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1 Introduction

The focus of this paper is to study the existence of solutions to the problem

{(CD?y) () = f (6,3 (x),y(0(x)), x € [1,420),

ARy =Le

ey

where D is the Caputo modified fractional derivative of order o with 0 < &t < 1, f: [1,+o0) x RZ = R, 0 : [1,+0) —
[1,+e0) continuous with 0 (x) > x, for all x > 1 and L., € R.

Differential equations with advanced arguments arises in the light absorption in an interstellar medium, biology and
theoretical physics (see [1], [2], [6], [18]).

On the other hand fractional differential equations occur in many areas like viscoelasticity, anelasticity,
electroanalytical chemistry, electromagnetic theory, medicine and those kinds of things (see [3], [4], [9], [12], [13], [15]
and the references cited in [20]).

Fractional differential equations with Liouville modified fractional derivative on infinite intervals have been studied
only by [9] and [5] using fixed point theorems.

The purpose of this work is to show the existence and uniqueness of solutions for the problem (1) and therefore our
result improve and generalize certain results obtained in [5] and [9]. We also note that, as far as we know, this is the first
paper which study the existence and uniqueness of solutions for problems of type (1).

This paper is organized as follows: Section 2 provides some definitions and preliminary results that will be used
throughout the rest of this manuscript. In Section 3, we present and prove the main result of this work. In Section 4, we
give several examples and lastly in Section 5 we give a conclusion.

* Corresponding author e-mail: derhab@yahoo.fr
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2 Preliminary results

Definition 1.The equation in (1) is called a fractional differential equation with advanced argument because 6(x) > x,
forall x > 1.

Definition 2(See [16, Chapter 1 page 21]). For 8 > 0, we define the Mittag-Leffler function Eg by

where z € R and I' is the Euler gamma function.
Definition 3(See [16, Chapter 1 page 21]). For 1 > 0 and B, > 0, we define the Mittag-Leffler function Eg, g, by

Z}’l

Epp(2)=) mar (3)
wi @)= X F B B
where z € R.

Definition 4.(/17]) The deformed Mittag-Leffler function Fg is defined by

+oo k k(k—1
7 (2 )

Fp(z1,22) = ), =75 © ; “)
bl ,;)F(lJer) 2
where B >0, z1 € Rand zp € [-1,1].

Definition 5.For B > 0 and B, > 0, we define the deformed Mittag-Leffler function Fg, g, by

( ) ’i" % M) g
F 0,02)= ) ————7 , 5)
brbr & T(Br+Bik) 2

where 71 € Rand zp € [-1,1].

Remark.To the best of our knowledge this is the first work which done the definition of deformed Mittag-Leffler function
Fp, p,-

Definition 6(See [8] and [10, Chapter 1 page 38]). The function xfg is defined by

oo 1
W@ = ———— v [ =D e ©)
F(l-ﬁ-'y—g) 1

1
whereO'ER,y>E—lwith8>0andz>0.

Definition 7(See [9]). Let g : [1,+o0) — R be a function and let o0 > 0. We define the Liouville modified fractional Integral
of order o of g by

1T 1 ()
Examples For all @ >0, B < 1, 4 > 0and x > 1, one has
r(1-p) _
o.B _ B—a
(% ) (x) =925 ) (ux). )
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(I Eq (%)) (x) = ﬁ (Ea (ux )~ 1).

Notation ([9, Page 71]). We note £ (1;4oc0) := L; ([1,+c0) ;x72) that is

Tl
£(1i+e0) = hll g1 = / E < e
1
Lemma 1.(/9, Lemma 2 page 70]). Modified fractional integration has the semi-group property
J9Pg = %Py,
where o >0, B > 0and g € £(1;+4e0).

Notation We note € (1;-+o0) and €' (1;+c0) the following spaces

C(1;4o00) = {h: [1,+e) — R: hcontinuous and lim % (x) exists and ﬁnite} ,

X—r+o0

and
¢! (1;400) = {h € €(1;+00), h derivable} .

