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QMLE OF THE GENERAL PERIODIC GARCH MODELS
AHMED GHEZAL ) AND IMANE ZEMMOURI®

ABSTRACT. In this article, we study the necessary and sufficient conditions that
guarantee the strict stationarity of general periodic generalized autoregressive con-
ditional heteroskedasticity models (in the periodic sense). We also obtain condi-
tions for the existence of finite higher-order moments under general and tractable
assumptions. We propose the quasi-maximum likelihood estimation of general peri-
odic generalized autoregressive conditional heteroskedasticity parameters and derive
their asymptotic properties. We demonstrate the strong consistency and asymptotic

normality of the quasi-maximum likelihood estimation in special cases.

1. INTRODUCTION

In this article, we aim to study the generalization of periodic generalized autore-
gressive conditional heteroskedasticity (PG ARC H) models as proposed by Bollerslev
and Ghysels ([6], 1996). These models focus on the conditional variance based on the
past information. We consider the process (g;),c;, Which satisfies ¢, = o,¢;, where
(€t)ez is a process independent of (0y),., and is iid. with E{e,} =0, E{ef} = 1.

The volatility process (o), is assumed to satisfy
o2 =h;t

hi = h (0-t2> = BO (St> + Z:ijlﬁz (St> s, (et—i> + éaj (8t> fst (et—j) ht—j ’

J

(1.1)

where (s;), is a sequence of positive integers with a finite state space P = {1, ..., s}.
The coefficients «; (.) and §; (.) are defined on IP and take values in R* with 5, (.) > 0.

Additionally, h; is defined on RT with values in R™ as an invertible function, while
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46 AHMED GHEZAL AND IMANE ZEMMOURI

h, g and f are real-valued and measurable functions. When s > 2, the processes
(¢:), are nonstationary but exhibit periodic stationarity, making them attractive for

investigating volatility and distinct (seasonal) patterns. To rewrite model (1.1), let’s
S

consider s; = Y vla(y) (t), where A (v) := {sn+wv, (v,n) € P x Z}. Consequently,
v=1

the model (1.1) is equivalent to

(
Esnt+v = Osn+vCsntv

(1.9) vt = (F20) = o (0) + 22 61 (0) o (eanin)

p
+ Zl Qj (v) fo (esn-i-v—j) Posngo—j
j=

\

with 02, ., = h iy, Where aq (v), ..., q, (v),B1 (v), ..., B, (v) are the coefficients at

regime v. We can derive several models from Eq (1.1) or (1.2),

Model The volatility process (o)
q
Periodic GARCH o2 = B (st) + > Bi(s1) g2,
i=1
p
+ Z:l Q; (St) Ot
‘]:
q
Periodic LGARCH or = Bo (st) + D Bi (s¢) €4
i=1
p
+ 2 a;(s) orj
j=1
q
Periodic exponential GARCH  |logo? = o (st) + > (Bi (st) €r—i + i (5¢)
i=1

p
x (il = E{leril})) + 22 o (s:) log o7

=1
Periodic multiplicative GARCH | log o2 = 3y (s¢) + Zqzlﬁi (s¢)loge?

+ jil a; (s;)log ot

Periodic log GARC H logo? = By (s¢) + Zqzlﬁi (s)loge?

+ji1 a; (s¢) log Ut2—j

Periodic asym-power GARCH | 09 = By (s;) + Zqzlﬁi (s¢) (|ees| + v (s¢) =)’

P
+ Zl a; (st) U?—j
j:

Table 1: General PGARCH specification.
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Continuation of Table 1

q
Periodic threshold GARC H or=Bo(se) + 2 (Bi (se) ey +7i (s1) €f,)

P -
+ 20 aj(st)
j=1

q

Periodic GJR power GARCH | 0 = Bo (s¢) + > (Bi (se) + i (s¢) Lz, i>0p) €0

1
Ot—j
1

1=

P
+ Z_:l @ (st) Uf—j

J
Y4

q
Periodic absolute value GARCH | oy = By (s¢) + > Bi (s¢) |ev—il + D o (s¢) 04—
i=1 =1

