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Abstract: The two-parameter exponential distribution is an important statistical distribution, widely used in medicine, engineering,
economics, demography, and longevity data. In the present work, the two-parameter exponential distribution under random censoring
with the presence of outlier data is presented, and its parameters are estimated using the moment, maximum likelihood, and Bayesian
methods. In parameter estimation, using maximum likelihood estimators, asymptotic confidence intervals are determined; while, by
considering appropriate prior distributions, Bayesian estimation under squared error and LINEX loss functions is presented for the
parameters. Next, using simulation, the estimators are compared by using statistical measures. Finally, utilizing a real data set, the
suitability of the fitness of the model is evaluated according to different estimation methods.
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1 Introduction

In examining life data, the lifetime of each test substance is important. The application fields of lifetime data are
medicine, biology, clinical trials, public health, epidemiology, engineering, economics, demography, criminology,
industries, social relations, and business. Various statistical distributions are used in the analysis of lifetime data,
including the Weibull distribution, Burr distribution, inverse Lomax distribution, and geometric inverse Lomax
distribution. Collecting complete lifetime data is a costly and time-consuming task, due to which different types of
censoring schemes are used in life tests. On the other hand, we often encounter situations where an item is randomly
omitted from the test. For example, in clinical trials, a patient may die before the completion of treatment, or similarly, in
engineering, there may be a reason to stop a project before its complete failure to save time and money. Gilbert (1962),
first introduced random censoring. Chi-square goodness-of-fit tests for randomly censored data were studied by Kim
(1993). Ghitany (2001) studied Rayleigh’s mixed survival model and its application in randomly censored data and
estimated the parameters of the model using the maximum likelihood method. Ghitany and Alawadhi (2002) considered
the maximum likelihood estimation of the parameters of Burr XII distribution using randomly right-censored data.
Saleem and Raza (2011) studied the Bayesian analysis of the exponential survival time with the assumption of
exponential censoring time and estimated the parameters of this distribution using the maximum likelihood and Bayesian
method. Dealt with Bayesian estimation in an exponential distribution under random censorship, Krishna and
Vivekanand (2015) estimated the parameters of the Maxwell distribution with random censored data using maximum
likelihood and Bayesian methods, Garg et al. (2016) studied the generalized inverted exponential distribution under
random censoring. They studied different estimation procedures parameters of a generalized inverted exponential
distribution. One of the important statistical topics is outlier data, which in practice has deviations from observations
compared to other data, provoking the idea that it may fundamentally belong to a different distribution. In this case,
examining the distribution of the data and estimating the parameters by considering the outlying data has particular
importance. Let, the random variables X,X5,...,X,,_; are independent,each having the probability density function
f2(x;6,), and the remaining random variables (k) are also independent, each having the probability density function
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f1(x;61), and the two sets of the random variables are also independent; The joint density function of the X;,X>,...,X, is
as follows:

k
f1(xa;361)
f(xlvx27-..;xn;@)@Hfé(xﬂez);n Wj;ez), (1)
X a

_ vn—k+1yn—k+2 n
where Y4 =Y 51 Xa Cari1 o DA=a 410
It can be shown that the marginal distribution of X; is given by:

f(0) =L fi(x;6)+ =L f5(x;6,). 2)
For more details see Dixit et al. (1996) and Dixit and Nasiri (2001). For k=2, the joint density function can be written as
follow:
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The two-parameter exponential distribution is used in data modeling including service time of system agents, decay
of radioactive particles, lifetime or failure time, mutation distance in a DNA strand as well as medical, economic, and
demographic studies, etc. The two-parameter exponential distribution is as follows:

Flip,0) = fexp{="51}  0<p<x<owo, 0<8,

where p and Oare the location and scale parameters, respectively. By comparing the lifetime and the censorship time, the
minimum time is defined as the guarantee. Therefore, the introduction of the minimum warranty period in the form of
the location parameter is very important in modeling the survival data. Recently, Krishna and Goel (2018), studied the
classical and Bayesian estimation for two-parameter exponential distribution having scale and location parameters with
randomly censored data. They introduced the location parameter in the lifetime and censoring time models. They studied
different estimation procedures for estimating the unknown location and scale parameters of a two-parameter
exponential distribution. In addition, Nasiri (2022), studied estimators based on an interval shrinkage with equal weights
point shrinkage estimators for all individual target points for exponentially distributed observations in the presence of
outliers drawn from a uniform distribution. A useful asymmetric loss function, known as the LINEX loss function, was
introduced by Varian (1975) and widely used by several authors. For example, Basu and Ebrahimi (1991), derived
Bayesian estimators of average lifetime and reliability function in the exponential model under asymmetric loss functions
and showed that the overestimation of the reliability function or average failure time is usually much more serious than
the underestimation of reliability function or mean failure time. Also, an underestimation of the failure rate results in
more serious consequences than an overestimation of the failure rate. However, Bayesian estimation under the LINEX
loss function is often not discussed due to the integral terms being analytically solvable. Therefore, special numerical
techniques such as Lindley’s approximation technique should be used for solving. Singh and Singh (2008), obtained the
Bayes estimator of generalized exponential scale and shape parameter using Lindleys approximation under the LINEX
loss function. The present paper estimates the parameters of the two parameters of exponential distribution with censored
data in the presence of outliers by methods of the moment, maximum likelihood, and Bayes estimators under LINEX and
square error loss functions using the Lindley approximation technique. In the continuation of the article, in section 2, the
two-parameter exponential distribution with outlier data with the title of failure and data censoring time distribution is
introduced. In section 3, first, the methods of the moment and maximum likelihood estimates, and then the variance and
asymptotic distance of the parameters are discussed by using the maximum likelihood estimation of the parameters. In
section 4, the formulation of the Bayesian estimation method under the LINEX and squared error loss functions with
inverse gamma prior distribution are presented. In Section’s 5 and 6, the parameters are estimated and checked for real
data set. Finally, Section 7 presents the conclusions. Throughout the article, R statistical software is used for calculations.

2 The model and its assumptions

Two types of tires, R-4 and F-2M, are suitable tires for tractors F-2M tires are the best tractor tires, and R-4 tires have
an appropriate tread, which makes them a good choice because its performance in various situations. An agricultural
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machinery tire manufacturing company produces these two types. We assume that a set of random variables X, X5, ..., X,
represent the lifetime of the tires. Some of the observations are from the F-2M series tires, which have a two-parameter
exponential distribution with the parameters (i, o), and other observations from n random variables (for example, k), are
for R-4 series tires, which have a two-parameter exponential distribution with the parameters (i, 0). We assume that the
random variablesX;, X5, ..., X, are such that k of with pdf,

fi(sp,0) = Lexp{=58 ) 6>0,0<pu<x<o, (3)
and the remaining (n — k) random variables with pdf,
pAlap,e) = Lexp{=4 0, ) a>0,0<p<x <o, (4)
according to the equation (2), the marginal distribution of X; is given by
S, 0,0) = fexp{ g} + tokexp{ =), (5)

also, let 77,75, ..., T, be the (i.i.d.) random censoring times of these items. Let the pdf of T;s be fr(¢,u,1). such that X;
and T; are independent and inconsistent. According the definition of random variables X;, 7;, We define the variables Y;

and D; as: Y; = min(X;, T;) and
1 X, <T;
D;= S (6)
0 T;<X;

it is assumed that the survival time X and the censoring time T, independently follow the random has two-parameter
exponential distribution with the presence of outliers, then variable X it has pdf (5) and the censoring time random
variable T has the following density function:

ftp)=exp{—(1—p)} O0<p<1<eoo (7)

where U is threshold parameter of the minimum life time or warranty period. The probability of an item failing before
being censored is given by:

p=PD=1]=PX<T]= [ PX<TIT =1lfr(0)d(0) ®)

xX— xX— n—k
_/ / (yexp{ =0t} 4 ik oxp( “E ) oxp (1 — ) ydxds = 1 - RS ko ()

