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1 Introduction

Flux surface is a 2-dimensional geometric structure that does not influence the flux, which describes any effect that appears
to pass or travel through a surface or substance, in an ambient environment. Flux is a vector calculus given as

φB =

∫

M
g(
−→
B ,−→n )ds,

where
−→
B is a smooth vector corresponding to the flux φB passes through the surface M in Riemannian manifold (N,g),

with the normal vector
−→
n (To simplify, we denote the vectors

−→
B ,−→n by B,n ). Therefore, M is called flux surface if B is

orthogonal to n everywhere on M which is part of the constant angle surface set, to be determined explicitly in the sequel
in SL(2,R). The flux surfaces was determined in Euclidean 3-space [15], in Heisenberg three group [7] and Sol3 space in
[2].

Moreover, if B is a magnetic vector fields (i.e. B is zero divergences according to Biot and Savart’s law see [4] and
[15]) then M is called flux surface according to the magnetic vector fields B. Hence, we can define a scalar flux function
f according to B, such that its value of f is constant on the surface M, and

g(B,∇ f ) = 0,

where ∇ f is Riemannian gradient on M.
If B is also a Killing i.e. magnetic vector fields satisfying the Killing equation i.e.

g(∇X B,Y )+ g(∇Y B,X) = 0, (1)

where ∇ is a connection and X ,Y are a vector fields on N, then M is called flux surface according to the Killing magnetic
vector B.
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In particular case when (N,g) is three dimensional Riemannian manifold, the topological toroid is the only closed flux
surface corresponding to a non-vanishing vector field B which is the basis of the design of magnetic confinement devices.
Assuming the flux surfaces have this toroidal topology, the function f defines a set of nested surfaces, so it makes sense
to use this function to label the flux surfaces. Each toroidal surface f encloses a volume V ( f ). The surface corresponding
to an infinitesimal volume V is essentially a line that corresponds to the toroidal axis (called magnetic axis when B is a
magnetic field). When B is a magnetic field with toroidal nested flux surfaces, two magnetic fluxes can be defined from
two corresponding surfaces. The poloidal flux toroidal flux are defined by

φ1 =
∫

M1

g(B,n)ds and φ2 =
∫

M2

g(B,n)ds,

where M1 is a ring-shaped ribbon stretched between the magnetic axis and the flux surface f . (Complementarily, M1 can
be taken to be a surface spanning the central hole of the torus) and M2 is a poloidal section of the flux surface, respectively.
(For more detail see [3,7,9,15])

The famous example of magnetic surface which is a flux surfaces is the plasma which is considered as fourth state of
matter. It is a hot ionized gas made up of approximately equal numbers of positively charged ions and negatively charged
electrons that it makes it a good electrical conductor. The most of the visible matter in the universe is in the plasma
state. (see [3,4,5,9,17]). Flux surfaces, in Minkowski context, appeared as application on the dynamics of solitons and
dispersive effects in [10,11,12].

Note that the magnetic surfaces which all magnetic curves lie, whose definition is not yet definitively posed, are flux
surfaces. Recall that Killing magnetic curve γ : I ⊂ R → N with parametric t, is a trajectories of the charged particles
moving under the action of the magnetic fields F which is a solution of Lorentz equation

∇γ ′(t)γ
′ (t)=V × γ ′ (t) ,

where V is a Killing vector fields corresponding to Lorentz force F of magnetic flux and ”× ” is cross product. The
magnetic curves have been intensively studied by many authors in different manifolds that we just cite that we will use in
the sequel. (See [8,6,16]).

The purpose of paper is to investigate to the determination of flux surfaces in Riemannian space SL(2,R) which appear

in the literature with two models. The first model is called the hyperboloid that appear in [13] and denoted by S̃L (2,R)
and the second, which we will use in this paper, is called the right-half space model of SL(2,R) that its geometry is
detailed in [14,18].

This paper is organized as follows. In the second section, we give a brief overview on a geometry of Riemannian space
SL(2,R). We present in the third section the definitions and the determinations of flux surfaces and scalar flux functions
in general Riemannian manifold. Next, we determine all parameterizations of flux surface and scalar flux function f

according to Killing magnetic vectors K on SL(2,R) and we present an examples of each cases. We use the computer
software ”Wolfram Mathematica” for a graphical representations in Euclidean space E3.