Note that (€ (1;+00),||.||s) and (€' (1;+c0),]|.||,) are Banach spaces with

[llg =" sup |h(x)

)

X€E[1,+0)
and
Il = sup |h(x)|+ sup |K (x)].
x€[1,400) x€[1,4-00)
Lemma 2.. For all a > 0 and g € €(1;-+e0), we have
HJagH < lgllo
T ri+a)

Proof.-We have

1 e 11\ " lte
e e

oo _
_ ||g|\o/ Loy e
—I'(a) x T 72

and consequently, we obtain

(10)

1D

12)

13)

(14)

15)

(16)

a7

Definition 8.(/9]). Let 0 < oo < 1 and g : [1,400) — R be a function. We define Liouville’s modified fractional derivative

of the a order of g by

4 (11-g) (x).

(D%) (x) = P~

(18)
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Example 1.For b € R, we have

o _ 21 l-a
(D%B) (1) =~ (/b))
o Zi xoc—l
= T a)
b o
rl-a) -
Example 2.([9, Page 71]). For B < 1 with a + 3 < 1, one has
@By = LEBHD  pia
(D%P)(x) F(fﬁfowrl)x . (19)

Notation In [9, Page 71], the authors define the space of functions .&7€ [1;+o0) as follows
TR . _ (1)
AEC[1;40) = h:[l;40) > R: h(x)=c+ t—zdt , (20)

where c is an arbitrary constant and ¢ € £(1;+e0).

Definition 9.Ler 0 < o < 1 and g € &/C [1;+00) : [1,400) — R with liT g(x) = goo. We define Caputo’s modified
X—r+oo
fractional derivative of order « of g by

(“D%g) (x) = (D (g — g=)) (x)
+oo

Y .

X

Lemma 3.(/9, Lemma 5]) Let 0 < o < 1. The function g € /€ [1;+o0) if and only if Qg is absolutely continuous on [0; 1],
where

(Qg)(x)=¢ <§> Jorall x> 1. (22)

Definition 10.(/16, Chapter 1 page 33]) Let o« > 0 and h € Ly (0;1]. The Riemann-Liouville integral of order o of h is
defined by

X

(Ig-h) (x) = ﬁ/(x— 1) h(t)dr, fora.e. x € (0,1]. (23)
0

Definition 11.(/9]) Let 0 < a < 1 and h : [0,1] — R absolutely continuous. The Riemann-Liouville fractional derivative
of order o of h is defined by

d

(KD h) () = d— (Ig+ “h) (x)

d
a 7)dr.
d/ 4

Definition 12.(/9]) Let 0 < a < 1 and h : [0,1] — R absolutely continuous. The Caputo fractional derivative of order o
of h is defined by

(24)

(D& h) (x) = (*EDE. (h—h(0)))(x), for a.e. x € [0,1]. (25)
Remark.In [9, page 70], the authors gave the following properties of modified fractional integrals and derivatives

J%¢ = QI 0g, forall g € £(1;+00), (26)
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1§ g = QJ%Qg, forall g € L; (0;1], (27)
D%h = QR Oh, forall h € o/ E [1;+00), (28)
ki D¢ h=Q0D*Qh, forall h: [0,1] — R absolutely continuous. (29)

Then from the previous equalities, we have
D*h = QDY Oh, forall h € F/E [1;+00), (30)
DY h=Q“D*Qh, forall h:[0,1] — R absolutely continuous. (31)

Proposition 1.If g € &' (1;+0) such that t>g’ € Ly (0;+o0) and HT 8 (%) = g and 0 < ot < 1, then we have
X—roo

(“D%g) (x) = —(I- (1% (1)) (x)

B 1 7 LY oy ar (32)
- I'(—a+1) X T § '
X
Proof.-We have
2 T
cpo x d/ L1 a(g(1) —gx)
D =— — [ (=== d
("DZ8)(x) I'(l—o)dx (x 1) 72 !
X
Integrating by parts, we get
2 too —o+1
Cra X d 1 / 1 1 ,
D = — — | — - = d
(O™ =~ ginar | Zasi/) 77 g ()de
X

Since it is not difficult to prove that

+oo +oo0

d 1 11\t 1 1 1\ %,

ax _a+1/(;z> dmar) =5 [ (}%) g(7) )dr.
X

X

we obtain

D20 W) = ~F gt /(1 -1) @

X

Lemma 4.If g € €' (1;+o0) such that t*g' € Ly (0;+0) and liT g(x) =gwand 0 < a < 1, then “D%g € €(1;+) and
X—rfoo

we have
2,/
[optgl, < el o
Proof. The proof follows from the preceding Proposition and Lemma 2.
Lemma 5.If g € ¢! (1;+o0) such that t*g’ € Ly (0;+e0) and xl_i)rilmg (x) =g and 0 < o < 1, then
lim (D%g) (x)=0. (34)