7=

q p
Periodic nonlinear GARC H o0 = Bo (s1) + 32 Bi (s1) e’ + D2 aj (s4) oy,
i=1 Jj=1
q
Periodic VGARCH 02 = Bo (s¢)) + 32 Bi (s0) (er—s — i (50))°
=1

P
+ Zl a; (s) of
‘]:

In this article, we present some properties of the general PGARCH process. In
Section 3, we propose the Quasi-Maximum Likelihood Estimation (QMLE) of the
general PGARC H parameters and analyze their asymptotic properties. In Section
4, we demonstrate the strong consistency (SC) and asymptotic normality (AN) of
the QM LE in specific states.

Some notations used throughout the article are defined as follows:

e The identity matrix is denoted by I(,).

e The indicator function is denoted by I ;.

e The zero matrix is denoted by O, ). For further clarification, we use O, to
represent O, ,) and Q(n) to represent O, 1).

e p (M) represents the spectral radius of a matrix M, ).

e The vec operator is denoted by M = vec (M).

e The Kronecker product of matrices is denoted by ®.

e The symbol ~~» denotes convergence in distribution.

2. STRICT STATIONARITY

Consider the r = (2p + 1) —dimensional random vectors defined as follows: h, :=

(.fst (et) hta seey .fSt (et—p-i-l) ht—P-l—la ht> Gs, (6t) 3o Gsy (6t—P+1)), ) ﬂ/ = (—/(P)’ I’Q/(P)) and
e = (Bo(se) foi (€r), Oprys o (5t) 5 gs, (€1) , Ofp—yy)’. Additionally, we have an r x
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r—matrix denoted as A; with

a1 (st) fs, (er) .. ap(st) fs, (er) O B1(st) fsy (et) ... Bp(st) [s, (et)
Ip-1) Op-1) Op-1) Op-1) Op-1)
Ag (er) = | ai(sn) o ap(se) 0 Bi (st) o Bo(se)
0 .. 0 0 0 ... 0
Op—1) Op—1) Op-1y -1 Op-1)

The process described by theEq. (1.1) is equivalent to the following process
(2.1) hy = A, (e) hy_y + ¢y,

with hy = H'h,, Eq. (2.1) is similar to the generalized PV AR process presented
lately by Franses and Paap [10]. Furthermore, since Gladychev [14], it has become

possible to utilize a non-periodic multivariate stationary process (H,,),, , where

H, = (Ryiqs s iy +s), € R"™ represents a non-periodic generalized VAR process,
ie.,
(23) ﬂn :Fnﬂn—l —‘—ﬂn,
where
Oy Oy A1 (enstr)
Oy Oy Az (enst2) A (€ns1)
I, = 7

TSXTS

Qns—i—l

s s—k—1
Z { H As—v (6ns+s—v)} Erstk
k=1 v=0 rsx1

where S]:[1 Ay = Iy if s < 1. Moreover, the process solution of (2.3) is strictly sta-
tionaryv:((lzesp. ergodic) equivalent to the solution of (2.1) being strictly periodically
stationary (abbreviated as SPS) (resp. periodically ergodic, abbreviated as PE. See
Boyles and Gardner ( [9], 1983 )). The conditions that ensure the existence of SPS
solution of PGARCH models were studied by Bibi et al. ([1], [4]). However, in our

article, we derive the manageable conditions for general PGARCH.
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Since (e;),e; is an independent and identically distribution process, stationary and

ergodic, the process (Fn, ﬁn) is also stationary and ergodic. This is ensured by the

conditions E {log" ||I'4[|} < co and E {log+ HﬂlH} < 00, where log™ (y) = logy V 0
for any y > 0. The results presented in this subsection are based on the theorems

proven by Bougerol and Picard [8].