2 Geometry of Riemannian space SL(2,R)

The SL(2,R) space with the standard representation as

SL(2,R) =

{(
a b

c d

)
| ad− bc = 1

}

is seen as a space R3 endowed with the Riemannian metric given by

gSL(2,R) =
1

4y2
dx2 +

1

4y2
dy2 +

(
1

2y
dx+ dz

)2

. (2)

We define an orthonormal basis (ei)i=1,3 as

e1 = 2y∂x− ∂ z, e2 = 2y∂y, e3 = ∂ z, (3)

where
(

∂x = ∂
∂x
,∂y = ∂

∂y
,∂ z = ∂

∂ z

)
and (dx,dy,dz) are local bases of TpR

3 and T ∗
p R

3 respectively. The dual basis
(
ω i

)
i=1,3

of (ei)i=1,3 is

ω1 =
1

2y
dx; ω2 =

1

2y
dy; ω3 =

1

2y
dx+ dz.
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The Levi-Civita connection ∇ of the metric gSL(2,R) with respect to the orthonormal basis (ei)i=1,3 is





∇e1
e1 = 2e2

∇e1
e2 =−2e1 − e3

∇e1
e3 = e2

;

∇e2
e1 = e3

∇e2
e2 = 0

∇e2
e3 =−e1

;

∇e3
e1 = e2

∇e3
e2 =−e1

∇e3
e3 = 0

. (4)

The algebra of Killing vector field of SL(2,R) it is generated by the basis K = (Ki)i=1,3 , which are solutions of Eq.(1),

where the Killing vectors (Ki)i=1,3 are presented in the following

K1 = ∂ z, K2 = ∂x, K3 = x∂x+ y∂y and

K4 =
1

2

(
x2 − y2

)
∂x+ xy∂y. (5)

The Killing vectors, in the base (ei)i=1,3 from the Eq.(3), are

K1 = e3, K2 =
1

2y
(e1 + e3) , K3 =

x

2y
e1 +

1

2
e2 +

x

2y
e3, (6)

K4 =
x2 − y2

4y
e1 +

x

2
e2 +

x2 − y2

4y
e3,

(for more detail see [1,8,18]).

3 Flux surfaces and scalar flux functions

3.1 Flux surfaces in SL(2,R)

Definition 1.Let M be a smooth surface in a Riemannian manifold (N,g) and n be its normal vector field. We call M a

flux surface according to the vector field V on (N,g) if

g(V,n) = 0

everywhere on M. The surface M is denoted by V-flux surface.

If V is a Killing field then M is called a flux surface according to the Killing vector V and denoted by Killing V-flux

surface.

Moreover, if V is magnetic vector fields, M is denoted by Killing magnetic V-flux surface.

Let M be a surface in SL(2,R) parameterized by X(s, t) = (x(s, t),y(s, t),z(s, t)). Its tangent vectors Xs and Xt are
described by 




Xs = xs∂x+ ys∂y+ zs∂ z = xs
2y

e1 +
ys

2y
e2 +

(
xs
2y
+ zs

)
e3,

Xt = xt∂x+ yt∂y+ zt∂ z = xt
2y

e1 +
yt

2y
e2 +

(
xt
2y
+ zt

)
e3.

The normal vector n of M, in the base (ei)i=1,3 , is given by

n =
Xs ×Xt

‖Xs ×Xt‖
= 1

2y‖Xs×Xt‖




(
1
2y
(ysxt − ytxs)+ yszt − ytzs

)
e1

+
(

1
2y
(xtxs − xsxt)+ xtzs − xszt

)
e2

+ 1
2y
(xsyt − xtxs)e3


 . (7)

Now, we have the theorem.

Theorem 1.Let M be a surface in SL(2,R) parameterized by X(s, t) = (x(s, t),y(s, t),z(s, t)). Then M is a V-flux surface

if and only if
(ysxt − xsyt + 2y(yszt − ytzs))v1+

2y(xtzs − xszt)v2 +(xsyt − xtys)v3 = 0,

where V = v1e1 + v2e2 + v3e3.

Proof.Its a direct consequence by using the metric given by Eq.(2) in the orthonormal base (ei)i=1,3, the Definition 1 and

the normal vector n given in the Eq.(7).
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3.2 Scalar flux functions in SL(2,R)

Definition 2.Let f be a function on (N,g) and M be a V-magnetic flux surface in N. The function f is called a scalar flux

function on M according to the magnetic vector fields V if the value of f is constant on the surface M and

g(V,∇ f ) = 0.