As we know that the randoms variables ¥;s and D;s are independent, therefore the joint probability function of (¥;,D;)
is as follows:

fro(idip, 0,00) = [fx (i, 0,00 (1= Fr(yis )] [fr (v ) (1 — F (v e, 0, 00))] 1=
— [k exp{ TRINOT Y | nok gy ¢ Ol dik gy —0l Oy |k gy L)@ty (1=d) ()

In which Y has a two-parameter exponential distribution in the presence of outlier with parameters (%) and (“TH),
hence

Fr (i, 0,0) = MO pxp (- Lottty (et oy p oty (11)
and
(n—k) k o
+ d=1
fo(d|u,6,a) = {’Zﬁ%'& el o (12)
n(o+1) + n(6+1) -

In the special case, if k = 0, then the equation (10) is equal to:

FroOidispt, ) = [fx vis ity @) (1= Fr(vis e, D)4 fr i, 1)/(1 = F (v, o)) 1)
= [ Jexp{[~limtlle Dy
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which is the same as the density function of the two-parameter exponential distribution given by Krishna and Goel
(2018). According to the equation (11) the r-th population moment is given by

E(Y") :A y [k(6+1 exp{ (e+1)}+ n—k(oc+1)exp{—(y—,uoz(oc+1)}]dy (13)

no

Otz

according to the equation (12) the r-th population moment is given by

1
E(D") =Y d fold|p,0,0) = mth + o, (14)
d=0

according to the equations (13) and (14) the mathematical expectation and variance of ¥ and D variables are calculated as
follows:

E(Y) = p+ ;i + G, (15)

E(D)=E(D*) = ;g + vy (16)
V(Y) = E(Y?) - E(Y) = 2[5 (537 + 5 (5%)°) — [k + s an

n— (%) (n—k)
= (1]-19) + n(1+]§)][n(f+e) + n(l—HxO;]' (18)

3 C(lassical methods of estimation

In this section, the parameters of the two-parameter exponential distribution with randomly censored and outliers are
estimated by using the methods of moment and maximum likelihood estimation.

3.1 Method of moments

According to the equations (15), (16), (17), (18) and sample moments
2 4 2 - 2 - N2 T <
S}-:%Z(yi*)_’), y:%Zyiv si= %Y. (di—d), d:%Zdia

we can write:

on the other hand,

1—d= k(1+6)(14+0)—k(1+0) (n—k)(1+0)(1+0)—(n—k)(1+0) _ kO (n—k)o

n(1+0)(1+o) + n(1+0)(1+o) ~ n(1+06) +n(l+a)’
hence
_ n—k
EY)=y=p+ d‘ﬁe>+i<1+L> ptl-d
SO )
A=y+d—1. (19)
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According to equation (15), the estimator of 0 is given by

A kit
6~ —m oofe (20)
[ iy il Tyl
according to equations (17) and (18) we have
2k n—k kb (n=k)a
V(D)_Sd_[n(l+é +n(1+a)][ + ]

according to equation (20) can be write
2 2 ork(nG=p)  (n=koyy | n—k( o \21 (5
Sy Sd = [n( k k(1+a)) + n ((x 1) ] (y y’)7

n

Flo) =} =5+ (7 — ) — 2[5(A0pH) — frHe)2 4 nck ey, 1)

there is no closed-form solution to this system of equations, so we will solve for 6 and « iteratively, using the Newton-
Raphson method:
;
o1 = 0 — K&,
such that,

f(e) = ~4latar — (P — G Gitra) )

3.2 Maximum likelihood estimation (MLE)

In this section, we estimate the parameters of the two-parameter exponential distribution with censored data in the presence
of outliers using the maximum likelihood method. For this purpose, suppose (¥,d) = (vi,d;),i = 1,2,...,n is a random

sample of size n from the density function defined in (10), then likelihood function (L) is given by

=/(,d[u.0,0) (22)

[ﬁ(é)" ‘() exp{~ Z P Yexp{=n(ya) — ) (%)}
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such that

0 yoy<mu

where, y(j) = min(y1,y2,...,yx). It is well known, that the MLE of p is [l = y(;). The log likelihood function (/) is given
by

Ly =
Im,m)(y(l)){ m=H (23)

16.) = tog(1) = —ntog( ()~ (¥ dtox(8) ~ (3 ) n— K)o

—n

k
i) —y()) (EE4) +nloglY exp{— Y, (va; —y) (&5 — <)}, (24)
1 A =1

&=

1

take the derivative of the equation (24) with respect to the parameters 6 and ¢, set the partial derivatives equal to zero,
and solve for 6 and o:

dl(0,0) _ —(XL di)k nyawe  _
lo="45"=—"% Tanln00) — O
aB,a) _ —(Xdi)(n—k)

_ 9l(0.0) _ (X di)(n=k)  nEii0@H—y) n¥Yawa
la= 56— =—"% + P t S0 = O 25

such that w(ya;0,a) = exp{ — X5_; (va, —y(1))(%* — %) }. Now to obtain the first and second derivatives of

w(ya; 0, ), we can write:

k
X (v —ym)

sziexp{ Z ya, — —9 - )} (26)
k
=¥ (v, —y) k 0+1 1
Wa:r:lTexp Z, YA, — %*%)}a (27
¥ )7=20 % (, —va)
i L YA, —Y))| — ; YA, — Y1) k 0+1 +1
oo = | N ]exp{—zm—ym)(T—“T)}, o8
L r=1
LE a—ya)]*+20 £ (54, -500)
- YA, —Y() OCri YA, —Y(1) k 0+1 o+1
o= |2 = e R
Y )
TLe VAT k 0+1 o+l
Wou = Wap = — =5 exP{—;(yAr—y<1>)(T—T)}7 (30)

there is no closed-form solution to this system of equations, so we will solve for 8 and « iteratively, using the Newton-
Raphson method. In our case we will estimate 8 = (0, &) iteratively:

B =Bi—G g, 31)

whereg is the vector of normal equations for which we want g = [g;, g2] with g1 =g and g» = [ and G is:

9 &\ (g
G— ggz g;; _ Lee lea} :
20 da ab tao
and
dgi (X7 di)k nYawee Yawe 2
90 =lee ="+ Taw(ha:0.0) [ZAW(M 0 Ot)] ’ (32)
dg (Z, d;)(n—k) 2"2,"’:1()’(1')*)(] ) nyawoa YAwa 2
da = laa = 2 o3 T Yaw(yai6,a) _n[ZA,W(yA:G.,a)] ’ (33)
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dgr ___ n¥YaWea YawgXawa
Jda loa = Yaw(yai0.0) n(zéw(yA;G,a))z ’ (34)
g nYAWae _ YawoXawa
90 las ~ Tawlbai0.a) n (Taw(ya:0,0))%’ (35)

where wgg, wgq and wqg are defined in the equations (28)-(30), respectively.