X—r+o0
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Proof-We have
Cpro _ 1 /°° l_l - /
©0%) 0] = gy | (7)) ¢
X
_ gl Fr o1y as
_F(fochl)/ X T 72
X
I P PR A
x‘“F(—a+1)l/<l;> v edv
_1Pgl
“I'2-o)
Since 5,
P
x—to (2 — )
we obtain

lim (“D%g) (x) =0.

X—>+o0

Examples Forall 0 < ¢ < 1, B <0, b € R and x > 1, one has

(€D%b) (x) = 0. 35)
(€D%P) (x) = %xﬁw (36)

Lemma 6.(/9, Lemma 3]) Let g € £(1;+) and let 0 < o < 1, then we have
(D%0J%)g=g. 37

Remark.In the remainder of this paper, we use the definition of the modified Caputo fractional derivative given in
Definition 9.

Remark.If g € €(1;+o0), then we have lim (J%g)(x) =0, forall0 < a < 1.

X—rfoo

‘We have these results.
Lemma 7.0f g € €(1;+) and 0 < o < 1, then we have
(€D¥0J%g=g. (38)

Proof.Let g € €(1;+o0), then we have liT (J%g)(x) =0, forall 0 < o < 1.
X—r—+oo
Which implies that

(‘D% 0J%)g = (D% 0J%)g
Theorem 1.(/9, Theorem 1])Suppose that h € £ (1;+0) and J'=%h € /€ [1;+00) and let 0 < & < 1, then one has

-«

(J*oD*)h(x) =h(x)— mxl_i)Tm(Jl—“h) (x). 39)

Proposition 2.Suppose that h € € (1;+e0) with lir_{l h(x) = hew and J'"%h € o/ € [1;+0) and let 0 < o < 1, then one has
X—ytoo0

(J%0 ED*) h(x) = h (x) — heo. (40)
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Proof.From Theorem 1, we have

xlfa o
(%0 D) h(x) = h(x) = he — F(a)xgrpw( 1% (h— hen)) ()
I-o o Nes —oc
= h(x) = he F(a)xliTm<(J1 h)(x)*r(ajtl) )

Since lirf x~% =0 and using Remark 2, we obtain
X—-o0

(J%0 €D*) h(x) = h(x) — he.
Now for 0 < o < 1, we consider the problem

{(CD?y) (x) =F (x,y(x),y(0(x)), x € [1,400),

Jim y(x) =1,

(41)

F : [1,+00) x O — R is a function such that F (x,z) € € (1;+o0) for any z € O with O is an open set in R? and  is a real
number.

Theorem 2.Let y € € (1;+o0), theny is a solution for the problem (41) if, and only if, y is a solution of the integral equation

e —1+a
y<x>z+L/<££> Y ACSTGBICIG)N @)

F(oc)x x T 72

Proof First suppose that y € € (1;+e0) is a solution for the problem (41). Since F (x,z) € €(1;4o0) for all z € O, we have
D%y € € (1;+00) and since

€D%) () = L 1= (- ),
I'(l-—a)dx
we obtain
Jey—Decet (1;400).
Which implies that

J' 7% e ¢l (1;400),

and then from Proposition 2, we get

(J%0 €D%) (x) =y (x) — L. (43)
Now applying the operator J* to both sides of first equation in (41) and using the equality (43), we obtain
to —1+a
1 11 F(z,y(7),y(0(7))
=l+—=— —-—= dt. 44
y () JrF(oc)/<x r> 72 “44)
X

Conversely applying the operator D? to the integral equation (42) and from Lemma 7, we get

(CD%) (x) =F (x,y(x),y (0 (x))). 45)

Also, one has

lim y(x) = lim

+
X—>+o0 X—>+o0 /

72

< )““F(r,y(w,y(e(r)))df

*l+— T,
a x—>+°°

__) R (ry(0y(0()

72

and then using Remark 2, we obtain
lim y(x) =1. (46)

X—>-o00

Remark.The idea of proving Theorem (2) is analogous to that of Theorem 3.24 in [10].