We denoted here f , to simplify, a magnetic V-scalar flux function. Moreover, if V is Killing vector then f is denoted by

Killing magnetic V-scalar flux function.

Lemma 1.Let f be a scalar function in SL(2,R), the Riemannian gradient of f is

∇ f = fx∂x+ fy∂y+ fz∂ z =
fx

2y
e1 +

fy

2y
e2 +

(
fx

2y
+ fz

)
e3.

Proposition 1.Let f be a function on (N,g) and M ⊂ N be a magnetic V-flux surface. f is scalar flux function to M if

fx

2y
v1 +

fy

2y
v2 +

(
fx

2y
+ fz

)
v3 = 0 and f/M is constant,

where V = v1e1 + v2e2 + v3e3 and ” f/M” is the restriction of f to M.

Proof.We get the proof by a simple computation using the Definition 2 and the Lemma 1.

4 Flux surfaces and scalar flux functions according to Killing vectors in SL(2,R)

The determination of Killing flux surfaces needs the resolution methods of a homogeneous and nonhomogeneous partial
differential equations (PDE). Therefore from [19], we present the resolution methods of PDE in the following;

Proposition 2.Let P and Q two functions in real parameters s and t. The general solutions of PDE

P(s, t)hs +Q(s, t)ht = R(s, t), (8)

with the unknown function h(s, t) are in the form:

1. When the PDE (8) is homogeneous (i.e. R ≡ 0).

i. If P ≡ 0 (resp. Q ≡ 0) then h(s, t) = h(s) (resp. h(s, t) = h(t)).
ii. If P and Q are non null functions, then

h(s, t) = ϕ (ψ(s, t)) ,

where ψ(s, t) = c (constant), is the solution of ODE

ds

P
=

dt

Q

and ϕ is arbitrary real function.

2. When the PDE (8) is nonhomogeneous (i.e. R 6= 0):

i. If P ≡ 0 (resp. Q ≡ 0) then h(s, t) =
∫

R
Q

dt (resp. h(s, t) =
∫

R
P

ds),

ii. If P and Q are non null functions, then solution h is given implicitly from

ψ1(s, t,h) = ϕ (ψ2(s, t,h)) ,

where ψ1,2(s, t) = c1,2 (constants) are the choice of two functions among three functions solutions of three ODEs

ds

P
=

dt

Q
=

dh

R

and ϕ is arbitrary function in R.

The Killing vectors K1 and K2 has a same study, in the following section we determine only flux surfaces and scalar
flux function corresponding to K1.
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4.1 Killing K1-flux surfaces in SL(2,R)

We characterise all Killing K1-flux surfaces in SL(2,R) given in the Eq.(6) in the following theorem.

Theorem 2.Let M1 be a surface in SL(2,R) parametrized by X(s, t) = (x(s, t),y(s, t),z(s, t)). M1 is a Killing K1-flux

surface if and only if

xsyt − xtys = 0.

Proof.Using the Theorem 1 and the value of Killing vector K1 given in Eq.(6), we get the the proof.

Proposition 3.The Killing K1-flux surfaces in SL(2,R) are parameterized by

1. X(s, t) = (ϕ1(s),ϕ2 (s) ,z(s, t)),

2. X(s, t) = (ϕ1(t),ϕ2 (t) ,z(s, t)),

3. X(s, t) = (x(s, t),ϕ(ψ1(s, t)),z(s, t)),

4. X(s, t) = (ϕ(ψ2(s, t)),y(s, t),z(s, t)),

where x,z y and ϕ , ϕ1,2 are arbitrary smooth functions in R
2 and R, respectively, and ψ1,2 are solution functions given in

Proposition 2(1-ii) .

Proof.From the Proposition 2(1-i) (resp. (1-ii)), the parameterizations X(s, t) is a general solution of the first order linear
PDE given in the Theorem 2 for arbitrary functions x,z and y,z for the assertions 1 and 2 (resp. for the assertions 3 and 4),
respectively.