Theorem 2.1. Eq. (2.3) has a unique strictly stationary solution and ergodic if and
only if the top-Lyapunov exponent v, (I') of (I'y),,,
n—1
1
HFn —j }} 2 Jim {—log
t— o0 n
7=0

[}

18 strictly negative. The unique stationary solution is ergodic, causal and given by

(2.5) Z{Hrn ]}

k>0

n>0

(2.4) v (') := inf { {log

where the series (2.5) converges almost surely (a.s.) and

k—1 /
k>0 7=0

with ﬁ/ = O(T),...,O(T), I(T) ,O(T),...,O(T)
~—
vth—block

TXTS

Proof. The proof of this theorem is identical to the Theorem 1.3 presented by Bougerol

and Picard [7]. O

Proposition 2.1. If the top-Lyapunov exponent of <{ [T As—v (ensts— v)}) is strictly

negative, then Eq. (2.3) also has a unique, strictly statwnary solution, ergodzc and

can be represented by the series (2.5).

Proof. A simple computation shows that

H F”—j =TIy : Lo : ,
=0 . o ;L—l s—1
O(,,.) [N O(T) { H As_v (ens+s_v_j>}
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therefore, due to the independence of the top-Lyapunov exponent from the norm, we

can conclude that vz, (I') < vz (A). O

Corollary 2.1. If p = 1, a sufficient condition that ensures v, (A) < 0 is that
E { [T a1 (v)|for (eo)|} < 1. This condition is the same as the one presented in [13]
v=1

for the scalar case.

Proof. 1 p = 1, we have v, (A) = {1og{1j L () | fos (eo)|}}. 0

Example 2.1. In this example, Table 2 provides a summary of the available results
indicating that the condition vr (A) < 0 holds for certain specifications.

Model ‘ The condition v, (A) < 0
Periodic GARCH (1,1) { IT (a1 (v) +m (v))} <1
v=1
S
Periodic LGARCH (1,1) H {lar (v)eo +71 ()|} < 1

@
Il

Periodic exponential GARCH (1,1)

E
H,_/
A
—

Periodic multiplicative GARCH (1,1) oc1 } <1

(a1 (0) + 71 (v >>}

{Jor @+ (eol +7 (0 =D ea) 1 (0|} <1

r—’Hf—’H/—’H
e u.’:lvu.:lv“

5
Il
—

Periodic log GARCH (1,1)

EEI‘
S|

Periodic asym-power GARCH (1,1)

@
Il

Periodic threshold GARCH (1,1)

=
i

=

a1 (0) +2 () + A1 )¢5 | <1

1
{
Periodic GJR power GARCH (1,1) E{ ﬁ |r (v) + (B1 (v) €8 + 71 (v) eOH{eo>0})|} 1
Periodic absolute value GARCH (1,1) E{ 15[1 (a1 (v) + |eo| B1 (v))} <1
o
Periodic nonlinear GARCH (1,1) E {Uﬁll ( a1 (v) + B1 (v) |50\6>} <1
Periodic VGARCH (1,1) { ﬁlal (U)} <1

Table 2 : The condition v, (A) < 0 holds for some specifications.

When it is difficult to obtain the top Lyapunov exponent criterion, we propose the

following result

Theorem 2.2. (H,,), is a stationary process solution of model (2.3) under the as-

n

sumption 1 1= E{e l} < oo withl > 1,

pr(HE{A 0})<1, thenﬂnell.

n

2. ifp (H E{AZ, (e }) > 1, then there is no strictly stationary solution (H,,)
to the process (2.3) such that H, € L.
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Proof. The proof is identical to that of Theorem 4.1 in the work by Bibi and Aknouche

[4]. Firstly, we define R™—random vectors
P, (t) = 0ol n<oy + TPy (t = 1) I 020y,

and @ (t) = P, (t) — P, (1) for all n € Z. It is easy to prove that for all n > 0,

P, (t) and @ (t) are measurable functions of e, ..., ¢,_,,. We have for all n € Z

Q (t) = Q(rs)ﬂ{ n<0} + ﬁt]l{ n=0} + FtBn—l (t - ]-) H{ n>0}s

—“n

which implies that £ {Qfl (t)} = (E{T9'})"E {ﬂ?—ln} for all n > 0. Since

(H E{A }) = p(E{Fi@l}) < 1, we can conclude that P, (¢) b an_d>“'8'