3.3 Asymptotic distance
Based on {1 = () and

—my—w)(a+1)

f(y(l)):n[k(?lgl exp{ Y(l )(9+1)}+n7k£g+l)67a exp{w}+ exp{w}]n—l
(36)
n—1 -1
=ny, <n j >[(ﬁ)’+'(”nk)” IO exp{ — (vy — wa} + (5) (521 exp{ — (y1) — )b},
=0\ J
where a = —(6;1)(14- 1)+ (a;:l)(n—]— 1), b= —(6;1)1—1— (a(’;l)(n—j), so
. nlin—1 k\j+1n—kyn—j—170+1\ D)~ k\j(n—kyn—j o+l ~ya—1
E(Yy))=n i (GG (57) (o) (— )+ ) () () (— 22—l 37
=0
v (1 n—k\n—j— 7 2 n—k\n— M 2
E(Y(zl))”z< i >[(f,)’+1( T (O (- - 20 3y 4 (k)i (k)i (el (-0 - SR - 2,
=0
V(¥a) = B~ E2(Y) (38)

The (1 — ¥)% confidence interval for u is given by
a—Var@z,, y . a+Var @z, 1)
(1-3) (1-35)

Now to find of confidence interval for § = (6, @), we derived the asymptotic confidence interval (ACI) forf3 by
utilizing its asymptotic distribution. With the help of log likelihood function, we use the Fisher information matrix to find
the variances of the MLESs of the parameters 6 and . The Fisher information matrix for 8 = (0, &) is written as follows:

B 8—212 a—za _ In(B) I2(B)
I(B)=— a%?ale 35_;2] - [IZI(B) Izz(ﬁ)}

This Fisher’s information matrix includes unknown parameters § = (0, & ). Therefore, by replacing the MLE estimation
of the parameters f3 = (8, &), the estimated values of the Fisher information matrix are:

1= [te

hence, (1 — ¥)% confidence interval for parameters ;, i = 1,2 is given by

[Bi— Var(ﬁi)Z(l_%/) Bi+ Var(ﬁi)Z(l_%)], (39)

where, Var(f;) is the (i,i) diagonal element of I~(f) and Z(l 7 is the (1 — %) quantile of the standard normal
)

distribution.
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4 Bayesian estimation

In this section, we now derive the Bayesian estimation of the parameters @,0 and @ of Two-parameter exponential
distribution with censored data in the presence of outliers when the parameters i, 6 and ¢ is known. We consider two
different loss functions, square error loss (SEL) function and LINEX loss function. Let 6 and « follow conjugate inverted
gamma priors with parameters (a;,b;) and (ay,b;), respectively, with pdfs:

1 —b

nl(e,al,bl)fxmexp(Tl) 0 >0,a1,b; >0, (40)
1 —

Th(0.az,b2) o —— exp ( az) a > 0,a2,by >0, 1)

we consider the following improper uniform prior of pt as follows:
HS(”)“_ —oo U <o C>0a (42)
c
moreover, all the three parameters are assumed to be independent. Now, the joint prior distribution of the random vector
(1,6, ) is thus given by

11 1

H(u,e,a) :Hl(e)HZ( )H3(y') c 9a1+1 a02+1

exp(————=). (43)

The posterior density function of (u,0,a) given (¥,d) = (yi,d;),i =1,2,...,n is obtained by combining equations
(22) and (43), and be written as

f(.d|u,6,0)II(u,6,0)

Tk, 9,0y.d) = IR f0.d|n,0,0)I(u,6,a)dudodo @
- (n-k)Ldi+a 1 i+a 4 a n —b —b
[a}( k) L dit 2+l[6]k2d+ +'exp{—nigl(yi—u)(%')}[BA,} exp(Tl)exp(f)

n— aa 1 itai z a n —b
fO fO IJ’I [_} k) Y.di+ +1[6]k2d+ +16Xp{—nigl(yi—u)(%l)}[BA,] CXp( 6l)exp( )dﬂdeda

such that
6+1 o+1

k
Ba, =Y exp{ =Y (ya, —#)(T -—)}
A r=1 o
It is well known that under squared error loss function, the Bayes estimator of a function is the posterior mean of the

function and is given by a ratio of two integrals.

[U(1,0,0)el(H0:0+Gu8.0) g1y 0, or)
[ el.9, 0)+G(1.0.0)d (u, 8, o) ’

U(u,0,0) =E[U(1,6,0]y,d)] = (45)

such that, U(u, 6, o) function of , 0 and o, I(i, 6, @)= log of likelihood function, G(u, 6, &)= log of joint prior of u, 6
and o. Both integrals cannot be obtained in a simple closed form and we must use numerical integration technique, which
can be computationally intensive, especially in high dimensional parameter space. Instead, we use Lindley’s method
[2] approximation to obtain the Bayes estimator of the function U(u, 6, a). Under squared error loss function, Lindley

showed that the approximate Bayes estimate of the function ¥ about the posterior mode ¥ is of the form

UY)=U(P)+1 Z Uij(P)j+ 1 Z A (P U(P) i, j,k=1,2,...,N, (46)
i,j=1 i,jk,l=1
2 oU(¥ *U(P 2 ZA(P 2 AP -
Ui(¥) = ( ) , Uij(P) = Wév,? , Aij(P) = W,Azjk(q’) = 99:'97‘4/(/92/& , Insn = Tij = (—Aij) s

for the three-parameter case, Lindleys approximation (46) reduces to the following

A

3
UB(.LL,G,(X) .LAL & Z ljk thk+ Z Aljk thTklUl(u 0 &)7 (47)
Jk=1

,jkl |

NI*—‘
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such that,
A(u,0,a)<l(u,0,0)+G(l,0,a) Zd n—k)+a+1)log(c Zd )+a;+1)log(6)
4 o+1 k 9+1 a+1 by by
fnﬁ; vy = 1) (5~ o )Jr"log[;(fxp{ ; YA, — TT)})] - [g*g]» (48)

1 (ya, — ) (&5 — &) } To obtain the first, second and third derivatives

 agkal

for simplicity, we put w(ya; 1,0, 0) = exp{ —

of w(ya; t,0,0), we can write:

0+1 oc+1 6+1 oa-+1

wu =k(—g———~)exr{ - Z yar =) (== =)} (49)
k
Z(yAritu“) k 6
= +1 a+l
wo = =g —ew{ = ¥ bn — ) (S5 =) (50)
X (s, 1)
=G k 0+1 o+l
WazflTexl’{*r;(yAﬁﬂ)(T*T)}a G
0+1 o+1 k 0+1 a+1
Wuu:kZ(T*T)Qe’CP{*r:I(yAr*ﬂ)(T*T)}a (52)
k k
[rgl(yA,—u)] *2921()%*#)‘ k 041 il
woo = o5 exp{ - » Oa =) (=== b (33)
- 2 |
i L] IV YNNUS O S 5o
Woo = - o -exp P ya, —H 0 a )
(3 (52, )
- ya, — M k
= ’ 0+1 o+1
Woo = Wae = 162052 exp{ —r; (va, —#)(T - T)}’ (55)
k k 0+1 a+1 k 0+1 o+l
Weu:WuGZm(_l"‘;(yAr_”)(T_ p ))exp{_;(yAr_u)(T_T)}) (56)
k k 0+1 oa+1 k 0+1 a+1
Wau:Wuoc:@(l*r;(yAﬁu)(T* 2 )>€xl’{*r:l(yAﬁﬂ)(T*T)}v 57
2 k 3
29[2 (ya, — )] *[El()’Ar*ﬂ)} k 011 ail
W06 = Woao = Wooo = 20% exP{ - = (YAr _ﬂ) (T - T)}’ (38)
k 2 k
20T 0 E a0 o1 it
Woaba = Woaa = Waad = pyy) exp{ - r;l (yA, - .LL) (T - T) }7 (59)
O6+1 o+l k 0+1 a+1
Wupe = Wpoap = Wapp = az( 0 o )(Z*Z,l(yAr*ﬂ)(T*T))
k 0+1 +1
exp{ =Y. O, — 1) (5=~ =)}, (60)
r=1
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K, 0+1 a+l k 0+1 o+1