©2024 YU
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3 Main result

In this section, the main result of this work is stated and proven.
Consider problem (1) and suppose that f fulfills the assumption
There exist K; > 0 and K, > 0 such that for all x € [1,+e0) and y;, z; € R for j = 1,2, we have
If (ey1,210) = f (%32, 22)] S Ki [y = y2| + Kz 21 — 22 (47)

Theorem 3.Suppose that the assumption (47) is satisfied, then the problem (1) admits a solution y € € (1;+e0) such that
D%y € € (1;+o0) and this solution is unique.

Proof.Consider the following operator

T :€(1;400) = €(1;4o0)
too

y—= (Ty) (x) = L+ L / (l _ l)_Ha f(T,y(T),y(G(T)))dT,

F(a)x x T 72

and we consider the following norm which is used in [11].

|z (x)]
ll2ll, = sup = (48)
xe(l +oo)EOC (”x (x)
with £ >0 and z € €(1;+4o0).
Now let’s prove operator T is a contraction on the Banach space (€ (1;+e0),||.]|,).
For all y|, y» € €(1;4e0) and all x € [1,+o0), one has

[((Tyr) () = (Ty2) (%))
Eq (ux=%)

+fm(l e (f (7,1 (7),31 (6(2))) = f (.52 (7) ,72(6(1))))
e X T 72

[ () Eq (ux~)
too a—1
K 1IN\ (1) =3 (7)]
= (o) Ea (%) / <¥?) ZEE

T a—1
PR / (L-1)" o) -n o,

I (&) Eq (Hx~%) x &

dt

K +K>) 1 1\*'ar
S( 1+ &Ko) [y — yQH*/Ea (__) at

I'(a)Eq (ux—%) T 72

(K1 +K2) [ly1 =2l —ay
= LEq (fx @) (EO‘ (ux ) 1)

(K HK) [y =yl [ 1
B u (1 Ea(l”“))

- (KI+K2)||y1*y2H*.
U

Which implies that

Li+L,
1Ty — Ty, < BT 22

Now if we choose u > L + L, we obtain

Iyt = y2ll, - (49)

[Ty =Tyall. < llyr =y2ll... (50)

Then according to Banach’s fixed point theorem (see Theorem 1.9 in [10]), it follows the existence of a unique fixed point
for T and consequently from Theorem 2, we conclude that the problem (1) admits a solution and this solution is unique.

©2024 YU
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Remark. The assumption (47) for Theorem 3 is a sufficient condition as shown in the following example

(CD%y) (x) =T (ot +1)x%y (x), x € [1,+e0),
lim y(x) =0, G
X—>+o0
where 0 < o < 1.
-
The problem (51) admits two solutions y = 0 and y (x) = m ,forall x> 1.
Remark. The assumption (47) for Theorem 3 is not a necessary condition as shown in the following example
(CDgy) (x) = yZ (%), x € [1,+e0),
lim y(x) =0, (52)
X—>-o00
where 0 < o < 1.
The problem (52) admits the unique solution y = 0.
Remark. Theorem 3 can be generalized to the following problems
(CD%) () = £ (5,3/(0) (61 (1) - 3(8,()) X € [1,29), “
lim y (x) = Lo, (53)
X—>-o00
(Dgy) (x) = f(xay('x) ay(el (x) ’ "'ay(eﬂ(x)) , X € [1 ’ +°°) ’
lim x*y(x) = L, (54)
X—>-o00
where 0 < o < 1, Lo, a real number, 6; : [1,+) — [1,+00) are continuous and 6;(x) > x foralli = 1,...,n and
f:[1,400) x R*! — R is continuous and satisfies the following condition.
There exist K; > 0 fori = 1, ...,n such that
n
|f(xaul ) ...,I/tn) 7f(xavl ) "'7Vn)| < ZKI |ui — Vil (55)
i=1
forall x € [1,+) and u;, v € Rfori=1,...,n.
4 Examples
Example 3.Consider the problem
(CD%y) (x) = Ay (x), x € [1,4o),
lim y(x) = Lo (36)
X—>+o0 ’

where 0 < ¢ < 1,4 € Rand L. € R.

