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1 Introduction and Preliminaries

In the early 21st century, the exploration of nonlinear fractional differential equations (NLFDE) with fractional integral
boundary conditions (FBC) has become a prominent focus within the mathematical community. This burgeoning field,
characterized by its nuanced investigation of complex mathematical structures, has captured widespread attention due to
its versatile applications across various scientific disciplines.

The study of NLFDE with FBC has gained significance for its intrinsic relevance in modeling systems characterized by
profound nonlinearity, with notable applications in chaotic processes [2], [4], [1], [6], [11], [14], and [16]. Its implications
extend to diverse areas, including neuronal networks, epidemiological models, and meteorological systems, highlighting
its far-reaching impact.

Beyond pure mathematics, the importance of NLFDE with FBC resonates across mathematical physics, engineering
sciences, and computational mathematics [5], [7], [8], [12], and [17]. The involvement of derivatives of nonlinear orders
beyond unity equips these equations with a robust framework, offering a sophisticated approach to elucidate intricate
phenomena in various scientific disciplines. For further details, refer to [3], [S], [7], [12], [13], [17], and the references
therein.

Central to the efficacy of NLFDE with FBC are fractional integral boundary conditions [9], [12], [16], [17], and [19].
These unique conditions, involving integration with respect to fractional order on the boundary region, play a pivotal role
in describing systems characterized by memory, relaxation, diffusion phenomena, and other complex dynamics. Their
applications span a broad spectrum, addressing scenarios where conventional boundary conditions fall short.

In the following, we synthesize recent contributions, providing a succinct yet comprehensive summary of pertinent
research articles. This endeavor aims to contribute to the ongoing discourse on solutions to diverse nonlinear fractional
boundary value problems.
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Zhang [19] studied the existence and multiplicity of positive solutions for the nonlinear fractional boundary value
problem with Caputo’s fractional derivative:

D5y(6) + (C ¥(¢)) =0, C €(01),1 <<,
¥(0) +¥(0) = 0, y(1) +5/(1) = 0,

where D, is the standard Riemman fractional derivative operator of fractional order &, and f : J X R — R is a continuous
function.

Maamar et al. [16] studied the sufficient conditions for the existence of solutions for the following boundary value
problem involving a nonlinear fractional differential equation:

DY) = F(C () =0, L [0.1], 2<
D% 1y(0) =0, D2y (1) =0, y(1) =0,

where D, is the standard Riemman fractional derivative operator of fractional order &, and f : J X R — R is a continuous
function.

In [17], the authors investigate the existence of solutions for the Caputo fractional differential inclusion with nonlocal
integral boundary value conditions

€ F(E (), Dy (0) .V (£)), Ce0,1],
+y(0)+ f@%y@) Iy (v)dv
+Y (1) + Dpy(1) = fy(v)dv

where “Df, and Ci)f; are Caputo fractional derivatives of fractional orders & and f3 respectively, and £ : [0,1] x R? — 2R
is a compact valued multifunction.

Motivated by the above-mentioned works, the present paper aims to study the existence and uniqueness of solutions
for the following nonlinear implicit fractional differential equations (NLIFDE) with integral boundary conditions:

0+)’(C)
¥(0)
y(1)

OF5(0) = FIEHE) DL (0). [ KE 1D y()av), CE[0.1),0<p<12< a3, M)

subjected to the following three integral boundary conditions with fractional derivatives:

y(0)+2¢ 1y (1) = 01 fy bi (0.3 (v)dv,
Dy (0) + D2y (1) = 03 fy b2 (0,3 (v)) dv
D2y (0) + D&y (1) = 03 f ba (v,y(v)) dv

where { € J = [0,1], Df, and D(L; denote the standard Riemann-Liouville fractional derivative of orders o € (2,3] and
Be(0,1], f:JxR>—=R,and b; : J x R— R (i = 1,2,3) are continuous functions.

