy the common limit in the range of /' property, denoted by (CLRz, 7) &), if there exists sequence {®@,} C E
such that

lim I'(F ®,,z,%) = im I'(T ®,,z,) =1

n—oo n—oo

for some z € TENSE and for all » > 0.

Remark.Using condition (2) in Definition 3, Definition 6 can be expressed in a way similar to its metric counterpart, that
is, the pair (%, .7) satisfies the (E.A.) property if there is a sequence {®,} C E such that for some z € E,

lim @, = 11m T, = 7.

n—yoo

This is applicable to Definitions 7, 8, 9, and 10 as well.

By setting . =¥ and .7 = .% in Definition 7 and Definition 9, one can obtain Definition 6 and Definition 8,
respectively. Moreover, we can see that Definition 9 implies Definition 10, but this is not the case for converse. This is
shown in the examples below.

Example 1.Suppose (E,I',«) is a fuzzy metric space where E = [0,00), I" is a fuzzy set on E X E X (0,%) and * is a
continuous ¢-norm. In addition, consider .%,¥¢,.7,.% : E — E expressed as:

7@ =2,
9 (@) = @,
G)'
(@) =
We have 7EN.7E = [0,). Define sequences {@,} = {1} and {®,} = { 5 } for every n € N. Considering that

lim 4 ®, = lim J ®, = lim¥%®, = lim Y ®, =0

n—yoo n—yoo n—oo n—yoo

and 0 € JENYE, both (F,.7) and (¥,.7) satisfy the (CLR 7.») property. Moreover, (%, .7) satisfy (CLR (7 7) )
property.
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Example 2.Suppose (E,I',) is a fuzzy metric space where E = [0,00), I" is a fuzzy set on E X E X (0,e0) and x* is a
continuous ¢-norm. Furthermore, consider .%,¥, .7 ,.% : E — E expressed as:

F(O)=w0+2,
(@) ="11,
7 (@) =30,

S(@)=o+3

We have JE = [0,) and .7E = [3,e0) which implies .7EN.E = [3,0). Consider a sequence {@,} = {1 }. It is
clear that
lim % ®, = lim 9 ®@, =3

n—soo n—soo
and 3 € JENYE. Thus, the pair (F, .7) satisfy the (CLR 7 7 ) property.
If we let sequence {®, } = {%} we get

1
lim¥%w, = - and lim Y®, =3
n—soo 2 n—soo

which means that lim,, .. & @, # lim,,_,e . @,. This concludes both (&#,.7), (¢,.7) do not satisfy (CLR &) property.
The function below will be utilized in our later results.
Definition 11.A mapping y : [0,1] x [0,1] — [0, 1] is called as \P-function if:
1.y (u,v) is monotonically nondecreasing in both u and v variables;
2.y (u,v) is lower semicontinuous in both u and v variables;
3.y (v,v) > v foreveryv € (0,1);
4.y(1,1) =1 and y(0,0) = 0.
¥ is denoted as the collection of all ¥'-functions. Examples of ¥-functions are y(u,v) = %ﬂﬁ where k,/ € R,
y(u,v) = /uv, and y(u,v) = min{u,v} for all u,v € [0,1].

3 Main Results

Theorem 1.Suppose that (E, I, *) is a fuzzy metric space and 9 .7, T are self-mappings of E satisfying the following
condition:

I'Zo,90,%)+h(l —max{[ (T 0, Y0,),I (L0, F0,»), (T0,70,x)})
1
> w(r (%,yw,ﬂ) T (yw,gw,ﬁ)) M
p q

forany @, € E and » > 0 where h > 0, 3¢, 321, 300 > 0 with 3 = 1 + 30, p,q > O with p+q € (0,1) and y € ¥y. Assume
that both pairs (%, 7 ) and (4 ,.) satisfy the (CLR 7 ) property, then the pairs (%, ) and (4, have a coincidence
pointin E.