Example 1.We consider in this example the fourth assertion of Proposition 3. Let y(s, t) = st, from the assertion 1 of
Proposition 2, we have

ds

xt

=−
dt

xs

its solution is
ψ2(s, t) = st = c constant,

then the surface M1 parameterized by
X(s, t)=(ϕ (st) ,st,z(s, t))

is Killing K1-flux surface in SL(2,R) , where ϕ and z are arbitrary smooth functions in R and R
2, respectively. We

present in Figure 1, the Killing K1-flux surface M1 in SL(2,R) parameterized by X(s, t)=
(
(st)2 ,st,sin(s+ t)

)
where

(s, t) ∈
[
− π

2
, π

2

]
.

4.1.1 Killing magnetic K1-scalar flux functions in SL(2,R)

Theorem 3.Let M1 be a Killing magnetic K1-flux surface in SL(2,R). Then the function f given by

f (x,y,z) = ϕ (2yx− z)

and f constant on M1, is Killing magnetic K1-scalar flux function to M, where ϕ is a real arbitrary function.

Proof.Using the Proposition 1 and the value of K1 given in the Eq.(6), we have

g(K1,∇ f ) =
fx

2y
+ fz = 0.

By solving the above first order PDE and using the Proposition 2(1-ii), we get

f (x,y,z) = ϕ (2yx− z)

where ϕ is a real arbitrary function. Then the function f is Killing magnetic K1-scalar flux function and f must be also
constant on M.

Example 2.Using the Example1, we have Killing K1-magnetic flux surface M1−1 parameterized by
X(s, t)=(ϕ (st) ,st,z(s, t)) where z(s, t) = 2st cosst − a | a ∈ R and ϕ (u) = cosu | u ∈ R. The Killing K1-magnetic scalar
flux function f to M1−1, from the Theorem 3, is in the form f (x,y,z) = ϕ (2xy− z) and it must be constant on M1−1, (i.e.
f (X(s, t))≡C a constant). We have

f (x,y,z)/M1
= ϕ (2xy− z) = ϕ (a) a constant,

then f is Killing K1-magnetic scalar flux function to the Killing K1-magnetic flux surface M1−1 parameterized by
X(s, t)=(cosst,st,2st cosst − a).
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Fig. 1: Killing K1-flux surface M1

4.2 Killing K3-flux surfaces in SL(2,R)

Theorem 4.Let M3 be a surface in SL(2,R) parametrized by X(s, t) = (x(s, t),y(s, t),z(s, t)). M3 is a Killing K3-flux

surface if and only if

(xtzs − xszt )+
x
y
(yszt − ytzs) = 0. (9)

Proposition 4.The Killing K3-flux surfaces in SL(2,R) are parameterized by





1. X(s, t) =
(

x(s, t),eϕ1(s)x(s, t),ϕ2 (s)
)

2. X(s, t) =
(

x(s, t),eϕ1(t)x(s, t),ϕ2 (t)
)

3. X(s, t) =
(

eϕ1(s)x(s, t),x(s, t),ϕ2 (s)
)

4. X(s, t) =
(

eϕ1(t)x(s, t),x(s, t),ϕ2 (t)
)
,

5. X(s, t) =
(

x(s, t),eϕ1(s),ϕ2 (s)
)

6. X(s, t) =
(

x(s, t),eϕ1(t),ϕ2 (t)
)

7. X(s, t) =
(

eϕ1(s),x(s, t),ϕ2 (s)
)

8. X(s, t) =
(

eϕ1(t),x(s, t),ϕ2 (t)
)

and 



9. X(s, t) = (x(s, t),y(s, t),ϕ (ψ(s, t)))
10. X(s, t) = (x(s, t),y(s, t),ϕ (ψ(s, t)))
11. X(s, t) = (x(s, t),exp(Y (s, t)) ,z(s, t))
12. X(s, t) = (exp(X (s, t)) ,y(s, t),z(s, t))

,

where x,z y and ϕ , ϕ1,2 are arbitrary smooth functions in R
2 and R, respectively, ψ ,ψ are a functions given in cases (1-ii

and 2-ii) and X ,Y a solutions given in Eq.(11).