The given boundary value problem (BVP) involves a system of three coupled equations, with Equation (1) being a
fractional differential equation incorporating Riemann-Liouville fractional derivatives of orders « and 3. The equation

describes the rate of change of the function y(&) over the interval [0, 1] and involves a function f that depends on &, y({),

g +¥(§), and an integral term with a memory kernel function k({, v) affecting past values of y({). The BVP also consists

of three integral boundary conditions involving the functions b, b, and h3 at the endpoints of the interval. Solving this
complex BVP requires understanding the fractional derivatives, the nonlinear function f, and the memory kernel &, along
with analyzing the behavior of y({) and its derivatives at the boundary points based on the functions b, b, and b3. This
problem is challenging and likely necessitates specialized techniques for fractional calculus to study the solutions that
satisfy both the differential equation and the integral boundary conditions.

In our study, the integral boundary conditions are interpreted as constraints on the behavior of the solution function at
the boundary points. The terms involving fractional derivatives capture the rate of change of the solution, while the integral
terms with continuous functions b1, by, and h3 encapsulate the influence of the solution’s past values. This interpretation
aligns with the dynamic nature of the nonlinear system under consideration, emphasizing the intricate interplay between
the solution and the integral kernel functions.

The article is structured as follows: In the first section, a summary of recent research articles relevant to the study
is presented, alongside the research’s objective. Moving on to the second section, the necessary background information
and prerequisites for the work are introduced. Section three delves into the examination of solutions for boundary value
problems of nonlinear fractional differential equations with fractional integral boundary conditions. This investigation
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involves the application of Banach’s and Krasnoselskii’s fixed point theorems to establish the existence and uniqueness of
solutions. Additionally, the fourth section includes a practical numerical example to illustrate the practical application of
the acquired findings. Finally, the fifth section serves as a conclusive summary of the research’s outcomes.

In the subsequent text, we present certain symbols, definitions, lemmas, and theorems that serve as foundational
elements for our study. These essential concepts can be referenced in [10], [15], [18], and related sources.

Definition 1.//8] Let oe > 0, J = [a, b] be an interval such that —eo < a < { < b < +oo, x € Ly (J,R). Then, the Riemann-
Liouville fractional integral of x (§) with order o is defined as:

¢
3x(0) = gy [ (€= (w)av,

I'la
where T is the Euler gamma function defined by T'(at) = [,7 (¥ 1e~¢d(.
Definition 2./18] Let n € N, J = [a, b] be an interval such that —oo < a < { < b < +oo, x € C" (J,R). Then, the Riemann-

Liowville fractional derivative of order o, where n = [a] + 1 such that [a] denotes the integer part of o is defined by

R (%) [ v wav

It is important to note that in order to investigate the existence of solutions for a fractional differential equation, it is
necessary to convert it into an equivalent integral equation utilizing the essential properties of 3% and D%, see [18].

Lemma 1. [/5]Ifn—1 < o <nandu € C(J,R), then
IEDEu(E) =u(@) =g el P+ el el el

Theorem 1. [15] (Banach’s Fixed Point Theorem) If (X, ||.||) represents a Banach space and : X — X is a contraction
mapping on X, then there exists a unique fixed point x € X satisfying (x) = x.

Theorem 2. [10] (Krasnselskii’s fixed point theorem) Let . be a closed, convex, and non-empty subset of a Banach space
X. Assume that o, and g, are mappings from . to X with the following properties:

1. Forallu,v €., fu+ v e 7.
2. g1 is a contraction mapping.
3. is continuous, and the image ¢, () is contained within a compact set.

Under these conditions, there exists at least one element u € . such that @ \u+ fpu = u.

2 Main Results

Our exploration of solutions for nonlinear fractional differential equations with fractional integral boundary conditions
has yielded significant findings. Applying Banach’s and Krasnoselskii’s fixed point theorems in this section, we establish
both the existence and uniqueness of solutions.