Proof.Given that both pairs (#,.7), (¢,.7) satisfy the (CLR #.) property, there exist sequences {@,} and {@,} in E
such that for all »c > 0,

lim I'(Z ®,,z, ») :nh_r)n I'(T @y, z,5) :nh_r)n I'(Ywy,z, ) :nh_r)n I'(Swy,z,¢) =1

n—so0

for some z € JEN.ZE. This means that

lim #®, = lim 7®, = lim %, = lim .Y ®, = z.
n—oo n—oo n—oo n—oo

As z € JE, one can find an element u € E satisfy z = Zu. We will show that Fu = Ju. Assume Fu # 7 u, which
means, 0 < I'(Fu, Tu,») <1 for some > > 0. Using inequality (1), for all > > 0, we yield

I'(Fu, 9wy, ) +h(1 —max{I' (T u, 4wy, ),I (L @y, Fu,),I(Tu,Swy,x)})
2
21//(1" (fu,yu,ﬂ),l" (ﬁﬂa)n,gw,,,ﬁ)). @
p q
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# and 0 < r < 1. Then, from (2) we can obtain the

9% and r = p + q. Clearly, we have ”71 = %

Let x| = ﬁ,%z = m
I'(Fu,9 oy, ) +h(1 —max{I'(Tu,9 w0y, ), (L @y, Fu,s),I'(Tu, S oy, x)})

following:

> 14/(1" (ﬂu,ﬂu,%) ,r (Ya)n,gw,,, %)) .
By taking the limit as n — oo, we yield

[(Fu,z,5) +h(1 —max{I(Tu,z, ), (z,.Fu,), I (Tu,z,%)})

- (r (7urnZ) (2 )

= l[/(l" (fu,ﬂu,%),l).

Since 7 = Ju, the inequality above can be rewritten as
[(Fu, Tu,5) +h(1 —max{1,[(z, Fu, ), 1}) > y/(r (myu }7’) , 1)

[(Fu, Tu,5)+h(1—1)> y/(r (yu%%’)l)

T'(Fu,Tu,») > l/I(F (914,?14,—%) 71) )
r
By W-function’s properties and Lemma 1, we yield
I'(Fu,Tu,»)> 1[/(1 <§u,ﬂu,—%) ,1)
r
P

> l[/(F <§u,ﬂu,7
>F(9u,fu,z)
,

>T(Tu, Fu, )
=I'(Fu, Tu,x)

which leads to a contradiction. As a result, I' (% u, T u, ») = 1 for each s > 0. By the condition (2) from Definition 3, we
yield Zu = Ju = z. This implies that point  is a coincidence point of the pair (%, 7).
Additionally, since z € FE, one can find an element v € E satisfy z = .#v. We will show that ¥v = .v. Assume
Gv #+ v, which means, 0 < I'(4v, #v, ») < 1 for some 3 > 0. Using inequality (1), for each s > 0, it follows that
I'(F®,,9v, )+ h(1 —max{I[ (T ®,,9v,),I (Sv,F®,, ), (T®,,Sv,x)})
(3

>y (r (70,70, %) 1 (#090.22)).
p q
P+ q. Then, from (3) we can obtain the following:

Again let 3 = %,%2 = % and r =
I'(F @y, 9v,5) +h(1 —max{M (T @,,9v, ), (v, F @y, ), (T®,,Sv,x)})

- y(r (70070, %) 1 (75 5))
By taking the limit as n — oo, we yield
I'(z,%v,5) + h(1 —max{I (z,9v, »),I (Sv,z,5),[ (z,v,3)})
S )
= y/(l,F (YV,%V,%)) .
1,F(yv,§¢v,i:))
1,F(yv,§¢v,§))
(1 F(Yv,gv,%)).