First, we note that the function (x,y,z) — A.y satisfy the assumption (47) and then from Theorem 3 the problem (56)
admits a unique solution.

Now using the technique of successive approximations, we have

Yo (%) = Leo,
1 /1 1\ " Ay (1)
Lot —— [ (=== d
» () JrF(oc)/(x r) 72
X
AL
Lo -
+F(a—|—1)x
©2024 YU
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w9 =t iy [ (2 4) 24

L. —a —2u

"Tarn® "TearD

By recurrence, we obtain
n )ka—koc
Yn(¥) = Leo ), =7

! k;() I'(1+ko)

and the unique solution for problem (56) is given by
y(x) = LuEq (Ax™%). (57)

Example 4.Consider the problem
(CD%y) (x) = Ay (x) +F (x), x € [1,+e0),

. (58)
lim y(x) = Leo,

X—r+o0

where 0 < o < 1, A and L.. are real numbers and § € € (1;+c0).

First, we note that the function (x,y,z) — A.y+ § (x) satisfy the assumption (47) and then from Theorem 3 the problem
(58) admits a unique solution.
Now using the technique of successive approximations, we show that the problem (58) admits a unique solution given

by
V(x) = LuEq (Ax™%) + ﬁ 7(1’() _1+aEa,a </1 <u>a) 51 e (59)

XT XxT 72

Example 5.We consider the following problem

{(CDgy) (x) = A'y(qx)a X € [17+°°)a

Jim ()= 1

(60)

where 0 < @ <1,¢g>1,A € Rand L. € R.
First, we note that the function (x,y,z) — A .z satisfy the assumption (47) and then from Theorem 3 the problem (60)
admits a unique solution and using the technique of successive approximations, we have

0 (%) = Leo,
1T 1 g Avo(gT)
:Loo - - _1+QMCZT
yi(x) JrF(oc)/(x r) 72
AL
=L+ ———x"%
T+
R I Ayt (q7)
=L - N lHa y1l4q dt
y2(x) JrF(oc)/(x r) 72
X
AL A2Leg™®
=L o - b —2a
travet Traset
~+oo
L 1 Aa(g)
=Lt —— [ (- — =) el g
¥3 (%) +F(a)/<x ) S
X
AL A2Leg™®
=L —o —2a
+F(a+1)x +F(2a+1)x
/13300 —3a
+ q Y3
I'Boo+1)

©2024 YU
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By recurrence, we get
—jli=Da

k —o\J
g (M%)
Yk (X) = Lo . )
j;o r(jo+1)
and consequently the unique solution for the problem (60) is given by

y(x) = LooFy (Ax™%,g7%). (61)

x

=
~—

Fig. 1: The graph of F 1 (x’% 27

Fig. 2: The graph of F% (—x_% , 2_%)

Example 6.Consider the problem

D% = x)+ 3 (x), x oo
{(Dy)(X)—/ly(qHS(), € [1,+e0), ©2)

lim y(x) = Leo,

X—roo

©2024 YU
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where 0 < @ < 1 < ¢, A and L., are real numbers and § € € (1;+e0).

First, we note that the function (x,y,z) — A.z+ § (x) satisfy the assumption (47) and then from Theorem 3 the problem
(62) admits a unique solution and using the technique of successive approximations, we show that the unique solution of
(62) is

y(x) = LFo(Ax™%,q7%)

= 1 k 1—kot -
qxT 3 (1) )
+,€Z{)/ I' (ka+a) (1_qu> X gl +e0) (T)Tdr’

where )(] p ) is the indicator function of the set ] g~ x; Jroo).

K x;4o0

Remark.If we consider the following problem

1 3

ARy =1

The problem (64) admits a unique solution given by y (x) = \/%_C +1,forall x> 1.

Remark.Consider the problem
(“D%y) (x) = y(gx) + Eq (x™*) , x € [1,+o0), (65)

where 0 < @ < 1< ¢, A € R and u is a strictly negative real number.
We can obtain a particular solution for the problem (65) by using the following iteration used by Georges Valiron in
[21]
{yo (x) = —Eq (”x—a) )

Yur1 (gx) = (€D%y,) (x), n > 1.

Then the particular solution is defined by the following Dirichlet series

oo nin—
_ Z“nq (2]>O£Ea ([J,q”axia) ifg>1,

~+oo
y(x) = Z)’n (x) = ”E:O( —a) o
n=0 _%ifq:landIJE[_lao['

Remark.