Definition 3. A function u € C(J,R) is considered a solution to the fractional differential equation (NIFDE) (1) if it fulfills
the following fractional differential equation:

¢
3(8) = FE5(0).055(0). [ KE 0D x(v)av), S ef0,11.0<p<12<a<s,
with the following boundary conditions:

Y(0)+D§ "y (1) =01 fy b1 (v,y(v))dv,
D471y (0)+D% 2y (1) = 63 fy b2 (v,y(v))dv
D2y (0)+ D3y (1) = 03 fy b3 (v,y(v)) dv,
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Lemma 2. Assume that 2 < « < 3, and let f : J x R*> — R be a continuous function. A function y({) defined on J is
considered a solution to the nonlinear implicit fractional differential equation (NIFDE) given by (1) if and only if it
satisfies the conditions specified by the following fractional integral equation:

geoa (ORI ) 40— b (v ) v s 2058 (0 (0) )
~7 u(©)dv +4 (1 = v)u(o)dv— i (1 = v)u(v)dv

y(§) = Tla—2) @
CO‘*Q(—201f01f)1(v,y(v))dv-i-szolfJZ(UJ( ) dv+2f0 u(v)dv — fo(l_v u(v )dv)
I'la—1)
£ (01 Jo b (0,3 (v) dv = J u(v)dv)

- I'(a)
Jg (£ —v)*u(v)dv
T '

Proof. Let y(C ) be a solution to the Nonlinear Implicit Fractional Differential Equation (NIFDE) (1). Define u({) =
F(&,¥(8),3 o+ (C fo k(£,v)Dg,. y(v)dv). Utilizing Lemma 1, we derive the expression:

1 ¢
y(§) =c %! +c2€0"2+c3é"‘*3+m/0 (¢ —0)* u(v)dv. 3)
Applying the boundary conditions, we obtain the following equations:
1 1
ar(@=o [ b (v.y@)dv— [ u(w)dv. @
0 0
1 1
ZCIF(OC)JrczF((x—l):Gg/O hz(v,y(v))dvf/o (1= v)u(v)dv. )
1 1
%cll"(oc)+2c21"(oc—1)+C3F(a—2):02/ bz(v,y(v))dv—l/ (1—0)?u(v)dv. (6)
0 2 Jo

Solving equations (4), (5), and (6) for ¢y, ¢z, and c3, we obtain:

c) = %a) <ol /01 b (v,y(v))dv/()lu(v)dv) )

1 (261 Jo b1 (0,y(0))dv+ 6 [y ba (v, y (v))dv+2 f, ”(U)dv)

Cy) =

I'(o—1) — Jo (1 =v)u(v)dv
and
- 1 (761 Jo b1 (0,y(0))dv =403 [ b2 (v,y (V))dv +203 [, b3 (v,y(v))dv>
T M (a—2) ~7 Jou(v)dv+4 fj (1 —v)u(v)dv— [ (1—)2u(v)dv '

Substituting these into (3), we obtain:

o3 (701 Jo b1 (v,y(v)) dv 403 fy b2 (v,y (v ))dv+203fo b3 (v,y(v)) dv)
—7 Jo u(v)dv +4 [y (1 - 0)u(v)dv— fy (1~ v)u(v)dv

y(€) = T (a—2)
CO‘*Q(—201f01f)1(v,y(v))dv-i-szolfJZ(UJ( ) dv+2f0 u(v)dv — fo(l_v u(v )dv)
I'la—1)
¢! (o1 Jy b (v,y(v)) dv— [ u(v)dv)
+ T(a)
Jg u(v)(§ —v)*'dv
T ) '
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On the contrary, assume that y({) constitutes a solution to the Nonlinear Implicit Fractional Differential Equation (NIFDE)
(2), and this solution can be expressed in the subsequent manner:

(€)= ge? (761 Jo b1 (0,5 (0)) dv — 40, f5 b2 (v, ()) dv +203 5 b3 (v,y(v)) dv)
) T or(a—2) ~7 Jy u(v)dv+433 u(1) — 233, u(1)

a—2
2FC( ( 2(7]/ [j] ,y d7)+62/ hz ,y d’()+2/ 3(2)+u(1))

Ot 1

v (m [ oo [[utwiav) +3u(0).