/N

Since z = .%v, the inequality above can be rewritten as
I'(v,%9v,5)+h(1 —max{"(SVv,9v,5),1,1}) >y

I'(v%v,2)+h(1-1)>y
(G, x) >y

Y

)
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Due to W-function’s properties and Lemma 1, we yield
I'(SvGv, ) > l/l(l,F (Yv,gv,z))
P
> l/I(F (Yv,gv, z) I (Yv,gv, z))
r r

>TI (Yv,gv,f)
.
>T(Sv,9v, )

which leads to a contradiction. As a result, I' (¢v, v, ») = 1 for each s > 0. By using the condition (2) from Definition 3,
we yield 9v = v = z. So v is a coincidence point of the pair (¢,.7).

Remark.It is possible to obtain Theorem 2.2 in Choudhury et al. [5] if we let % =¥, 7 = . and
max{[ (7 ®,9w0,), (L0, F0,x),I (T0,70,x)} =max{[(T0,90,x),] (L0, F®,»)} in our Theorem 1
above. In addition to that, they require the fuzzy metric space to be equipped with Hadzic type #-norm, whereas in our
result the 7-norm for fuzzy metric space picked is arbitrary. Hence, our results improvises their results without #-norm
restriction and completeness on fuzzy metric space.

We deduce the subsequent corollary from Theorem 1.

Corollary 1.Suppose that (E, I, *) is a fuzzy metric space and F ;4 ., T are self-mappings of E satisfying the following
condition:
I'Zo,90,%)+h(l —max{[ (T 0, Y0,),I (L0, F0,»), (T0,70,x)})

4
214/(1" (9@,%@,%),1‘ (yw,gw,%)) @

forany @, € E and » > 0 where h > 0, 3¢, 321, 300 > 0 with 3 = 31 + 305, p,q > O with p+q € (0,1) and y € ¥y. Assume
that TE, SE are closed subsets of E and the pairs (F,.7), (¢,) satisfy common (E.A.) property, then both pairs
(7,T) and (¢4,.) have a coincidence point.

Proof.As both pairs (#,.7),(¥,.7) fulfill common (E.A.) property, we have some sequences {@,},{®,} C E such that
for all >« > 0,

im I'(Z®,,z,5) = im ' (T ®,,z,) = im I (Y@,,z,5) = im I'(.@,,z,5) =1

n—yoo n—yoo n—oo n—yoo

for some z in E. This means that

lim #®, = lim Y, = lim¥%w, = lim 7@, =z.
n—soo n—soo n—soo n—soo

Given that JE is closed set, there is an element u € E satisfy z = .7 u. Moreover, since .”E is closed, we can identify
an element v € E satisfy z = #v. Hence, z € JE N .ZE. This concludes that both pairs (#,.7),(¥,.7) satisfy the
(CLR 7.») property. The remaining of this proof follows from Theorem 1.

Theorem 2.Suppose that (E,I", %) is a fuzzy metric space and F,9,.7, T are self-mappings of E satisfying the following
condition:

[(F6,90,) >y (r (yw,yw, %) I (yw,gw, ﬁ)) 5)
q

forall @, € E and » > 0 where t|,ty > 0 with 3 = 321+ 30, p,q > 0 with p+q € (0,1) and y € Wy. Assume that both
pairs (F,7) and (9 ,) satisfy the (CLR 7 &) property, then both pairs (F, ) and (¢4,.7) have a coincidence point.
Furthermore, if both pairs (%, ) and (¥4,.7) are weakly compatible, this implies that mappings %, 7,9, have a
unique common fixed point in E.

ProofTo show both pairs (#,.7),(¥,.) possess a coincidence point, consider # = 0 in (1) and the proof follows as in
Theorem 1.