Wuno = Wuou = Woup = g3\ ™9 e )(*ZJF;(yAr*#)(T*T))
k 0+1 1
exp{ =Y (i, — 1) (g~ L)}, (61)
r=1
Wuaa = Wapo = Waau (62)
k k
(X Oa,—1)]>+2a Y (ya,— 1) 0 '
— (k| = =1 } +170€+1 72£ n B
d = (g ) 2@t L0 —w))
k 0+1 1
exp{ =Y (i, — 1) (g — L)), (63)
r=1
Wuee = Woue = Woou
k k
(X ()] =20 % (14, —1)7 o ‘
— (k| = =1 ] +1ioc+1 +2£ o0_ B
d 5 (o) +2ge(0- L 0n ~w)
k 0+1 1
exp{ =Y (i, — 1) (g~ — L)}, (64)
r=1
0+1 1 k 0+1 1
wann =K (= = S en{ = X (- a0) (S - S0 (©5)
k k k k
60* Y (ya,— 1) —463[ X (va, — 1)) 20[ L (4, —)]> = [ L (ya, — )]
Wege = [ r=1 98 r=1 _ r=1 66 r=1 ‘|
k 0+1 1
exp{= Y (i, — 1) (T — =]}, (66)
r=1
Lk s & ) k ) k 3
lﬁ‘x L (o, —p) =40’ [ L (a, 1) 20[ % (ua,—p)]"+ [ X (s, —1)] ]
w _ = r= _ r= r=
aoo ob o

0+1 o+1
1}

k
exP{—r; (yAr_u)(T_T (67)

Now, in order to use Lindley’s approximation, successive derivatives are taken from the equation (48) with respect to the
parameters, We can write:

nY Wuu Lwy 2
A]l = 4 —I’l( 4 )
%W()’A;H,G,a) %W(yA;IJ,G,(X) ,
Ap =4y = 2 —-n -
%W(y/\;uveaa) (ZW(yA;ﬂ;97a>)2
4 A
n? nE W Sva kv
A =A31=——+ " BT va— 2
o %W(y/\;uveaa) (ZW(yA;ﬂaeva»
a A
n)iwea %W(a%th
Ay =Ap3 = e — “

%W(yf\;uveaa) - (ZW(yA;IJ; 9700)27
a A
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n)w w
_ai+1+k(Xd) 2,,] N Z_; 00 y )g 0 ;
2 02 Ewiuin6,0) EwOain.0,a)
az-i—l—l—AZ d,‘(l’t—k) (bz-i—nAZ (Yi_ll)) %Waa ;Wa )
Ay3 = i -2 i +n = —n = ,
3 a? o’ §W(yA;u,9,a) <§W(yA;u,9,a))
nYw 3Ywg Y w w
FVR L et el 0 ) RPN T —n b +2n(—§ : )’
22 6 64 %W(YAUJ;eaO‘) (%W(yA 1.6,0)) )/;W(yA;ﬂ,Gva) ’
a2+1+(n—k)(2di)
A3z =2 P
(br4n ¥ (yi—p))  nEWaea 3L wa X Waa ¥ Wa
+6 = +—= —n—=2 1 +on(=—2 )?
o Ew(ui,0,a) (Zw(usp,0,0))° Zw(ya . 0,00) ’
a A a
2
r prue Ywo-Ywuu+2¥wy 'pre 2Y we - (Zwu)
Ap=Ap1 =41 =n 4 _4 4 4 A + A 4 ]
5 2 3|
| EWOn:n,0,0) (EW(Oa:n.0,0) (EW(aip,6,0))
r Y Wupa Y W X Wup +22Wu ):Wocu ZZW(X'():W/J)Q
Az =Ai31=4311=n = _4 4 4+ 4 4 ]
_)/;W(yA;Hae,O‘) (% (yA;u,G,(x)) ():,W(yA;u,@,oc))3
T X Weeu Ywyu-Ywee+23 we-Ywue ZZWu Zwe
Ay =AM =Ap1=n = _ 1 4 = = +
| Zw(asi, 6, ) (Ewlyasu,0,a))° ():w YA, 6,0))
a A
2 Zwaa” %‘,w”-;waa +2§,wa-§,wa” 2Zw“ ;
A133 = Az13 = A3z = 2 — — — > + — — ]7
ZW()’A»IJ 6,a) (§w(yA;u,9,a))2 (%‘,w(yA;u,G,oc))
- Lwoea EwaEweo+2Ewe Twao  2LWa: (Zwe)’
Az =Ap=A3pn=n 4 -~ 4 4 2 + 4 ]
| Ewlasp,6,0) ()f%W(yA;uv@,OC))2 (ZW(yA u,6,a)’°
r Y Waas Y we- ZWococJFZ):Woc ZW(xG 2) we - ():,Woc)
Azp=A3p3=Ap33=n = _ 1 4 — 5> +—=2 4 ]
| Lwlasp,6,0) ()/; wyaii,8,a))’ ()/;W(yA;u,(%Ot))3

4.1 Bayesian estimation under squared error loss function

In this subsection, we have obtained the Bayes estimator of (1, 0 and o under the most common symmetric loss function,
that is, the squared error loss function(SELF). If {1, 0, & is an estimator of (i, 0, &), then we can define the SELF as

L&, o) = (& — )% (69)
We know that the Bayes estimator of under the SEL function is

%:EAWW@HZANMGHWﬁﬂW@MWﬁﬂ%

©2024 YU
Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



336 Parviz Nasiri: Exponential Distribution With Outlier Data

after substituting the value of IT(u, 8, a|Y,d) from (44), can write:

_ JUp,0,0)e ™04 (u, 6, )

Eq (Y, , 70
a[(a]Y.d)] A ODd(0.6. ) (70)
where
Up,0,a)=a, U =Uy=1,Ujj=Uyg = Uggq = Uga = Ug = Ugg = Uap = Upa = Ugy = Uyg = U, = 0.
Also, the Bayes estimator of ¢ under the SEL function is
ho=Eu(uly.) = [ wrte,0,a1y.0)d(w.0,0) an
u,0,a
after substituting the value of IT(u, 8, a|Y,d) from (44), can write:
JUW,6,0)e*-0%d(u, 6, a)
E y, == )
L) = T e 0.0
where
U(u,0,0)=p, Up=1,Uyg =Upgqg =Unoq =Uq =Upgg = Ugp = Uyo = Ugy = Uyg = Up = 0.
Also, the Bayes estimator of 6 under the SEL function is
0= Eq[(6]y.)] :/( .y O T, 01, d)d (1,6, 0) (72)
u,0,a

after substituting the value of IT(u, 6, a|Y,d) from (44), can write:

JU(,6,0)e* 0% d(u, 6, a)
[eAm0.0)d(u,0,a)

Eq [(GD_]?‘!ﬂ =

where
U(”aeva) =0,Ug=1,Uyp =Ugoy =Ugo = Uq = Upg :Uocu :Uu(x :Ueu :Uye :Uu =0.