Thus, we can infer that: D%, y(§) = u($), with y(0) + D% 'y (1) = o1 fy b1 (v,y(v))dv, DE 'y (0) + DI 2y (1) =

02 Jy b2 (0,y(v))dv, and DZ 2y (0) +D% 3y(1) = 03 Jy b3 (v,y(v))dv. This implies that u ({) indeed satisfies the
conditions of problem (2). This concludes the proof.

Lemma 3. Consider (NIFDE) (1) under the following assumptions:
(H,) The nonlinear function f : J x R®> — R is continuous and there exist A € C(J,R") with norm ||A|| such that:

|f (& ur,uz,u3) — F(E,vi,va,v3)| S A(E) (Jur —vi| + |ug —va| + lus —v3]), VY E €J, uj,vi ER, and i =1,2,3.
(H») The function k(§,v) is continuous for all (§,v) € J x J, and there is a positive constant K such that:

k —K
c,gleaﬁl}' (¢, )]

(H3) The nonlinear function b; : J X R — R is continuous and there exist l; € C(J,R") with norm ||lt|| such that:
|hl(Cau) - bi(CaV” < oul(C) |M7V|, VEe€Jandi=1,2,3.
Remark 1. From Lemma (3), we deduce the following:

1. From assumption (H; ), we have

(&1, u2,u3)| = 1£(£,0,0,0)| < |F(L,ur,u2,u3) = £(£,0,0,0)| < A(E)(fr| + fuez] + [us]).-
Thus, if F' = supge; |£(£,0,0,0)]. then [ £(&,u1,uz,u3)] < F + A (E) (|ur| + [uz] + [uz]).

2. From assumption (H3), we have for i = 1,2, 3 that
10:(8,0)] — 10:(8,0)] < [5:(5,0) — 5:(£,0)] < ().
Thus, if Hy = supg. [0:(C,0) | then [o(C, )] < Hy -+ i(C) .
Definition 4. Define the operator g : C (J,R) — C(J,R) as follows:

geea (9RO 40— (0 (0) s 205 4 (0 0) )
~7 [ uv)dv+4 (1= v)u(o)dv— (1 - v)u(v)dv

P (&)= TRCE)
£42 (=201 Jy b1 (v,5(0)) dv+ 05 Jy b2 (0,y(0)) dv +2 [ u(v) dv — 3 (1 = v)u(v)dv)
I'la-1)
¢ (o1 Jy b1 (0.3 (v) do = fj u(v)dv)
+
I'la)
18(¢ —v)* lu(v)dv
Yt

where u(v) € C(J,R) satisfies the following implicit fractional equation:

B ¢
u(Q) = (3§D, [ KE o))
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2.1 Existence of Solutions

In the following, we establish the existence of solutions for the Nonlinear Fractional Differential Equation (NIFDE)
defined by (1). Our approach centers on the application of Krasnoselskii’s fixed point theorem.

Theorem 3. Suppose that assumptions (H,) — (H3) hold. If

N+ Xy <1, @)
where
x, = SE ) | 201 (H [l ) + 02(Ha + [l12]) +701(H1+HM1||)+402(H2+Hﬂ2|\)+20%(H3+||M3H)
I (o) IF'(a—1)| 2|0 (e —2)|
and
! 142 (g + K +1) +5||/1|\( rim K1) A (g + K1) A (g K+ 1)
2 3|1 (0 —2) 2| (- 1) |F( )| |F(O€+1)l

Then, (NIFDE) (1) has at least one solution in C |0, 1].

Proof. By converting (NIFDE) (1) into a fixed point problem. Define the operator g : C(J,R) — C(J,R) by:
Py(E) =) +m:((C), ¢el0,1],

where
ga-3 (701 Jo b1 (0,3(v)) dv =40, [ b2 (0,3(v)) dv+203fo b3 (v,y(v)) dv)
((8)) = ~7 Jy u(v)dv+4 [5 (1= v)u(v)dv — [5 (1 - v)*u(v)dv
Prvie)) = 20 (0 —2)
go2 (—201 Job1(0,y(0)) dv+ 03 [ 5y (V,y(V)) do+2 [l u(v)dv — f) (1 — v)u(v)dv)
I'loe—1)
¢ (o1 J3 01 (0,3 (v) dv - [ u(v)dv)
+ Y
r(a)
and
Jo (£ —=0)* 'u(v)dv
Q) = M S,
with
€)= £2,5(0), D), [ KE ws(w)av)
Let By = {y € C(J,R) : ||y|| < p} be a closed subset of C [0, 1], where p is a positive constant satisfying p > g:iFH!z)

where
14F 5F F 1

“3a—2) 2M@—1) (a) Tatl)