For the rest of the Theorem, as (.#,.7) is weakly compatible and .Fu = Ju = z, it follows that 7z = .7 Fu =
F Tu=.Fz We say that point z is the common fixed point of (.:%,.7). Using (5) and ¥-function’s property, for each
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x>0, we yield

Thus, I'(%z,z, ) = 1 for each 5 > 0, which means, %z = Jz = z. So, z is a common fixed point of .% and 7.
Also, since (¥¢,.%) is weakly compatible and ¥v = v = z, this implies that .’z = SYv = 4.¥v = ¥z. We say that
point z is a common fixed point of pair (¢,.7). Using (5) and ¥-function’s property, for each s > 0, it follows that

I'(2,92,%) =T (Fz7,92,%) > ¥ (F (ﬂz,ﬁz, %) T <Yz,€¢z, %))

(F (z,z, ﬂ) I <%z,%z,£))
p q
, 1

v
y(l,1)
1.

As aresult, I'(z,9z, ) = 1 for every s« > 0, which means, ¥z = z = .%z. Thus, z is a common fixed point of pair (¢,.%).
This shows that z is a common fixed point of mappings .#,¥,.7,.%.

For the uniqueness, assume two common fixed points z;, zp € E are distinct, for instance, 0 < I'(z;,22,5) < 1 for
some s > 0. Using (5), for any s > 0, we get

F(ZHZZ;%) :F(jzlngQa%)

ZW(F (9Z1,§Z1,E)I (yZLgZLE))
p q
(F (Z],Z[,ﬁ),F(ZQ,ZZ,E))
14 q

v
w(1,1)
1

which is contradict to our assumption. Thus, z; = z» which proves the common fixed point is unique.
By substituting ¢ with .# and . with 7 in the theorem above, we deduce the subsequent corollary.

Corollary 2.Suppose that (E,I",*) is a fuzzy metric space and 7, are self-mappings of E satisfying the following
condition:

[(70,F70,%) >y (F <yw,yw, ﬂ) T (mujw, ﬂ))
V4 q

forall @, € E and » > 0 where 1,50 > 0 with 3 = 31 + 30, p,q > 0 with p+gq € (0,1) and y € ¥y. Consider the
pair (F,T) satisfies (CLR ) property, then the pair (F,5) has a coincidence point. Furthermore, if the pair (% ,9)
is weakly compatible, this implies that both mappings . and 7 have a unique common fixed point.

Theorem 3.Suppose that (E,I", %) is a fuzzy metric space and F 9,7, T are self-mappings of E satisfying the following
condition:

[(70,90,5%) >y <r <§w,fiw, ﬂ) Na (yw,%, @»
p q

forall @, 0 € E and » > 0 where 1,500 > 0 with s = 31 + 30, p,q > 0 with p+q € (0,1) and y € ¥;. Assume that
TE and SE are closed subsets of E and the pairs (F, ) and (¥ ,.7) satisfy common (E.A.) property, then both pairs
(F,T) and (¥4,.7) have a coincidence point. Furthermore, if both pairs (% ,.7) and (¢,.) are weakly compatible,
this implies that mappings %, 94, have a unique common fixed point.
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Proof-As both (#,.7),(¥,.7) satisfy common (E.A.) property, there exist {@, },{®,} C E such that for all ¢ > 0,

lim I'(Z ®,,z, ») :nh_r)n I'(T @y, z,5) :nh_r)n I'(Ywy,z, ) :nh_r)n I'(Swy,z,¢) =1

n—yoo

for some z € X. This means that

lim %®, = lim Yo, = lim%w®, = lim I ®, = z.
n—soo

n—yoo n—oo n—oo

As JE is closed, there is an element u € E satisfy z = .7 u. Moreover, since .ZE is closed, there is an element v € E
satisfy z = .#v. Hence, z € .7 EN.YE which means that both (.#,.7),(¥,.7) satisfy (CLR &) property. The rest of the
proof follows from Theorem 2.

By substituting ¢ with .# and . with .7 in Theorem above, we obtain corollary below.