Proof.The Killing K3-flux surface M3 in SL(2,R) is a solution of PDE given the Eq.(9) with three unknown functions x,y
and z.
1. Let x and y be a given functions, then the PDE given the Eq.(9) is homogenous PDE

P(s, t)zs +Q(s, t)zt = 0

where {
P(s, t) = xt −

x
y
yt

Q(s, t) = x
y
ys − xs

Using the Proposition 2(1), we have:

i. If P ≡ 0 (resp. Q ≡ 0), after an integration, we obtain y = eϕ1(s)x and z(s, t) = ϕ2 (s) (resp. y = eϕ1(t)x and z(s, t) = ϕ2(t).
Then the parametrization of M3 is

X(s, t) =
(

x(s, t),eϕ1(s)x(s, t),ϕ2 (s)
)
,
(

resp. X(s, t) =
(

x(s, t),eϕ1(t)x(s, t),ϕ2 (t)
))

.
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ii. If P,Q 6= 0, we have z(s, t) = ϕ3 (ψ(s, t)) and M3 is parameterized by

X(s, t) = (x(s, t),y(s, t),ϕ3 (ψ(s, t))) ,

where ϕ1,2,3 are arbitrary functions in R.
2. Let x and z be a given functions, then the PDE given the Eq.(9) turns to nonhomogeneous PDE.

P(s, t)Ys +Q(s, t)Yt = R(s, t), (R 6= 0) , (10)

where

P(s, t) = zt ; Q(s, t) =−zs; R(s, t) =
1

x
(xszt − xtzs) and

Y = ln |y| . (11)

a. If R ≡ 0 then the solution of the Eq.(10), using the Proposition 2(1), is
i. If P ≡ 0 (resp. Q ≡ 0), we obtain Y = ϕ1(s) and z(s, t) = ϕ2 (s) (resp. Y = ϕ1(t) and z(s, t) = ϕ2 (t)). Then the
parametrization of M3 is

X(s, t) =
(

x(s, t),eϕ1(s),ϕ2 (s)
)(

resp. X(s, t) =
(

x(s, t),eϕ1(t),ϕ2 (t)
))

.

ii. If P and Q are non null functions, then solution of the Eq.(10) is

X(s, t) = (x(s, t),exp(ϕ (ψ(s, t))),z(s, t)) ,

where ψ(s, t) = c, a constant, is a solution of ode
ds

P
=

dt

Q
.

b. Using the Proposition 2(2), we have:
i. If P ≡ 0 (resp. Q ≡ 0), we obtain Y =

∫
R
Q

dt = ln |x|+ϕ1(s) and z(s, t) = ϕ2 (s) (resp. Y =
∫

R
P

ds = ln |x|+ϕ1(t) and

z(s, t) = ϕ2 (t)). Then the parametrization of M3 is

X(s, t) =
(

x(s, t),eϕ1(s)x(s, t),ϕ2 (s)
)(

resp. X(s, t) =
(

x(s, t),eϕ1(t)x(s, t),ϕ2 (t)
))

.

ii. f P,Q 6= 0, using Proposition 2(2-ii), then Y is given implicitly from ϕ (ψ1(s, t,Y )) = ψ2(s, t,Y ).
Then the parametrization of M3 is

X(s, t) = (x(s, t),exp(Y (s, t)) ,z(s, t))

Similarly as in (2) for arbitrary functions y and z, we have





X(s, t) =
(

eϕ1(s)y(s, t),y(s, t),ϕ2 (s)
)

X(s, t) =
(

eϕ1(t)y(s, t),y(s, t),ϕ2 (t)
)

X(s, t) = (exp(X (t)) ,y(s, t),z(s, t))

Example 3.1. We consider in following the assertion 2 of the Proposition 4. Let x(s, t) = (a+ bcoss)cost and y(s, t) =
(a+ bcoss)sin t, from assertion 1 of the Proposition proof 4, we have to solve homogenous PDE

P(s, t)zs +Q(s, t)zt = 0,

where {
P(s, t) =−(a+ bcoss)sin t − cost

sint
(a+ bcoss)cos s

Q(s, t) = 0.
,

Then we get z(s, t) = ϕ(t) and y = eϕ1(t)x where ϕ1 (t) = logtan t. Hence, the surface M3,1 parameterized by

X(s, t)=((a+ bcoss)cos t,(a+ bcoss)sin t,ϕ2 (t)) ,

is Killing K3-flux surface in SL(2,R) , where ϕ2 is arbitrary smooth functions in R. (See Figures 2 and 3)
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Fig. 2: Killing K3-flux surface M3,1 for ϕ(t) = t Fig. 3: Killing K3-flux surface M3,1 for ϕ(t) = t2