GI(HI+||MIH)+ZGI(HI+||Ml||)+02(H2+Hﬂ2H) 7GI(HI+||MIH)+402(H2+||M2||)+203(H%+HM%||)
I'(a) I'loe—1) 2N (a—2)

N =

40 (rrgy + K1) SIAN (rrg +K+1) A (g K +1) 1A (g + K1)
3 (a—2) 2 (a—1) I'(«) T(a+1)

Xy =

Clearly, the space B, forms a Banach space equipped with a metric in C[0, 1]. The proof can be delineated into three
distinct steps.
Step 1: @1y1 + f»y» € By for every y1,y2 € By.
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Let yi,y» € Bp and § € J, we have

|11 (§) + 22 () |
<y (&) |+ 32 ()|

761 fy b1 (0,1 (v))] dv+403 Jy b2 (v ,y.< v))| dv +203 fy |3 (v,y1 (v))| dv
g3 T o 131 (0), Jim 0), Jy k(C v)y1(v)dv)|dv
=2 (a-2) +4 Jo 11=|[£(E 31 (0), 0+y1<c> ¢ k(C,v)y1(v)dv)|dv

I
= 0PI, D I3 (E), J§ K(E,v)yi(v)dv)|dv

Nt +2cnfo 11 (v,y (v ))Idv+02fo|bz( v (v))]dv

+ TG +zfo £(&(0), M(c e k(L oy (v)dv)] dv

=0 A1 (), DE 1 (0), JEK(E, 0)y1 (v)dv)|dv
o—1

+|C( Lo [ @aoniavs [ 15En©28n@). [ KEvmiav)av)
1
(o)

[ RO D), [ HE v o)

Using Lemma (3) and the aforementioned remark, if we consider the supremum for { € [0, 1], then
¢
FE(0). 3 (E), [ HE o w)v)| < IR 1)+ 0B (@I ] [ KE vy

1
< il (14 Ty +6) I+

where F = sup; ¢, | £(£,0,0,0)|. Thus, for each & € [0, 1] we have

2131 (§) + 2232 (6) |

< sira—zy (700 + () + 40 (2 1a( )+ 205 (1 + () 1+ 3 (121 (1+ iy +K) I+ 7))

+ m (+(261 (Hy + 1 ($)) + 02 (Ho + 12(8))) Iy | + 3 (||A|| ( + ISy 1 L +K) 1 +F))

+ g (ot m @l (121 (14 g +K) Il 7))
1

1
+m (HAH (1 + T(1—B)] —i—K) |y2||+F),
7 2

1
: (2|F(062)| * IC(a—1)] + |F(a)|) o1 (Hi+ i (Z)) Iyl
2 1 |
+ <|F(a_2)| + |F(OC— 1)|) 62(H2+”2(C)) ||yIH+ |F(a_2)|(73 (H3+”3(C))Hyl”

+ (i@ 2= man) (1 (g ) il )
* iy (A (0 gy o) el 7).

Taking supremum over ¢ € [0, 1], we have

[@1y1(8) + 2272 (E) < p,

forp > 5 where

RF

—(X+Xy)°
% — 14F N 5F +F+ 1
C3M(a—2) 2l(a—1) I'(a) T(a+1)
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w, = S+ ml) | 200 (H +[lml) + oo (Ha+ [[pall) | 701 (H + ) +402(Ha + [1a]]) +203(Hs + [|13]1)
: I'(a) T(o—1) 2 (a—2) ’

and
142 (g +K+1) 51 (rb K +1) A (g +K+1) A (g + K1)
Ar(a—2) 2l (a—1) I'(a) Ta+1)