We can write the approximate Bayes estimators for (t, 8 and o, as follows:

N 6ol >
s =+ Z Aljk u, 0,a leTkl; s — Z Al_]k u, 0,a leTkQ; O‘f a+_ Z Al]k u, 60 O‘)lerld
lj,k:l lj,k:l ,jk 1

4.2 Bayesian estimation under LINEX loss function

In this subsection, we have obtained the Bayes estimator of parameters under the LINEX loss function, The LINEX loss
function with parameter o given by

L(a,0) =[e“% % —g(a—a)—1], (73)

the Bayes estimator of o under LINEX loss function is given by

A 1 -
o= L in {Eafe e y.a]). 4
such that,
Ealle )] = [ e M(u.0,0y.)d(k.6.),
) (1,0,0) )
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after substituting the value of IT(u, 6, |y, d) from (44), can write:

[ U (. 8,0)eAB00d (1. 0, a)

Fell O = T @00

(75)
where
Up,0,a)=e % Uy = —ae “*, Ugq = a*e “*,Ugp = Upa =Upp =Upp =Uqy = Upa = Upy = Uy =Uy = 0.
The Bayes estimator of y under the LINEX loss function is given by
N 1 _
W= —;lnE#(e Hy,d),
where

JU(u,0,0)e* ™09 (1,6, a)
[eAWONd(u.6,a)

Ey(e™]y.d) = (76)

U([J,Q,Ot)ze_a“, Uu = 7a€_a'u, UIJIJ = aze_a'u,Uae = U@a:U(x(x:Ueralu = U,U.OC = Ue“ = U#QZUOC = Uee :O

The Bayes estimator of 6 under the LINEX loss function is given by

A 1
6= ——1InEg(e *|y,q),

where
U(u,0,a)e2 82416, o
Eg(e_“9|y,d) _ f (”a ) )e (.uv ) ) (77)
o JeAw89d(pu,0,q)
U=e % Ug=—ae, Upg = a’e “® Uyp = U = U = Uy = Uap = Upes = Ugy = Uyg =Uy = 0.
We can write the approximate Bayes estimators for e, ¢~%% and ¢~9%, as follows:
—ap —aft 1 2 —afl 1 —aft 2
E“(e |)~’,c~i):€ +§a e T 7§a€ Z A,»jk(u,e,a)r,»jrkl,
ij k=1
N 1 3
Eg(efaebﬁd) —e¢ 04 EaQe 6‘622 — —ae Z ijk (u,6,0 ‘L',J‘L'kg, (78)
jk=1
—aa —ad 1 2 —al 1 —ab 3
Eq(e %|y,d) =e +§a e 733*506 Z Aijk(1, 0,007,743,

ij k=1

thus, the Bayes estimator of 1,0 and «, under the LINEX loss function given by

. 1 PP P | P
.Ul:*—ln<€ au+§a2e ““Tufia@ @y Aijk(ﬂaeaa)fijfkl)a
a ij k=1

g — i (e eb s Lpoaby by
912—;111(6’ a —l—Ea e —a ,zk"_lA”k u,0,a lesz)
k=
(Ax[:*lln (e_aa+laze_adfg3*£a€_a& i Ak(” 9 a)THTkS)
a 2 T2 ij k=1 W '
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5 Simulation

In this section our main aim is to compare the estimators in terms of their MSE’s. Changes in the estimators and their
MSE’s have been determined when changing the shape parameter of the LINEX loss function for a = +0.5,4+1. The
simulation study was carried out for 6 = 3,2 and @ = 1,2 for k = 1,2 with sample size n = 10(5)40. Obtain different

b
l and o =

values of the parameters equal to the means of prior distributions so that 6 = 2 T respectively. The

1
results are summarized in tables 1 - 6 for k = 1,2. We also computed confidence interval of the parameters and the same is
presented in Tables 7 and 8.

n | parameter Moment MLE Bayes a
1 0.5 -0.5 -1
u 0.0354654 | 0.0041961 | 0.0027114 | 0.0030696 | 0.0028877 | 0.0026424 | 0.0026082
10 0 2.9795067 | 0.6664383 | 0.1496310 | 0.1943296 | 0.1785521 | 0.1078956 | 0.0610692
a 0.2166915 | 0.0283981 | 0.0118961 | 0.0192078 | 0.0153635 | 0.0088338 | 0.0062011
u 0.0298834 | 0.0023403 | 0.0004208 | 0.0005687 | 0.0004920 | 0.0003939 | 0.0003808
15 0 2.7709235 | 0.6199781 | 0.0558355 | 0.0833406 | 0.0712425 | 0.0385236 | 0.0219165
a 0.1449901 | 0.0219890 | 0.0016856 | 0.0028105 | 0.0022138 | 0.0012275 | 0.0008408
I 0.0293554 | 0.0013598 | 0.0002375 | 0.0003513 | 0.0002916 | 0.0002174 | 0.0002076
20 0 2.4212515 | 0.6175838 | 0.0288033 | 0.0455608 | 0.0376766 | 0.0197111 | 0.0114418
a 0.1042527 | 0.0196167 | 0.0004527 | 0.0007619 | 0.0005975 | 0.0003277 | 0.0002227
u 0.0227985 | 0.0008881 | 0.0001752 | 0.0002746 | 0.0002221 | 0.0001580 | 0.0001497
25 0 22937153 | 0.6128282 | 0.0177978 | 0.0289957 | 0.0235576 | 0.0121588 | 0.0071638
a 0.0775364 | 0.0195482 | 0.0001522 | 0.0002586 | 0.0002019 | 0.0001095 | 0.0000737
I 0.0188690 | 0.0008628 | 0.0001714 | 0.0002698 | 0.0002178 | 0.0001544 | 0.0001462
30 0 2.1166801 | 0.5719994 | 0.0123446 | 0.0205649 | 0.0164967 | 0.0083949 | 0.0049606
a 0.0607984 | 0.0186510 | 0.0000688 | 0.0001174 | 0.0000915 | 0.0000493 | 0.0000331
u 0.0187930 | 0.0008597 | 0.0000876 | 0.0001612 | 0.0001216 | 0.0000756 | 0.0000699
35 0 2.0684202 | 0.5659042 | 0.0086157 | 0.0145569 | 0.0115741 | 0.0058609 | 0.0034942
a 0.0549938 | 0.0154480 | 0.0000367 | 0.0000626 | 0.0000488 | 0.0000263 | 0.0000176
I 0.0175697 | 0.0003457 | 0.0000117 | 0.0000456 | 0.0000258 | 0.0000076 | 0.0000058
40 0 1.8399674 | 0.5243080 | 0.0066857 | 0.0114450 | 0.0090339 | 0.0045306 | 0.0026978
o 0.0501709 | 0.0099215 | 0.0000201 | 0.0000345 | 0.0000268 | 0.0000144 | 0.0000096