Example 7.Consider the problem

(CD%y) (x) = py (x) + Y Ajy (q;%), x € [1,+0),
=i (67)
Jim y(x) = Lo,

withO<o<1,peR,Ajandg; >1forall j=1,....mand L. € R.

m
First, we note that the function (x,y,z1,...,zm) = A.y+ ¥ A;z; satisfy the assumption (55) and then from Remark 3
j=1
the problem (67) admits a unique solution and using the technique of successive approximations, we show that the unique
solution of (67) is given by

oo x—koc k—1 m ja

©2024 YU
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Example 8.Consider the problem
n

(CD%y)(x) = Y (v(kx+1) =y (kx = 1)), x € [1,+e0),
k=2 (69)
APy =L
where 0 < @ < 1 and L., € R.
From Theorem 3 it follows that the problem (69) admits only the constant solution y = L.

Example 9.Consider the terminal problem

(D%y) (x) = Ay (%) , x € [1,+0),
lim y(x) = Leo, (70
X—>+o0
where0 < ot < 1,A € R and L., € R.
First, we note that the function (x,y,z) — 2.z satisfy the assumption (47) and then from Theorem 3 the problem (62)
admits a unique solution and using the technique of successive approximations, we show that the unique solution of (70)
is

= ST (1+(27-2)a) k
Y(x) = Lo+ Lo Y AK : (172, 71
k; ]I;IIF(H—(Z/—I)(X)
Example 10.We consider the following problem
(CDgy) (X) :A’xiﬂy(qx)a X € [1a+°°)a 7
lim y (x) = Le, (72)
X—>-o00

where 0 < ¢ < 1,3 >0, > 1 and A and L. € R are real numbers.

First, we note that the function (x,y,z) — Ax Py satisfy the assumption (47) and then from Theorem 3 the problem
(72) admits a unique solution.

Now using the method of successive approximations, one has

Yo (*) = Leo,
Joo

A 11\ * "ty (qr)
V1 ()C)Loo+m/<;;> Tdf
rUsB) p

=L+ ALp——m—""— s
T T Bt o)

T -1 __
A : o B
yZ(X):Lw—i-m/ (;—C—%) T);ilz(qr)dr
_ FA+p) 5.4
7Loo+lLoomx ﬁ
CA+BI(142B+0) (pro) 2(pra)
0+B+a)l(1+2B+2a)! x ,
o0

A1 1\ Py (gr)
YS(X):Loo‘i‘m/ <;—;> Tdf
_ FU"’B) xfﬁfa
B °°+M°°F(1+B+a)
FA+PIA+2B+0)  _(pra) —2p+a)
(1+B+a)C(1+2B+20)
(1+B+a) I (1+2B+20)(1+3B+3a)

AL
+ r

A’L..
+ r

AL
* r
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Then by recurrence, for all n > 1, one has

n
—x+LZ

k
H r+ja+p)—a Ak kDB @) —k(B+or)
I'(1+j(a+B))

and consequently the unique solution to problem (72) is

y(x) =L ( +Z

IR T e

Example 11.Consider the problem
(D(zy) (X) - A’y(qx)a X € [17+°°)a
L. 74
lim x*! , (74)
X—>-o0 r (OC)

where 0 < @ < 1 < g, A and L., are real numbers.
By using the method of successive approximations, we have

melfa
I'(a)’

~+oo
Lox'—¢ 1 11\ Ay (g7)
R T ACE M
- melia A/Looqlia 1-2a
“T(@ Tew ©

Yo (x) =

400
Loox! = 1 /1 1\ "% Ay (g7)
vz (x) = I'(a) +F(a)/(;_;) 2

_ Lx¢ N AL 1‘“x1_za N A2Lug? 3% | 5,

q
(@) I (2a) rGa) ~ 7

oo

Loox'—¢ 1T e Ays (g7)
3 (x) = () er/(;;) Tdf

_ Lox'¢ JrlLooqlfaxlfza A2L°°q273axlf3a
I'(a) I'2a) I'Ba)
A3Lg—o%

1—4a
+7F(40{) X .