This proves that @y (§) + @2 (§) € By for every yi,y> € Bp.
Step 2: The operator ; serves as a contraction mapping on By. It is clear that in step 1, £ acts as a contraction
mapping with a contraction coefficient of ¢ < 1, where ¢ = C| + C, with

01(H1+Hl11||)+201(H1+|\#1||)+02(H2+||#2H)+7<71(H1+Hl11|| +402(H2+H#z||)+203(1'13+||#3H)
I'la) I'la—1) 2I' (e —2)

=

C=

and
14120 (rrgy +K+1) SIAL (rig +K+1) A (g + K+ 1)
3r(a—2) 2l (o —1) I'(a)
Step 3: To establish the compactness and continuity of operator 45 on By, we first demonstrate its continuity. Consider

a sequence {y, }nen in Bp that converges to y € By as n — 0. We must show that || £»y, — #1y|| — 0 as n — co. Then, for
¢ €[0,1], we have

G =

< 1 ¢ a—1 d
2= 1 < gy 1 =01 () — (o),

where u,(§) = £(§,3n(8), Dfyn(§), Ji k(§, v)ya(0)dv) and u () = £(£,3(8),DE(E), Ji k(§,v)y(v)dv) are two

continuous functions defined over [0, 1] such that
N ¢ ¢
1(§) = () = LFE3n(§) Dfn(Q), [ K& 0In(0)d0) = F(E5(0). D), [ KE v)y(v)dv),

< AN =) +1Dgyn (§) =Dy (¢ |+/ k(& 0)| [ya(v) = y(v)[dV)]),

1

<] (1 *m“{) T

Since y, — y, then we get u,({) — u({) as n — oo for each § € [0,1]. And let € > 0 be such that, for each { € [0,T1], we
have |u,(§)| < €/2 and |u({)| < €/2 which implies that |u,(v) — u(v)| < (Jun (V)| + |u(v)]) < € for each § € [0,1]. Ap-
plying Lebesgue Dominated Convergence Theorem, it implies that || gy, — »y|| — 0 as n — . Consequently, operator
§» is continuous. In addition, we have

1 1
ool = gy [ (1 g =K ) I+ F| <p

due to definitions of p. This proves that £» is uniformly bounded on B,,.

Ultimately, we demonstrate that the mapping > transforms bounded sets into equicontinuous sets within C(J,R),
specifically ensuring the equicontinuity of B,,.

LetVe>0,38>0and {;, 5, €J, & < &, |8 — 1| < 6. Then we have

£ a1 ol
L e e T
i (g ¢
<A1 (1 ey +X) Fae iy

As ) approaches {,, the expression on the right-hand side of the aforementioned inequality becomes independent of y
and approaches zero. Thus,

|229(82) — 22y(G1)| — 0, V [&— G| — 0.

Thus, if & is uniformly continuous on By, where  represents a compact operator, the Arzela-Ascoli theorem guarantees
that g : C([0,1],R) — C([0,1],R) is both continuous and compact. Consequently, all the conditions of Krasnoselskii’s
fixed point theorem are satisfied, and the operator £ = 2 + » possesses a fixed point y ({) € C[0,1] on B, satisfying
the boundary conditions in (1). As a result, y ({) serves as a solution of the (NIFDE) (1). This concludes the proof.

©2024 YU
Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



JIMS 17, No. 4, 531-542 (2024 ) / 539

2.2 Uniqueness of Solutions

Next, we ascertain the unique solutions to the Nonlinear Fractional Differential Equation (NIFDE) described by equation
(1). This exploration into uniqueness adds a valuable dimension to our understanding of the solutions in the context of our
studied equation.

Lemma 4. If assumptions (Hy)-(H3) hold, and if

B g K+ ) o +4l el o2l on  3IAN ey +K+1) 42l or e o
30— + o1

121 (g ) o 1 K1)
+ I'(a) + I'(a+1)

<1,

then operator : C(J,R) — C(J,R) presented in Definition 4 is a contraction.