Table 1: Mean squared errors and risk of estimators when k= 1,4 =1,0 =2, ot =1

n | parameter Moment MLE Bayes a
1 0.5 -0.5 -1
u 0.0034696 | 0.0006407 | 0.0005483 | 0.0006013 | 0.0005632 | 0.0005409 | 0.0003760
10 0 2.8811222 | 1.6160872 | 1.1940453 | 1.4323331 | 1.2936883 | 0.9953392 | 0.6020656
o 0.1998201 | 0.0253330 | 0.0163926 | 0.0251037 | 0.0206599 | 0.0125656 | 0.0092094
u 0.0031032 | 0.0001751 | 0.0000898 | 0.0001222 | 0.0001054 | 0.0000839 | 0.0000810
15 0 2.6196614 | 0.5972067 | 0.4573851 | 0.4739443 | 0.4581095 | 0.3818436 | 0.2376179
o 0.1674512 | 0.0199156 | 0.0021256 | 0.0034511 | 0.0027503 | 0.0015787 | 0.0011115
u 0.0027083 | 0.0001490 | 0.0000360 | 0.0000575 | 0.0000461 | 0.0000323 | 0.0000306
20 0 2.4890385 | 0.5825261 | 0.2465495 | 0.2880852 | 0.2782227 | 0.1873665 | 0.1093755
o 0.1191478 | 0.0189533 | 0.0004188 | 0.0006977 | 0.0005496 | 0.0003056 | 0.0002100
I 0.0023100 | 0.0000458 | 0.0000269 | 0.0000357 | 0.0000297 | 0.0000237 | 0.0000222
25 %] 2.3610041 | 0.5202164 | 0.1346054 | 0.1765426 | 0.1611705 | 0.0974906 | 0.0562765
o 0.0858601 | 0.0186828 | 0.0001780 | 0.0002984 | 0.0002344 | 0.0001294 | 0.0000884
I 0.0021982 | 0.0000260 | 0.0000097 | 0.0000220 | 0.0000152 | 0.0000078 | 0.0000070
30 0 2.1310193 | 0.4807318 | 0.0954844 | 0.1331662 | 0.1179806 | 0.0672235 | 0.0380707
o 0.0621373 | 0.0167609 | 0.0000723 | 0.0001223 | 0.0000957 | 0.0000521 | 0.0000353
I 0.0018236 | 0.0000251 | 0.0000085 | 0.0000202 | 0.0000137 | 0.0000068 | 0.0000060
35 0 2.0337450 | 0.4219897 | 0.0649706 | 0.0955880 | 0.0823674 | 0.0449405 | 0.0254170
o 0.0582723 | 0.0158709 | 0.0000374 | 0.0000634 | 0.0000495 | 0.0000269 | 0.0000182
I 0.0011514 | 0.0000222 | 0.0000079 | 0.0000192 | 0.0000129 | 0.0000062 | 0.0000054
40 0 1.6885341 | 0.3371218 | 0.0491487 | 0.0750126 | 0.0634271 | 0.0335273 | 0.0188325
o 0.0479331 | 0.0156061 | 0.0000213 | 0.0000362 | 0.0000282 | 0.0000153 | 0.0000103

Table 2: Mean squared errors and risk of estimators when k= 1,4 =1,0 =3, a0 =1
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n | parameter | Moment MLE Bayes a
1 0.5 -0.5 -1
u 0.100738 | 0.533334 | 0.155385 | 1.067346 | 0.099449 | 0.016678 | 0.033638
10 0 3.245432 | 1.947860 | 0.496780 | 0.616123 | 0.509719 | 0.434571 | 0.326527
a 1.652906 | 1.543708 | 0.429367 | 0.735023 | 0.535173 | 0.241388 | 0.184788
u 0.383906 | 0.088666 | 0.03687 | 0.684775 | 0.062496 | 0.007358 | 0.008363
15 0 3.167014 | 1.739497 | 0.484110 | 0.506123 | 0.485972 | 0.404257 | 0.247727
a 1.547602 | 1.401110 | 0.350738 | 0.700023 | 0.352573 | 0.171788 | 0.084788
u 0.229659 | 0.047207 | 0.020388 | 0.366349 | 0.033407 | 0.003872 | 0.00426
20 0 2.945020 | 0.409890 | 0.244053 | 0.286233 | 0.275646 | 0.185613 | 0.108566
a 1.107138 | 0.974187 | 0.300814 | 0.138775 | 0.133063 | 0.070338 | 0.043021
u 0.205508 | 0.016992 | 0.011661 | 0.089594 | 0.008781 | 0.002839 | 0.010602
25 0 1.466138 | 0.343417 | 0.151140 | 0.195179 | 0.179710 | 0.109624 | 0.062595
a 1.103641 | 0.866726 | 0.003423 | 0.003753 | 0.003571 | 0.003319 | 0.003274
u 0.170546 | 0.01554 0.00895 | 0.100432 | 0.009463 | 0.001874 | 0.004597
30 0 1.395049 | 0.372543 | 0.098564 | 0.136759 | 0.121479 | 0.069521 | 0.039390
a 1.071603 | 0.798827 | 0.000883 | 0.001157 | 0.001015 | 0.000762 | 0.000654
u 0.121434 | 0.013631 | 0.006417 | 0.100483 | 0.009245 | 0.00126 | 0.001877
35 0 0.799634 | 0.384229 | 0.069532 | 0.101556 | 0.087876 | 0.048123 | 0.027102
a 1.028991 | 0.795777 | 0.000355 | 0.000525 | 0.000436 | 0.000281 | 0.000216
u 0.109144 | 0.010137 | 0.002768 | 0.073762 | 0.006802 | 0.000965 | 0.001531
40 0 0.574606 | 0.386391 | 0.052611 | 0.079747 | 0.067691 | 0.035932 | 0.020140
a 0.977091 | 0.704616 | 0.000100 | 0.000168 | 0.000132 | 0.000073 | 0.000050
Table 3: Mean squared errors and risk of estimators whenk=1,u=1,0 =3, =2
n | parameter Moment MLE Bayes a
1 0.5 -0.5 -1
u 0.0493294 | 0.0113471 | 0.0104291 | 0.0109599 | 0.0105794 | 0.0103543 | 0.0072988
10 0 2.7817550 | 0.6215728 | 0.0828180 | 0.1107717 | 0.0993793 | 0.0618833 | 0.0393810
a 0.2430123 | 0.0643586 | 0.0309029 | 0.0521799 | 0.0409652 | 0.0308721 | 0.0220434
u 0.0299823 | 0.0101658 | 0.0092979 | 0.0097995 | 0.0094399 | 0.0092273 | 0.0025562
15 0 2.6407878 | 0.5747529 | 0.0299747 | 0.0424766 | 0.0366878 | 0.0227346 | 0.0155784
a 0.2181708 | 0.0295076 | 0.0033383 | 0.0054604 | 0.0043384 | 0.0024643 | 0.0017195
u 0.0299497 | 0.0074788 | 0.0067372 | 0.0071651 | 0.0068581 | 0.0066771 | 0.0007412
20 0 2.2834697 | 0.5745496 | 0.0166916 | 0.0240095 | 0.0204928 | 0.0127977 | 0.0090561
a 0.1841664 | 0.0224089 | 0.0007254 | 0.0012078 | 0.0009517 | 0.0005293 | 0.0003637
u 0.0214984 | 0.0011136 | 0.0008393 | 0.0009946 | 0.0008823 | 0.0008182 | 0.0007211
25 0 2.1647008 | 0.5449814 | 0.0101750 | 0.0146881 | 0.0124728 | 0.0078902 | 0.0057291
a 0.1571600 | 0.0223556 | 0.0002301 | 0.0003859 | 0.0003031 | 0.0001671 | 0.0001142
u 0.0199443 | 0.0006959 | 0.0000441 | 0.0001063 | 0.0000719 | 0.0000307 | 0.0000260
30 0 1.7151691 | 0.5299187 | 0.0075731 | 0.0109854 | 0.0092933 | 0.0058887 | 0.0043105
o 0.1532507 | 0.0211999 | 0.0000955 | 0.0001615 | 0.0001264 | 0.0000689 | 0.0000467
u 0.0182262 | 0.0004086 | 0.0000349 | 0.0000902 | 0.0000588 | 0.0000340 | 0.0000224
35 0 1.6983753 | 0.5198236 | 0.0051465 | 0.0074937 | 0.0063172 | 0.0040184 | 0.0029717
o 0.1396413 | 0.0178924 | 0.0000501 | 0.0000846 | 0.0000663 | 0.0000362 | 0.0000246
n 0.0157614 | 0.0002498 | 0.0000149 | 0.0000567 | 0.0000325 | 0.0000098 | 0.0000076
40 0 1.6862910 | 0.3597495 | 0.0040633 | 0.0059312 | 0.0049899 | 0.0031779 | 0.0023608
a 0.1264531 | 0.0132382 | 0.0000272 | 0.0000461 | 0.0000360 | 0.0000196 | 0.0000132