Corollary 3.Suppose that (E,I",*) is a fuzzy metric space and ¥, are self-mappings of E satisfying the following
condition:

7o, 7o,x)> w(l“ (9@,9@,%) . (%ofwﬁ))
q
forall @, € E and » > 0 where 1,30 > 0 with 3 = 31 + >0, p,q > 0 with p+q € (0,1) and y € ¥;. Assume that the

pair (F,.7) satisfies the (E.A.) property, then the pair (%, 7 ) has a coincidence point. Furthermore, if the pair (F,.7)
is weakly compatible, then mappings % and & have a unique common fixed point.

We will present an example below to demonstrate our Theorem 2.

Example 3.Suppose that (E,I",*) is a fuzzy metric space with E = [2,8), % is a product continuous #-norm, that is,
axb=ab forany a,b € [0,1] and I'(@, 0, c) = forevery @,w € E, > 0.Let #,9,7,% : E — E define as
follows:

%HC;D'(—(D\
2 ifwe {2} U(7,8),
7 (@) =
(@) {2.3 ifwe (2,7,

2 if@e{2yu(7,8),
9(@) = {2.5 if e (2,7),

2 if m € {2},
4 ifoe(2,7),
o) =
7 (@) 5 ifwe {7},
885 ifme(7,8),
2 if o € {2},
6 ifoe (2,7),
) =
Z(@) 7 if o e {7},
25 ifw e (7,8),

and y(u,v) = /uv where u,v € E. One can easily validate that inequality (5) is satisfied for every @, ® in E and for all
s> 0. Now, we pick sequences {@,} = {7+ 1} and {®,} = {2}. Itis clear that we have

lim o, = lim I ®, = lim%w, = lim .Y ®, = 2.

n—soo n—soo n—soo n—soo
Since 2 € JEN.YE, it implies that both pairs (&, ) and (¢,.) satisfy (CLR 5 &) property. Furthermore, it is
straightforward to verify that both pairs (%#,.7) and (¥¢,.%) are weakly compatible. Hence, each conditions of

Theorem 2 hold. Furthermore, 2 is the unique common fixed point of .#,%,7 and .. Figures 1, 2 and 3 provide a
visual representation of the inequality with specific assigned values.

Remark.It is obvious that Theorem 3 cannot be applied on example above because both JE, .E C E are not closed.

Before we proceed further, we present two lemmas that are needed the next results related to four mappings but only
two mappings satisfying (CLR) or (E.A.) property, respectively.
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Fig. 1: Graphical view of inequality I'(F®,9 ®,) > l//(F (9&5,?&5, %) I (Y(o,%a),%)), where the orange

plane represents the left-hand side and the blue plane represents the right-hand side, with specific values assigned as
follows: s =5,3¢1 =3,300 =2,p=0.5,and ¢ = 0.3.

Fig. 2: Graphical view of inequality I'(Z ®,9®,») > ¥ (F (9&5,,?7&5, %) I (f’a),%w, %)) where the orange
plane represents the left-hand side and the blue plane represents the right-hand side, with specific values assigned as
follows: e =5,5¢1 = 1,200 =4,p =0.5,and ¢ = 0.3.

Lemma 2.Suppose that (E,I',x) is a fuzzy metric space and F,9,T ,. are four self-mappings of E such that the
following conditions hold:

1.the pair (F,T) (or (4,.7)) satisfies the (CLR 7 ) (or (CLR )) property;
2.7E C YE (orYE C JE);

3.E C E closed;
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Fig. 3: Graphical view of inequality I'(F®,9®, ) > y/(l" (ﬂw,yw, %) T (Ya),ga), %72)), where the orange
plane represents the left-hand side and the blue plane represents the right-hand side, with specific values assigned as
follows: s =30,3¢; = 5,00 =25,p=0.5,and ¢ = 0.3.

4{Yw,} converges for all sequences {®,} in E provided {7 ®,} converges (or {F m,} converges for all sequences
{o,} in E provided {7 @,} converges);
5.%.9,7 and & satisfy inequality (5) for every @, € E and any » > 0.
Then, both pairs (¥, ) and (4 ,.7) satisfy the (CLR 7 &) property.