Proof. Assuming that conditions (H;)-(H3) are satisfied, let’s examine the continuous functions x and y belonging to
C(J,R). In this context, for any § € J, the following applies:

1 (1(8)) — 2 (2(8))]

ga3 761 Jy b1 (0,31 (0) = b1 (0,32 (V)] dV+4065 fy |62 (0,31 (V) — b2 (V,y2 (V)| dV
< T (a=2) +203 [y [h3 (0,31 (0) = b3 (0,2 (V)| dV +7 fy |1 (V) —u2 (V)] dv
+4 fy (1=0) Jur (v) = uz (V)| dv+ f3 (1= 0)?[u (V) — 1z (V)| d

i (mf&|fn<v,y1<v>>—m<v,yz<v>>|dv+czf&|bz<v,y1<v>>—bz<v,yz<v>>|dv)
F(a—1) 2 Jy Jir (0) = 12 (V)] dv+ 5 (1= ) iy (0) = 2 (v) |

o—1 X
+% (01/01 (b1 (0,y1 (V) = b (v,yz(v))|dv+/0I luy (V) —uz(v)|dv)
1 ¢ ol y
@ fy € ) e

where u),uy € C(J,R) such that

_ g4 B ¢
(&) = FE3 (£),3% By (O), /0 K(E,0)y1 (0)dv), and us() = F(£,32(£),3% Py (£), /0 K(L,0)y(0)d).

By applying conditions (H)-(Hj3), and taking supremum for all { € J we have

- g ~ ¢
(8 =1 )] = LG (0.9 Pyi(©), [ k(E 0y (0)d0) = F(E92(8).9% Pra(0). [ k(E )y}t

-1

(¢ —v)e B ¢
<) <|y.<c>yz<c>|+ [ g o -l dv e [CkEv) |y|<v>y2<v>|dv>,
o p

1

1+W+K) lly1 = 2l-

<||A]] <|)’1 -2 +m||y1 =yl +K]|ly1 —y2||C> )
<1l
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Hence,
2 (1(8)) — 2 (2(0))]
P (701 | [ + 402 [l + 203 s Iy = 2| fo dv
= 20 (a=2) \ +IA0 (14w +K) I =20l (T dv+4 5 (1= v)dv+ 3 (1 - v)%dv)
Lt 201 [l |+ 02 |2 )yt = v2ll g dv
Fla—1) \ A (1+ 7l +K) Iy =92 (25 dv+ 3 (1= v)av)
Coc—l 1 1
+a (ol 11 (14 =y +) )=l | o

CO{

1
+F((X+1)||)~H (1 +m+[() [ly1 = 21l

< m ([(761 il + 402 ||uz|| 4203 || us ) +?|MH (1 +m +K)}) yi — 2|
i (ol + ol + 3141 (14 gy +K) ) =2
1 1
er <Gl [l ||+ 1A (1 + m +K>> ly1 = ¥2l|

! 1
er”)tn (1 er JrK) Hyl —y2||_

Taking supremum for all { € T, we have

BIA (gt K1) 4Tl 0144 ]| 022 s | 03 . SN pratgy +K+1 )2l or izl o

2T (a—2) I'(a—T)
P1) =)l < y1—y2f-

l200) = 02)l 120 (ragry K1) Hmllon 1A (rpen +K+1) I I

+ (@) + Tlar1)
B2 (gt K+ 7w o1 +4] i 02+2] 3 0 N SIAN (et +K+1) +2llm o1+l o
Now, if 2 (a-2) ] ] F(a-1) < 1, then the operator
+\Il\I(W+K+I)+HMHGI N (e )

I'(@) (o+1)

£ 1s a contraction.

The first result is based on the existence of at least one solution for (NIFDE) (1) using Krasnselskii’s fixed point
theorem.