H, € L; satisfies Eq. (2.3). Secondly, from (2.3), we obtain for any n > 0
{Hrt k} tn1+Z{HFt k} —j
and E{H'} > Y (E {Fl?l})k E {n?_lj} . This completes the proof. O
=0 -

3. ASYMPTOTIC PROPERTIES OF THE QM LE

In this section, we display the SC and AN of the QM LE for general periodic
GARC H models. The study conducted by Aknouche and Bibi [1] investigates the as-
ymptotic properties of PGARC H (p, q¢) models. Additionally, Straumann and Mikosch
[15] provide an analysis of the asymptotic properties of augmented GARCH for the

scalar case.

3.1. Strong consistency. The vector parameters is denoted as 6 := (8’ (1), ...,6' (s)) €
O C (R% x R¥)". Let 0, := (6 (1), ...,0) (s))" the true parameter value is unknown.
Consider a time series (1, ..., &,s) defined by (1.1) with the parameter 6, given as

follows

p
Est+v = Ost+uv (Q) Cst+v

(3.1) hst+v (€) = oo (v) + éﬁi,o (V) Gv,g (Estv—i)

p
+ 231 a0 (V) foo (estyo—i) Pstro—j (0)
‘7:
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with o2 (6) = h; ' (6), the Gaussian log —quasi-likelihood, conditional on initial values

€0y vey €1—p, ho, ..., izl_p is expressed as Ly 0) = ;—sl Y l~8t+v (0) . Tt is accompanied
t=0 v=1

by the contribution function [, (§) = j—é +logcZ, t > 1, where 67 = 52 () and it can
be computed for ¢t > 1,

Est+v — 5-st+v (Q) Cst+v

. p p ,
Pty (8) = Bo (v) + Zl Bi (v) Gv,0 (estrv—i) + Zl Qj (v) Jueo (6st+v—j) hstyo—j (0)
i= ji=
with 52 (8) = h;' () by giving initial values eq, ..., e1_p, Ao, ..., h1_p. The QMLE

is defined as 6, = argmind,, (§) =
9o

of the true parameters ,, denoted by 0

-ns’

argmax Ly, (@), where J.. (0 0) = % 3 Z steo (8) . Now, we will use the following
6cO 0 v=1
hypotheses to prove the strong cons1 ency of the QM LE.

Al. 0, € © and © is compact.

A2. The top Lyapunov exponent 7, (A°) of the sequence (AY (e;)), is negative.

t
Here, (A2, (e;)), denotes the sequence obtained by replacing 6, with ¢ in (A, (e;)), .
A3. If, for all v € P, 6% (0) = 02 (6,) a.s. then 0 = 6.
A4. For any § € O, g,4(e0) >0, fog(eo) >0 and o2(d) > o >0 for all v € P.
A5. The function h is three times continuously differentiable and there exist

constants K > 0, ¢ such that the following conditions hold

—1
< Ko°,

a | (s (7 (02 0))

b. | (b (02 0))] < Ko

3 —
¢ | (W () (Q)))\ < Ko°,

forall 02 () >0 >0,vePandi, j, ke {l,...s(d+1)}.

Assumption A1 is a commonly used assumption in various real analysis results. As-
sumption A2 guarantees strict stationarity, ergodic (in the periodic sense), and the
existence of finite moments of (3.1). Assumption A3 is made to ensure the identifi-
ability of the parameter. Assumptions A4 and A5 are similar to those used in the

work of Aue et al.[2].
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Let (I, (8)), be defined as I, (9) = Z—% + log o?, where o7 = 07 (f) and is obtained by