Table 4: Mean squared errors and risk of estimators when k=2, 4 =1,0 =2, 00 =1
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n | parameter | Moment MLE Bayes a
1 0.5 -0.5 -1
u 0.0023720 | 0.0003951 | 0.0003165 | 0.0003613 | 0.0003290 | 0.0003104 | 0.0002927
10 0 2.8098240 | 0.6991896 | 0.5444805 | 0.5809883 | 0.5757578 | 0.5383800 | 0.3798773
o 0.2542098 | 0.0597072 | 0.0415444 | 0.0572235 | 0.0454419 | 0.0347436 | 0.0252860
u 0.0020464 | 0.0003873 | 0.0003095 | 0.0003538 | 0.0003218 | 0.0003034 | 0.0002279
15 0 2.5390217 | 0.5453236 | 0.1925543 | 0.2251680 | 0.2159367 | 0.1519921 | 0.0984046
o 0.2114026 | 0.0351986 | 0.0032764 | 0.0053493 | 0.0042534 | 0.0024220 | 0.0016934
u 0.0018285 | 0.0001233 | 0.0000538 | 0.0000823 | 0.0000673 | 0.0000488 | 0.0000464
20 0 2.4731183 | 0.5421827 | 0.0927681 | 0.1218603 | 0.1102568 | 0.0700304 | 0.0449700
o 0.1933246 | 0.0264478 | 0.0007326 | 0.0012125 | 0.0009579 | 0.0005370 | 0.0003714
u 0.0016133 | 0.0000999 | 0.0000269 | 0.0000479 | 0.0000366 | 0.0000234 | 0.0000217
25 0 2.3155201 | 0.4842251 | 0.0544837 | 0.0762838 | 0.0667458 | 0.0403021 | 0.0258616
o 0.1718360 | 0.0234545 | 0.0002379 | 0.0003969 | 0.0003124 | 0.0001734 | 0.0001191
u 0.0015001 | 0.0000679 | 0.0000142 | 0.0000304 | 0.0000216 | 0.0000117 | 0.0000106
30 0 2.0548902 | 0.4734207 | 0.0375135 | 0.0546150 | 0.0468097 | 0.0273908 | 0.0175152
o 0.1636477 | 0.0205947 | 0.0001032 | 0.0001732 | 0.0001360 | 0.0000749 | 0.0000511
u 0.0014616 | 0.0000516 | 0.0000103 | 0.0000245 | 0.0000167 | 0.0000082 | 0.0000073
35 0 1.9907460 | 0.3095870 | 0.0258482 | 0.0386682 | 0.0326322 | 0.0187854 | 0.0120939
o 0.1619473 | 0.0178938 | 0.0000495 | 0.0000833 | 0.0000653 | 0.0000359 | 0.0000244
u 0.0012213 | 0.0000191 | 0.0000066 | 0.0000185 | 0.0000118 | 0.0000049 | 0.0000042
40 0 1.4128690 | 0.3013983 | 0.0193319 | 0.0295625 | 0.0246491 | 0.0139624 | 0.0089842
o 0.1542396 | 0.0157656 | 0.0000267 | 0.0000450 | 0.0000353 | 0.0000193 | 0.0000131

Table 5: Mean squared errors and risk of estimators when k=2, u=1,0 =3, a =1

n | parameter | Moment MLE Bayes a
1 0.5 -0.5 -1
In 0.43150 | 0.05729 | 0.04931 | 0.27599 | 0.02673 | 0.00756 | 0.02560
10 0 1.55000 | 0.58900 | 0.62800 | 0.60200 | 0.58400 | 0.57100 | 0.40900
o 2.25000 | 1.12000 | 0.81400 | 2.87000 | 1.01000 | 0.52100 | 0.38800
In 0.40687 | 0.02879 | 0.02114 | 0.12209 | 0.01175 | 0.00309 | 0.00986
15 0 1.31000 | 0.41900 | 0.21300 | 0.24800 | 0.23600 | 0.17100 | 0.11200
o 1.20000 | 1.11000 | 0.38000 | 1.35000 | 0.56000 | 0.25400 | 0.19700
In 0.36816 | 0.03702 | 0.01723 | 0.25546 | 0.02378 | 0.00394 | 0.00781
20 0 1.25000 | 0.40200 | 0.10500 | 0.13500 | 0.12300 | 0.08030 | 0.05220
o 1.25000 | 1.09000 | 0.10400 | 0.23600 | 0.12600 | 0.07450 | 0.06080
In 0.23567 | 0.02375 | 0.01645 | 0.16348 | 0.01523 | 0.00254 | 0.00508
25 0 1.20000 | 0.32700 | 0.06370 | 0.08690 | 0.07700 | 0.04780 | 0.03110
o 1.23000 | 1.01000 | 0.01810 | 0.04740 | 0.02340 | 0.01570 | 0.01440
In 0.14718 | 0.01475 | 0.01391 | 0.09821 | 0.00920 | 0.00168 | 0.00378
30 0 1.05000 | 0.27500 | 0.04290 | 0.06100 | 0.05290 | 0.03180 | 0.02070
(07 1.23000 | 0.91300 | 0.00256 | 0.00287 | 0.00270 | 0.00246 | 0.00241
In 0.13303 | 0.01199 | 0.00936 | 0.08152 | 0.00761 | 0.00131 | 0.00275
35 0 0.91000 | 0.21600 | 0.03000 | 0.04390 | 0.03740 | 0.02210 | 0.01440
o 1.10000 | 0.81000 | 0.00088 | 0.00115 | 0.00102 | 0.00076 | 0.00064
In 0.10392 | 0.01098 | 0.00191 | 0.08044 | 0.00741 | 0.00103 | 0.00159
40 0 0.60000 | 0.13100 | 0.02230 | 0.03340 | 0.02810 | 0.01630 | 0.01070
o 1.02000 | 0.74000 | 0.00035 | 0.00049 | 0.00042 | 0.00029 | 0.00023

Table 6: Mean squared errors and risk of estimators when k=2, 4 =1,0 =3, 00 =2
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(0,a,4) | n a il
Lower Lower Upper Upper Lower Upper