By recurrence, we obtain

Y (x) = Loox!™ azq

(a+ koc) ’
and then problem (74) admits a unique solution that is given by
k— k<k+1 o) ky—ka
y(x) = — L@ Z q
= (o +kor)

7 Leox! O‘Fa‘a (lx a,q_l) ifg>1,
B melfaEa‘a (;foa) ifg=1.
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x

Fig. 3: The graph of \/)_CF% ] (x_%,Z_l)

Fig. 4: The graph of \/)_CF% 1 <fx_% ,2_1)

Example 12.We consider the following problem

(D%y) (x) = Ay (qx) + F (x), x € [1,+e0),
| Lo (75)

. oa— _
XE)TOQX y (X) - r (a) )

with F € C(l;400),0 < ¢ <1< g, A and L are real numbers.
Using the technique of successive approximations, we show that the unique solution of (75) is given by

y(x) = mel_aFa‘a (lx_a,q_l)

400 ~
iy 1 : nyr \ T F(t (76)
+ZF /( q ) Al o) (t)ﬁd‘t.

~ I (a+na) T—q"x 72

X
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Example 13.Consider the problem

m

(D%y) (x) = py (x) + ) Ay (g;%), x € [1,+e0),
= (77)

lim x*~
X—>+o0

y(x)

where0 < a<1l,u€R, Ajandg; > 1forall j=1,...,mand L., € R.
m
First, we note that the function (x,y,z1,...,zm) — .y + Y, Ajz; satisfy the assumption (55) and then from Remark 3
j=1

the problem (77) admits a unique solution and using the technique of successive approximations, we show that the unique
solution of (77) is

Lox!—® g xhe o 1+
y(x)= FLox %y ————— u+y Aig; . (78)
I («) ];F(a+ka)g) l; i
Example 14.Consider the problem
(D%y) (x) = Ay (xz) , X € [1,4),
Lo (79)
a1 _
Jm YO = F ey

where 0 < a < 1 with a # % A and L., are real numbers.

First, we note that the function (x,y) — A.z satisfy the assumption (55) and then from Remark 3 the problem (79)
admits a unique solution.

Now using the method of successive approximations, we have

mel—(x
+o0
Lx'® 1 11\ T Ay (22)
N =T +r(oc)/(}%) 2
C Laox'% AL (—1420) 5 34
T T(a) | T (-1+3a) =
~+oo
Lox!—¢ 1 11\ " Ay (72)
»2(0 =T +r(oc)/<}E) 2
C Lex!™% ALLT (—1420) 5 34
- I'(a) r'(—1+3a)
ALl (—14+20)T (=3 +60) 4 7,
T(—1+3a) (-3+7a)
e 1 7” LA (?)
FI= o) T (a) x T 72
3 r{2-1Qa-1) K
= Lox'"% Y Ak . (~142%)(2a+1)
kg’) Q)F((zf—l)(za—l)—i—a)
By recurrence, we obtain
Lox'@ —a v (/-1 Qa-1)) 142k (—204 1
Yn (X) = + Lax! 7Y 2K , (125 (-2a41)
() T (o) k; jl;IIF((ZJ—l)(Zoc—l)—i-a)
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and then the unique solution to problem (79) is

. 21—1)(20571)) L) (2
y(x) = F( ) ENE k;lk ,I;Ilf( See-T i x(—12) (2a4) (80)

Example 15.Consider the problem
(D%y) (x) = px~“y(gx), x € [1,+eo),
_ L. 81)
1 —
y (X) - Ia ((X) )

lim x%
X—r+o0
where 0 < o <1, u €R,g>1and L., € R.
First, we note that the function (x,y,z) — p.x~%z satisfy the assumption (55) and then from Remark 3 the problem
(81) admits a unique solution and using the technique of successive approximations, we show that the unique solution of
(81) is given by

y(x) = L—mxlfa + Lox' JFZOQ
(04

n=1

. F(2JOC) n n(l—ne) —2no
,H.r«zm)a)]“ oo ®2

5 Conclusion

In this paper using Banach’s fixed point theorem, we have shown the existence and uniqueness of solutions for a class of
fractional-order differential equations with advanced arguments. Several interesting examples are given illustrating the
application of our result. On the other hand, it might be interesting to investigate the existence of solutions for modified
fractional differential equations modified with deviating arguments on infinite intervals.
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