Est+v = Ost+uv (Q) Cst+v

Pt (6) = 50 (0) + 32 B (0) 9o (exrmd) + 3 5 0) fup (utvay) iy (0)

j=1
with o2 (0) = h; ' (6), it is worth noting that o = 2 (6,) and

s

Lia®) = 233 s ©

=1

Now, we will present some of the results used to establish the SC

Lemma 3.1. Assume that A1-A5 are satisfied, the following items hold
1. lim sup|Lys(8) — Lns (0)] =0 a.s. 2. 3 Ey, {1, (8y)} < oo.
v=1

nT—000cO

3[f97é90,thenZEg {1, (8) — 1, (8,)} > 0.
4. For any 6 # 90, conszder a neighborhood V (0) such that

lzmmfmf( (_)) ZE@ {l, (6

nT—=00 GO

Proof. First, we have

s (0) = Lus (8)] <

0cO

,_.

n—

Loup ( 152 (9)— o2, (8)| + [log 52, (6) — log 0%, @}) ,
v=1

N gco

-+
i
o

and

he — hy

<H/{HAStJ €t—j }‘ho—ho
]_

ilt—ht

under assumption A2, we have 2%0. Applying the mean value theorem, we

get

57—t @ = i (R () = b7 (b (0))] < Ko |hu (6) — hu (8)] =50,

~ 1 ~ a.s.
log 32 () —log o? (8)] < —[5%(6) — o (8)] “0.
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By the last inequality, we can establish that the supremum of the absolute difference
between L, (@) and L, (0) is bounded as follows

sup | Ly (€) — Lns (€ ’ S _SUPNXEZS: <1 + st+v) §t+v (@) — U§t+v (Q)} :

0cO no gco

By applying Lemma 1 proposed by Straumann and Mikosch [15], we find

S e?|6? (0) — of (0)| converges ass., if E{log"e?} < oo. This result holds under
?sgumption A2,

Second, we can note that [, (6,) = (I — ;) (6,), where [ (6,) = max (I, (6,) ,0) and

v

7 (8,) = max (0,1, (0,)) . If we assume that zs: Eg {17 (8y)} < 00 and

v
v=1

> Eg, {l; (0y)} < oo. Under the condition A4, we get
v=1

3 0 00) = 3 fios (o (1575 ))
< Zlog (Ego {max (1, %) }) < max (0, —slog o) < o0,

v=1 v

on the other side

UZ;EQO {I7(8y)} <s+ % Uz;log (max (% E, {(ag (QO))J})) ,

where e is the base of the natural logarithm function and § > 0. Under the conditions

A2 and A4, we have
5

s () - { (o (5 ({ifr)won) 7)) T

k>0 j=0

Third, we have

ZE @t = 3 m {ios () + T -1}
- ZE@O {oe (Zaag) s (@)} 2o

because, for all x > 0, x — 1 > logz. Fourth, is similar the proof of LemmaB.4 in

Bibi and Aknouche [1]. O

Based on the previous results, we can establish the following result regarding the SC

of éns
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Theorem 3.1. According to Assumptions A1-A5, 0 . —> 0, a.s. asn —s co.

Proof. The proof of this theorem follows a similar approach to the proof of Theorem

3 presented in the work of Bibi and Aknouche [1]. O

3.2. Asymptotic normality. In this subsection, we present the AN of éns. We

begin by considering the Taylor series expansion of %f)m (9) around 6,,, we have

0= =3 (0] - Y (mza@;;, )ﬁ(@m-@)),

where 0 lies between 6, . and 6,. Then

~ -1 ~
R B 1 ns ant . 1 ns ) .
Vs (Qns - QO) - (E 8@0@’ (Q )) <_ ns a_Q (QO)> :

Consequently, we show that

alst—l—v
(3.2) ty) ~ N (0,9),
AL
a lst-l—v * :.
2 e

where the matrix €2 is defined by

gl

v=1

1 i = do? do?
~ (== win == Y, { oS 00 G )}

. The partial derivatives of [; (§) are obtained by

g2 1 Oo?
26 O = (1 ~ o (Q)) 2@ o8

L 2\ 1 e
o607 ) = (1 G (Q)) o2 (@) g Y

(3.3) 2
€ 1 Oc? Oo?
9"t 1 t t
" ( o2 (0) ) @ o6 o @
Remark 1. Since ?)lgt (6) and 6896[;/ (f) are measurable functions of the SPS and PE