Proof.As (¥, .7) satisfy (CLR &) property, there is {®@,} C E satisfy

im I'(Z ®,,z,5%) = im I' (T ®,,z,%) =1
n—roo

n—yoo

for some z € JE. This means that

lim ¥ ®, = lim I ®, = z.
n—yoo Nn—yoo

Since #E C .YE, for each @, there is an element ®, € E satisfy .Z @, = . @, for every n € N. Thus, we yield

lim % ®, = lim .Y, = z.
n—yo0 Nn—>o0

Since .YE is closed, the convergent point z is in . E. Therefore we have z € JEN.ZE and
FO, > 7,70, —z, and L@, — 2
as we let n — 0. Due to condition (4), sequence {¥4 @, } converges, which means, there is a point 8 € E satisfy

limYw, =6.

n—oo

We claim that 8 = z. Otherwise, let 6 # z. This implies that 0 < I"(60,z, >) < 1 for every s > 0. Using inequality (5), we
have

[(F®,90,,%) >y (r (%n,%n, ﬂ) . (fwn,%wm 3))
14 q

qx
ptq

where 3,300 > 0 with 3¢ = 301 + 30, p,q > 0 with p+q € (0,1) and y € W Let 3q; = L= 50, =

e and r = p+gq, the
inequality above can be rewrite as

I, 9w, ») > 14/(1" (ﬂafn,ywn, %) I (ywn,%a)n,%)) .
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Letn — oo,

F(z,97%)Z‘I’(F(szv%)vr(z’e’%))

(o)

Due to the properties of W-function and Lemma 1, it follows that
»
[(2,0,)>y (1,F (z, 0, —))
,

>y(r(z6.%).r(z6.%))
r r
>T (z, 0,” )
,
>T(z,0,)
which leads to a contradiction. As a result, I'(w, z, ) = 1 for any » > 0 which means 6 = z. Hence, we conclude

im I'(F®,,z,%) = lim (T ®,,z,%) = lim I'(Yw,,z,%) = im ['(.%w@,,z,%) =1
n—o0 n—yoo

i
n—o0 n—yoo

which means that both (%, .7),(¥¢,.7) satisfy (CLR &) property.

Lemma 3.Supose that (E,I",x) is a fuzzy metric space and 7,9, , are four self-mappings of E such that the
following conditions hold:

1.the pair (#,7) (or (¢,.7)) satisfies (E.A.) property;
2.7E C YE (orYE C JE);

3{Y w,} converges for all sequences {®,} in E provided { L w,} converges (or {F w,} converges for all sequences
{w,} in E provided { T ®,} converges);

4.7 .9, T and .7 satisfy inequality (5) for every ©®,® € E and any > > 0.
Then, both pairs (F,T), (4, satisfy common (E.A.) property.
Proof.The proof is similar to Lemma 2 so we omit here to avoid repetition.

Theorem 4.Suppose that (E,I",*) is a fuzzy metric space and F,9,. T are self-mappings of E satisfy the following
conditions:

1.the pair (F,9) (or (4,.7)) satisfies the (CLR 7 ) (or (CLR )) property;
2.7E C YE (orYE C JE);

3{YG w,} converges for all sequences {@,} in E provided {7 ®,} converges (or {F ®,} converges for all sequences
{@,} in E provided { 7 ®,} converges);

4.mappings F .9, T and & satisfy
Al )
I'9%o,90w,%) >y (F (ﬂw,fw, ?) ,r (Ya),ga), —))
q

for every @, € E and any > > 0 where 1,505 > 0 with 3 = 31+ 30, p,q > 0 with p+q € (0,1) and y € ¥;.

Then, both pairs (%, ) and (4,.) have a coincidence point. Furthermore, if both pairs (%#,.7) and (¢,.%) are
weakly compatible, this implies that mappings % ;.7 .4 ,. have a unique common fixed point.