Theorem 4. If assumptions (H,), (H,), and (H3) hold, and if

B g K)o +4l o2l os  3IAN g +K+1) 42l o+l o
2T (0—2) + I'(a-1)
10 (ragr K1) Hullon 120 (rpen +K+1)
+ (@) + Tlat1)

<1 ®)

then (NIFDE) (1) has a unique solution on J = [0, 1].
Proof. The existence of at least one solution for (NIFDE) (1) has been established in Theorem (3). Furthermore, Lemma
(4) demonstrates that the operator & exhibits contraction properties. Consequently, through Banach’s fixed point theorem,

we conclude that the operator  possesses a single fixed point, which corresponds to a unique solution of the (NIFDE)
(1) over the interval J = [0, 1]. Thus, the proof is now fully accomplished.

3 Numerical Example

Consider the following nonlinear implicit fractional differential equation NLIFDE:

©2024 YU
Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



JIMS 17, No. 4, 531-542 (2024 ) / 541

69¢2¢+1 +®‘5>( O+2fdel6=0) D5 y(v)do

(699+\/_+533|COS\/ |) dv, ©
6 1
D890+ 250 (1) =21 (b + sierrb (O] v

©§+y(0)+©§y(l) =3y <2(42+|) + 2*+<C\+/IZ (&) |) av.

ol
DY y(g) = Y [7+>‘<C>+®5> Sl e 51 G )‘“’] forall £ € [0,1],
1+y(8) 5
I

¥(0)+ D5,y (1) =

In this problem, wehaveocf11 B= % K(¢,v)= (C_D),G|:1,62:2,G3:3.

b1 (v,y(v)) = (699+\/—+533|cos\/ |> with (1) = b3 and Hy = ¢Js.

-3¢ .
b2 (v,y(v)) = (x/ﬁ + 55y (6) |) with {1 = z35 and H, = $~
24 .
12 (0,5(9) = sy + SRSV ) with o = 3 ana 2 =
It is clear that the assumptions (H)-(Hj3) are satisfied, and f is a mutually continuous function such that for any u,v, w €
R, and {€ [0, 1] we have

V211 , V2C+1 1
|f(CaMaV,W)|:WUH“HWHWD Wlthl(C):W’F 9% 7|| I= gz 2ndK =e.

In addition, it clear from Theorem (3) that the NLIFDE (9) has at least one solution on [0, 1] since

X+ Xy ~0.534117 < 1,

where

w, = S tlml) 200 H + )+ oa(Ha+[lkall) | To1(H + [lm ) +402(Ha + |12 ]) +205(Hs + s )
! I'(a) T(oa—1) 2T (a—2)
~ 0.00300125 +0.0936787 +0.428918
~ 0.525598,

and

. 440 (g +K+1) SIAN (g +K+1) 1A (g K +1) 1A (g + K+ 1)
2T 3ar(o—2) 2 (o —1) I'(a) * T(o+1)
~ 0.001559 +0.004176 +0.001392 +0.001392
~ 0.008519.

Furthermore, the uniqueness of the solution to the nonlinear implicit fractional differential equation (NLIFDE) given by
equation (9) exists since the following condition is satisfied:

B (e + K+ 1) + Tl o+ 4l o+ 2 sl oy 3 IR (et + K+ 1) +2 o1 + sl o
2 (a—2) + INCEN)

140 (et +K+1) +lllon 2] (g +K+1)
I'a) I'la+1)

~ 0.5757+0.2535 + 0.0608 +0.0097
~ 0.899873 < 1.

Remark 2. Equation (1) cannot be commented upon by any of the solutions obtained in the literature. This observation
emphasizes the uniqueness and specificity of the problem at hand. Importantly, the current results significantly improve
upon existing results in the literature, underscoring the advancement in our understanding of nonlinear fractional differ-
ential equations with integral boundary conditions.
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4 Conclusion

This study has made significant contributions to comprehending the existence and uniqueness of solutions concerning a
nonlinear implicit fractional differential equation (NLIFDE) under integral boundary conditions. The utilization of Ba-
nach’s and Krasnoselskii’s fixed point theorems has verified the theoretical outcomes, which were further supported by the
numerical example provided. Future research endeavors will be directed towards exploring the existence and uniqueness
of solutions for an implicit singular fractional differential equation with integral boundary conditions. The implications of
these findings span across multiple domains, including physics, engineering, and finance.
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