6lst+u

process (£g1v), then \/— Z Z 5" (0) is a SPS and PE zero—mean martingale

difference.
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But consider the following additional conditions
A6. 0, € O, where O is the interior of ©.
AT. 7 < 0.
A8. There exists a neighborhood V (6,) of 8, and o7 (¢) is 3—times continuously

differentiable in 6 with measurable derivatives such that

5 o2

a. z_:lEgo { #Qo)a—g (QO)H} < 00,
2 8202

b. ;Eeo{ 778y 80 (Qo)H} < 0,
s o2 do?

C. ;EQO{ gg(lgo) 90 (0) 99’ (QO)H} < o0,
. 3l

d. vz::l Ly {968\3(]990) ‘89@)66(3’)66(1@) (@‘} < 00,

foralli, j, ke {l,..,s(d+1)}.
A9. The components of 80529@ are considered as linearly independent random

variables.
The assumptions A6-A9 are similar to the assumptions in Strumann and Mikosch

[15]. We use some of our results to prove the AN.

Lemma 3.2. Assume that A1-A9, the following items are satisfied

1. = is invertible matrix.
2. ﬁ t:mz; (%tgﬂ (0o) — alz—}f“ (%))‘ — 0,
and 5, sup ‘ i ZS: (82535}“ () — a;é“g;/” (Q0)> — 0 in probability when n — 0.
0ev(0,) |li=10=1 \ % 698
3. ﬁ t; v; aigg” (6y) ~ N (0,9) and %té; a;é“gg,” 0") — Z a.s.

Proof. First, it is show that the matrix = is positive definite. Assuming X=X, =0

s 2
for some X, € R?, this is equivalent to > Ey, {; (aag (QO)XO) } = 0, which
v=1

‘73(90) 3_9/
implies %%j (0y) Xy =0a.s. forall v € S. Under A9 implies X, = O,. This concludes
the first item.
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Second, we have for all i € {1,....;s(d+ 1)}

1 1 do? 2 2

78 o%(%)) aots) (o) (1 ~ ey W@)))
e 1 57 0o?

+ (1 - &%éo)) 578 (66@) (80) — 7ot <‘90>)

9 (%t 2 ~92
< K(1+et)< o0 )17 @) 5% 0)

)

e (8y) — i (6,)]

aly aly

d5? do?

20 (1) (6o) — 20.(7) (00)

+ ‘
applying the mean value theorem, we have

8@

which implies

aly aly

e 8) =1 8] (s @0+ °).

using the Markov inequality, we have for all o > 0
1 « o |5 1 9o} 5
P (ﬁz (1+€t) ht (‘90) _ht (Q())‘ (0_2 (Q0> 89 (Z) (Q())"‘O' >0

< oo (o yangy @ }”); {li

by Eq. (3.3), we get

<K(1+é)

3

<> Ll

i=1

021, 021,
aon ) L~ arang) &

with

sf g2 %02
<1 570, U?(tﬁo)) 69(i)8é(j) <QO)
80? 80?

_ 1 1 2e2 2e2 1
h= <&§ @) o7 (90)) + (i )+ 7 1) sy anty () gy (0) ¢
a a 2 1 052 o2
+ (ot (65(» 1) 526 9007 (o) gatsy (Co)
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applying the mean value theorem and under assumption A5, we have

%62 D*a?

a0 ) %)~ saae) @) < KO

MQ—MML

>

t=1wv

and using the Markov inequality, we have % sup
0eV(0y)

Il
—

E
N
oE
Qv‘éi
IR+

[~
—
[
(e
S~—
|
o ®
S|
U+

<
—~
)
()
S~—
N——

— 0 in probability when n — oo.
Thil"d, let G, := a(et_u,u > 0) Since E@O { el ( )‘ Gi_ 1} = 0, we can utilize the
Central Limit Theorem (C.L.T.) of Bilingsley [5] and the Wold-Cramér theorem to

obtain (3.2). By employing a second Taylor series expansion of %GLagf (0) at 6,, we

have for all 7, j, k.