2. Now, we consider assertion 10 of the Proposition 4. Let x(s, t) = sin ssin t and y(s, t) = sinscos t, from assertion 1
of the Proposition proof 4, we have to solve homogenous PDE

P(s, t)zs +Q(s, t)zt = 0,

where {
P(s, t) = cosscost + sint

cost
cosssin t

Q(s, t) = coss
sin s

cosssin t + sinssin t
,

using the Proposition 2, then we must solve the ODE

ds

cosscos t + sin t
cost

cosssin t
=

dt
coss
sin s

cosssin t + sinssin t

which give a solution

ψ(s, t) =
tans

tan t
= c a constant

and its general solution is

z(s, t) = ϕ

(
tans

tant

)
,

where ϕ is arbitrary real smooth function. Hence, the surface M3,2 parameterized by

X(s, t)=

(
sinssin t,sinscos t,ϕ

(
tans

tant

))

is Killing K3-flux surface in SL(2,R). (See Figure 4)
3. We present an example following 11th assertion of the Proposition 4. Let x(s, t) = scost and z(s, t) = ssin t, using

Proposition 2(2-ii), we have

P(s, t) = zt ; Q(s, t) =−zs; R(s, t) =
1

x
(xszt − xtzs) and

Y = ln |y| .

P = scost, Q =−sin t and R =
1

scos t

(
scos2 t + ssin2 t

)
=

1

cost
.

and the EDOs
ds

scos t
=

dt

sin t
= cost dY .

We chose two ODEs to solve it {
ds

scost
= dt

sint
ds

scost
= costdY

,

© 2024 YU

Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



JJMS 17, No. 3, 363-376 (2024 ) / 371

Fig. 4: Killing K3-flux surface M3,2 where ϕ = IdR

we get

ψ1(s, t) =
s

sin t
= c1 and ψ1(s, t) = Y − lns = c2; c1,2 ∈ R

and

Y (s, t) = ϕ
( s

sin t

)
+ lns,

which give

y = sexp
(

ϕ
( s

sin t

))
,

where ϕ is arbitrary real function. Then the surface M3 parameterized by

M3 =
(

scos t,sexp
(

ϕ
( s

sin t

))
,ssin t

)

is Killing K3-flux surface in SL(2,R). See the Figure 5 for ϕ(u) = ln(u).

Remark.According to the Theorem 3 (page 18) given in [8], the Killing magnetic curve γ corresponding to K3

γ(t) =

(
e−

1
4 t ,−

1

4
e−

1
4 t , t

)
,

lie to the K3-flux surface M3.4, using assertion 8 of the Proposition 2, parameterized by

M3.4 =
(

e−
1
4 t ,−

coss

4
e−

1
4 t , t

)
.

We present K3-flux surface M3.4 in Fig.6 with magnetic curve γ, in Euclidean space, where (s, t) ∈ [−2,2]× [−6,6] .

4.2.1 Killing magnetic K3-scalar flux functions in SL(2,R)

Theorem 5.Let M3 be a Killing magnetic K3-flux surface in SL(2,R). Then the function f given by

f (x,y,z) = ϕ (xy,xy− z)

and constant on M3 is Killing magnetic K3-scalar flux function to M3.
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Fig. 5: Killing K3-flux surface M3,3

Fig. 6: K3−Flux surface M3.4 with magnetic curve γ (in black color)

Proof.Using the Proposition 1 and the value of K3 given in the Eq.(6), we have

g(K1,∇ f ) =
1

4y
fy +

1

2

x

y2
fx +

1

2

x

y
fz = 0.

By solving the above first order PDE (here we have a function f of three variable x,y,z), we get

f (x,y,z) = ϕ (xy,xy− z) ,

where ϕ is arbitrary function in R
2, then the Killing magnetic K3-scalar flux function f must be also constant on M3.

Example 4.Using the Killing magnetic K3-flux surface M3

X(s, t) = (x(s, t),y(s, t),ϕ (ψ(s, t))) ,

given in the assertion 9 of the Proposition 4, we have

f (x,y,z)/M3
= ϕ (xy,xy− z)/M3

.
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By taking ϕ (u,v) = ϕ (u) and x(s, t) = a/y(s, t) where a is a constant, then the function

f (x,y,z) = ϕ (xy) and f/M3
= a ∈ R,

is Killing magnetic K3-scalar flux function to M3.