ProofBy Lemma 2, both pairs (%,.7),(¥,.7) satisfy (CLR 7.) property. Hence, there are {®, },{®,} C E such that
for all 5« > 0,

lim I'(F®,,z, ) = im [ (T ®,,2,5) = lim [(4@,,2,5) = lim T (L @y, z, ) = 1

n—oo n—oo n—oo n—oo

for some z € JEN.YE. The remaining of this proof follows from Theorem 2.
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Theorem 5.Suppose that (E,I',x) is a fuzzy metric space and F,9,.7 T are self-mappings of E satisfy the following
conditions:

1.the pair (F,7) (or (¢,)) satisfies the (E.A.) property;
2.E C YE (orYE C JE);

3{Yw,} converges for all sequences {®,} in E provided { S ®,} converges (or {F m,} converges for all sequences
{@w,} in E provided { 7 o, } converges);

4.mappings F .9, and . satisfy
[(F0,90,%) >y (F (yw,yw, ﬂ) . <yw,f¢w, ﬂ))
p q

for every @, € E and any 3 > 0 where 3, > 0 with » = 1 + >0, p,q > 0 with p+q € (0,1) and y € ¥;.
Then, both pairs (F,7) and (4,.7) have a coincidence point. Furthermore, if both pairs (¥ ,7) and (4,.) are
weakly compatible, this implies that mappings % ,.7 ;%4 ,. have a unique common fixed point.

ProofIn view of Lemma 3, both (.%,.7) and (¢,.) satisfy common (E.A.) property. Hence, there are {®@, }, {@w,} CE
such that for all >z > 0,

im I'(Z ®,,z,5) = im ' (T ®,,z,%) = im I (Y@,,z,5) = im I'(.@,,z,5) =1
n—soo

n—o0 n—oo n—oo
for some z € E. The remaining of this proof follows from Theorem 3.

Theorem 6.Suppose that (E,I',x) is a fuzzy metric space and F,9,.7, T are self-mappings of E satisfy inequality (5)
for every for every @, € E and any > > 0. Assume the pair (F,7) satisfy (CLR(7,7),9) property, then both pairs
(Z,9) and (4,.7) have a coincidence point. Furthermore, if both pairs (% ,.7) and (¢, are weakly compatible,
this implies that mappings %, 7 ;4 ,. have a unique common fixed point.

Proof.Consider the pair (%, 7) satisfy (CLR(#, #) o) property, we have a sequence {@,} € E such that for each s > 0,
lim I'(F®,,z,%) = lim (T ®,,z,%x) =1
n—oo n—oo

for some z € JEN.YE. This means that

lim ¥ ®, = lim I ®, = z.
n—oo n—yoo

As z € YE, there is an element u in E satisfy z = .%u. We will show that Yu = . u. Assume Yu # . u, which means,
0<I'(Yu,Su,s») < 1 for some s > 0. Using inequality (5), for any 3¢ > 0, it leads to

[(F®,Gu,x) >y <F <9mn,ywn, ﬂ) T (;ﬂu,%, ﬂ)) . (6)
p q
Let 70 = %,m = % and r = p + q. Then, we obtain
I'(F®,,Yu,s) > l[/(F (96%?6)’,,,2) I (Yu,gu,z)) .
r r
As we let n — oo, it follows that

F(#uduz) >y (I (222).0 (F090.2))

= 14/(1,1" (Yu,gu, }7[)) .

Due to properties of ¥-function and Lemma 1, we yield
I'(Su,Gu, ) > w(l,F(Yu,%u,é))
> y/(F (Yu,%u,}f) ,F(Yu,%u,%))
>I (Yu,gu,z)
,
>I'(SLu,Yu, )
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which leads to a contradiction. Therefore, I'(%u,%u, ») = 1 for any 3 > 0, which means, Yu = Yu =z Sou is a
coincidence point of pair (¢,.7).