10 | 0.998235 2.281502 | 0.998917  1.025177 | 0.948026  1.149298
15 | 1.462447  2.095438 | 0.999787 1.008912 | 0.963544  1.096498
20 | 1.587380 2.089192 | 0.999611 1.004737 | 0.975574 1.074845

2,1,1) 25 | 1.660742  2.084971 | 0.999763 1.002844 | 0.97779  1.056998
30 | 1.747947  2.040828 | 0.999922 1.001802 | 0.984233  1.050125
35 | 1.771255  2.050147 | 0.999770 1.001478 | 0.986423  1.042831
40 | 1.818001 2.026584 | 0.999869 1.001069 | 0.986793 1.036105
10 | 0.044169 3.865796 | 0.998475 1.027224 | 0.947652 1.150866
15 | 1.183366  3.540998 | 0.999230 1.009819 | 0.963261  1.097030
20 | 1.816321  3.273759 | 0.999709  1.004750 | 0.975567 1.075284

(3,1,1) | 25 | 2.077302 3.218321 | 0.999920 1.002714 | 0.98103  1.060518
30 | 2.206872  3.214486 | 0.999704  1.002048 | 0.983862  1.049945
35 | 2.305604  3.207666 | 0.999958 1.001294 | 0.984185 1.040734
40 | 2.452594  3.125495 | 0.999841 1.001089 | 0.986572  1.035991
10 | 1.843878  3.772835 | 1.217007 2.819133 | 0.928378  1.192709
15 | 2.028713  3.679881 | 1.295845 2.735048 | 0.955526 1.131067
20 | 2.047086  3.554594 | 1.647320 2.248641 | 0.970496 1.1019

3,2,1) 25 | 2.411368 3.477614 | 1.715737  2.057721 | 0.972131 1.077135
30 | 2.242828  3.297097 | 1.974661  2.048293 | 0.979926 1.067363
35 | 2.285317  3.048793 | 1.996099  2.055034 | 0.980276 1.055182
40 | 2.265899  3.027624 | 1.998137 2.019937 | 0.985833  1.05135

Table 7: Various interval estimates for different combination of n, i, Oando when k = 1

(6,a,1) | n a Q
Lower Lower Upper Upper Lower Upper

10 | 1.318526  2.167051 | 0.544312 1.046362 | 0.944354 1.151141
15 | 1.611501 2.067141 | 0.997314 1.015686 | 0.967973  1.103288
20 | 1.708152  2.052489 | 0.999135 1.006496 | 0.975115 1.075688

(2,1,1) 25 | 1.776397  2.031661 | 0.998753  1.004452 | 0.980496 1.060527
30 | 1.827264  2.013809 | 0.999718  1.002364 | 0.986168  1.052626
35 | 1.854924  2.007314 | 0.999731 1.001695 | 0.984454  1.041277
40 | 1.876162 2.003066 | 0.999846 1.001202 | 0.988185 1.037813
10 | 1.514659 3.121386 | 0.978756  1.070055 | 0.950544 1.161438
15 | 1.867451 3.330611 | 0.999409 1.011947 | 0.966059 1.103067
20 | 2.117307 3.312687 | 0.999018 1.006733 | 0.977909 1.079421

(3,1,1) | 25 | 2.447464 3.109901 | 0.999660 1.003621 | 0.978329  1.058933
30 | 2.560464  3.078514 | 0.999677  1.002387 | 0.985256  1.052107
35 | 2.646281 3.049168 | 0.999909 1.001545 | 0.984955 1.042063
40 | 2.658078 3.077561 | 0.999930 1.001141 | 0.98764  1.037485
10 | 0.366759  4.073541 | 1.364999  2.799788 | 0.93475 1.20213
15 | 1.536471 3.545819 | 1.392909 2.598922 | 0.95513 1.13200
20 | 2.036665 3.319306 | 1.740515 2.271959 | 0.96763 1.09978

3.2,1) 25 | 2.379895  3.117336 | 1.991338 2.158753 | 0.97208 1.07756
30 | 2.435033  3.151772 | 1.997599 2.070325 | 0.97787 1.06564
35 | 2.568094  3.086660 | 1.961039  2.083904 | 0.98168 1.05683
40 | 2.630504 3.071392 | 1.993964 2.035888 | 0.98327 1.04897

Table 8: Various interval estimates for different combination of n, 1, @and o when k = 2

According to the obtained results, it can be said that:

e As the sample size increases, MSE estimates of the parameters decrease.
eWith the increase of outlier data, the MSE estimate of (distribution parameter of most data) increases and the estimate
of parameter (distribution parameter of outlier data) decreases.
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o As the value of the risk parameters increase, the estimators under the LINEX loss function decrease.

oln all cases, Bayesian estimator performs better than Maximum Likelihood and Moment.

e As the sample size increases, the length of the confidence intervals of the estimators decrease.

eAlso, when the number of outlier data increase, the length of the confidence intervals of the estimators increases.

6 Real lifetime data analysis

To evaluate the methods presented in this paper, we consider a real data set that is the breakdown time (in hours) of 59
conductors in the circuit presented in [26];

6.545, 9.289, 7.543, 6.956, 6.492, 5.459, 8.120, 4.706, 8.687, 2.997, 8.591, 6.129, 11.038, 5.381, 6.958, 4.288, 6.522,
4.137, 7.459, 7.495, 6.573, 6.538, 5.589, 6.087, 5.807, 6.725, 8.532, 9.663, 6.369, 7.024, 8.336, 9.218, 7.945, 6.869,
6.352, 4.700, 6.948, 9.254, 5.009, 7.489, 7.398, 6.033, 10.092, 7.496, 4.531, 7.974, 8.799, 7.683, 7.224, 7.365, 6.923,
5.640,5.434,7.937,6.515,6.476,6.071, 10.941, 5.923.

To goodness of fitting, by using the methods of estimation presented in this paper, the estimators, Akaike information
criterion (AIC) and Bayesian information criterion (BIC) are given in Tables 9 and 10 for k=1 and k=2 respectively.
According to the results of Tables 9 and 10, goodness of fit based on Bayesian estimation is better than Maximum
Likelihood Estimation.

Method Q [ a LogL) AIC BIC
MLE 2997000 6.55467 7.292760  161.3627 328.7254 334.9580
Bayes  2.6651107 6.25959 7.0190598 140.9304 287.8609  294.0935

Table 9: Summary statistics for model fitting when k = 1.

Method Q 0 a LogL) AIC BIC
MLE  2.997000 6.41929 7.4638359 168.3808 342.7795 349.0121
Bayes  3.3470179  6.02053 6.977835 151.3149 308.6299  314.8625

Table 10: Summary statistics for model fitting when k = 2.

7 Conclusion

In this article, the parameters of the two-parameter exponential distribution with censored data with the presence of outliers
have been estimated by Moment and Maximum Likelihood and Bayesian Methods. In section 3, Moment Estimation,
Maximum Likelihood and distance estimation, and in section 4, parameters were estimated by Bayesian estimator under
two symmetric (Squared Error) and asymmetric (LINEX) loss functions. According to the Mean Square Error criterion,
the Maximum Likelihood Estimator performs better compared to the Moment Estimator, while the Bayesian Estimators
perform better than the Maximum Likelihood Estimator. By increasing the value of the risk parameter under the LINEX
loss function, the Mean Squared Error decreases. Also, with the increase of the sample size, this criterion decreases. With
the increase number of outlier data, the Mean Square Error of the o parameter estimate increases and the Mean Square
Error of the 6 parameter estimate decreases.
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