4.3 Killing K4-flux surfaces in SL(2,R)

Theorem 6.Let M4 be a surface in SL(2,R) parameterized by X(s, t) = (x(s, t),y(s, t),z(s, t)). M4 is a Killing K4-flux

surface if and only if

x2 − y2

2y
(yszt − ytzs)+ x(xtzs − xszt) = 0. (12)

Proposition 5.The Killing K4-flux surfaces in SL(2,R) are parameterized by

X(s, t) = (x(s, t),y(s, t),ϕ (ψ(s, t))) ,

where ϕ is arbitrary real function and ψ a solution given in Proposition 2(1-ii).

Proof.The PDE given the Eq.(12), give one possible homogenous PDE with respect to z that we can solve it, for a given
the functions x and y (

xxt −
x2 − y2

2y
yt

)

︸ ︷︷ ︸
P

zs +

(
x2 − y2

2y
ys − xxs

)

︸ ︷︷ ︸
Q

zt = 0.

Using the Proposition 2(1), we get the solution

X(s, t) = (x(s, t),y(s, t),ϕ (ψ(s, t))) ,

where ϕ is arbitrary real function.

Example 5.1. Let x(s, t) = coshs and y(s, t) = sinh t, using the Proposition 2(1), we have

P =−
cosh2 s− sinh2 t

2sinh t
cosht and Q =−coshssinhs

and the solution of the ordinary differential equation (ODE)

ds

P
=

dt

Q
,

is

ψ1(s, t) =
cosh2 t

4
−

1

2
cosh2 s(ln(sinh t)+ 1) = c constant.

Then the surface M4,1 parameterized by

X(s, t) =

(
coshs,sinh t,ϕ(

cosh2 t

4
−

1

2
cosh2 s(ln(sinh t)+ 1))

)

is Killing K4-flux surface in SL(2,R) , where ϕ is arbitrary real smooth function.

2. Let x(s, t) = s+ 2t and y(s, t) =
√

3
2
(s+ 2t), we have

P =
5

2
(s+ 2t) and Q =−

5

2
(s+ 2t)

and the solution of the ODE
ds

P
=

dt

Q
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is

ψ1(s, t) = s+ t = c constant.

Then the surface M4,2 parameterized by

X(s, t) =

(
s+ 2t,

√
3
2
(s+ 2t) ,ϕ(s+ t)

)
,

is Killing K4-flux surface in SL(2,R) , where ϕ is arbitrary real smooth function. We present, in (R3,geuc), the Killing
K4-flux surface M4,1 and M4,2 for ϕ is cosine and identity functions in Figures 7 and 8, respectively.

Fig. 7: Killing K4-flux surface M4,1

Fig. 8: Killing K4-flux surface M4,2
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4.3.1 Killing magnetic K4-scalar flux functions in SL(2,R)

Theorem 7.Let M4 be a Killing magnetic K4-flux surface in SL(2,R). Then the function f given by

f (x,y,z) = ϕ
(
3x2y− 2y3,xy− z

)
,

and constant on M4 is Killing magnetic K4-scalar flux function to M4, where ϕ is arbitrary function in R
2.

Proof.Using the Proposition 1 and the value of K4 given in the Eq.(6), we have

g(K1,∇ f ) =
fx

2y

x2 − y2

4y
+

fy

2y

x

2
+

(
fx

2y
+ fz

)
x2 − y2

4y
= 0,

which give (
x2 − y2

)
fx + yx fy + y

(
x2 − y2

)
fz = 0.

By solving the above first order PDE of three variable, we get

f (x,y,z) = ϕ
(
3x2y− 2y3,xy− z

)
,

where ϕ is arbitrary function in R
2, when f is also constant on M4 then f is Killing magnetic K4-scalar flux function to

M4.

Example 6.Using the Example 5(2), we have

f (x,y,z)/M4,2
= ϕ

(
3x2y− 2y3,xy− z

)
/M4,2

= ϕ

(
0,
√

3
2
(s+ 2t)2 −ϕ(s+ t)

)
.

By taking ϕ (u,v) = ϕ (u), the function

f (x,y,z) = ϕ
(
3x2y− 2y3

)

is Killing magnetic K4-scalar flux function to M4,2, where ϕ is arbitrary real function.
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