Moreover, since z € 7 E, we can find an element v in E satisfy z = .7 v. We will validate that .#v = Jv. Assume
Fv # T v, which means, 0 < I'(Zv, Tv, ) < 1 for some s > 0. Using inequality (5), for all >z > 0, it leads to

F(ﬁv,%u,%)Zl]/(F (ﬂv,ﬂv,ﬂ),F (5”u,%u,£)>. @)
p q

s = 2 and r = p +q. Then, we obtain

Again let s = ota

b
ptq’
» » »
I'(Fv,Gu,») > l//(F (ﬂv,ﬂv, —) I (Yu,%u, —)) = l//(F (ﬂv,ﬂv, —) ,1) .
r r
Since Yu = z = Jv, by W-function’s properties and Lemma 1, it follows that

I'(Fv, Tv, ) >l/l( (ﬂvﬂv ) )

>y(r (% P, ) N (%%%))
>I (74.5%.7)

>TI'(Tv, Fv, %)
=T (Fv,Tv,x)
which leads to a contradiction. As a result, I'(.%v, Jv,3) = 1 for any » > 0, for instance, Fv = v =2z Sovisa
coincidence point of the pair (%,.7).
As (#,.7) is weakly compatible and v = T v, these leadto Tz =T Fv=.F T v=.%z We say that zis a common
fixed point of (.%, 7). Using inequality (5) and the property of ¥'-function, for any » > 0, we obtain

I'(Fz,2,%) =T'(Fz,9u,) > W(F (yZ,QZ,%) I <yu,gu,%>)

=y (F (ﬁz,ﬂz, ﬂ) ,r (z,z, ﬁ))
V4 q

= W(l 1 )
=1.
Thus, I'(Fz,z,) = 1 for all ¢ > 0,that is, .#z = z = 7 z. Therefore, z is a common fixed point of the pair (%,.7).
Also, as the pair (¢,.7) is weakly compatible and Yu = .Zu, this implies that ¥z = SGu =9 .S u = 4z. We say
that z is a common fixed point of the pair (¢,.7). Using inequality (5) and the property of ¥-function, for any s > 0, we
obtain

I'(2,92,%) =T (Fz7,92,%) > ¥ (F (ﬂz,ﬁz, %) T <Yz,€¢z, %))

)
p q

v
w(l,1)
1

Thus, I'(z,%z, ) = 1 for any 3 > 0, which means, ¥z = z = Sz. So z is a common fixed point of the pair (¢,.7). This
shows that z is a common fixed point of mappings .#,¥,.7,.7.

For the uniqueness, consider two common fixed points z;, zp are distinct, which means that 0 < I'(zy,22,) < 1 for
some s > 0. By inequality (5), for every s > 0, we have

I(z1,22,%) =I'(Fz1,92, )

Zl]/(F (ﬂz;,ﬂzl,ﬂ),F<<7Z2759127£)>
V4 q
(F (Zl,Zhﬁ),F (Z27Z272))
p q

v
w(l,1)
1
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which is contradict with our assumption. Thus, z; = zo which proves the common fixed point is unique.

4 Conclusion and Open Problem

Our paper generalized Kannan-type contractive mappings equipped with (CLR) or (E.A.) properties on fuzzy metric
spaces and established several common fixed-point results of these mappings. Researchers can investigate the existence of
fixed points for Kannan-type contractive mappings on more general setting, for example, fuzzy b-metric spaces, controlled
fuzzy b-metric spaces, fuzzy bipolar metric spaces and etc. Additionally, Choudhury and Das [6] used A-coupled Kannan
type mapping and obtained a common coupled fixed points for two mappings on partially ordered fuzzy metric space.
This raise a question whether our results for four mappings able to expand to partially order fuzzy metric space. As
mentioned in Section 1, Subrahmanyam [30] proved that the fixed point of Kannan-type contractive mappings implies the
completeness for metric space. Therefore, we will end this paper with an open problem: Does the existence of fixed point
for Kannan-type contractions imply the completeness on fuzzy metric space?
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