ns 8l * ns 8l
Zae 7€) = Zae 7o @)

1 & 231, .
+(ﬁ§ae()ae( Y00 (k) (‘9)) (6" —6o),

with 6 being between #* and #,. Applying the ergodic theorem, we have, for all i, j,
k,

lim sup
n—oo

. - ~
%Zae()ae( Y00 () (9)

t=1

o,
80 (1) 90 () 90 (k) (9)‘} =00 @5y

< EQo{ sup

0V (6,)
and

lim sup
n—oo

liﬂ(é’)—w
n2=900)00(j) | T

t=1

The next result checks the AN of Qns
Theorem 3.2. Under conditions A1-A9, we get
Vns (Qns — QO) ~ N (0,9) asn —

Proof. The proof is very analogous to that of Francq and Zakolan [11]. We utilize
Lemma 3.2 and apply the Slutsky Lemma to establish this result. O
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4. EXAMPLES

To provide a clearer illustration of the outcomes, we will now examine specific
instances that fall within the scope of our overarching theory. Our objective is to
demonstrate the superior characteristics and advantages of the QM LE in various
econometric models such as PEGARCH, PMGARCH, PAGARCH and PTGARCH.
Throughout these examples, we aim to show the SC and AN of the QM LE.

Example 4.1. The QMLE in the PEGARCH model

The PEGARCH model is obtained by setting in model (1.2)

h (Ugn-‘rv) = log O-gn-i-m .fv (esn—i-v) - ]-7

9o (€sntv) = (V) sniv + b (V) (|€snio] — E{l€snsol})

where |a (v)| < b(v) for all v € P and we denote a; (v) = a(v)f5; (v) and b; (v) =
b(v)Bi (v). Let 8 (v) :== (Bo (v),a1 (v), ..., ap (v), b1 (V) ..., b, (v)). The next corollary

presents the SC' of the QM LE.

a.s

Corollary 4.1. If for allv € P, 02 (0) = 62 (0,) , then 0,, =% 0, as n — co.

Proof. 1t suffices to prove the validity of Assumptions A1-A5. Assumptions A1-A2
are immediate. Note that o2 (§) = 02 (6,) a.s.is aquivalent to logc? (6) = loga? (6,)
a.s. for all v € P. Now, just prove that § = 6, let the polynomials A, (2) =
iﬁi (v)z* and B, (z) = 1 — i a; (v) 27 have no common root with A, (1) # 0
;:nld a, (v) + By (v) # 0 for aﬁ:; € P. By convention, if p = 0, A, (z) = 0 and
B, (z) =1 for all v € P. It follows from the proof of Bibi and Aknouche [1], Lemma
B.2, that 0 = 0, thus satisfying A3. Additionally, since f, (esniv) = 1 > 0 and
9o (Esniv) = a (V) egnav + (V) (|€snav] — E{|€sniv|}) = 0, because if e, > 0, then
0 < (a(®)+b(v))esnto < 2b(vV)esnir and if e, < 0, then 0 < (a (v) —b(v)) €sptv <
—2b(v) éspyp- This implies that (A4) holds, and (A5) is realized. This completes
the proof. O

Another result shows the AN of the QM LE.
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Corollary 4.2. We have

Vs (0., 0) ~ N (0,9).

< o

s 5 -1
as n — oo where 0 := (15 — 1) <Z Ey, {%%’} (6y) %‘;? (Q(Q}) .
v=1 visos T -

Proof. Assumptions (A6-AT) are immediate. The proofs for (A8) and (A9) are
provided in Francq and Zakolan [11] (Theorem 2.2) and Berkes et al. [3] (Lemma
5.7). 0

Example 4.2. The QMLE in the PMGARCH model

The PMGARCH model is obtained by setting in model (1.2)

h(o2,,) =10gol,y, fo(€sntv) =1 and g, (€gns0) = loge, ., for all v € P.

Let 0 (v) :== (Bo (v), 81 (v), ..., By (V) , a1 (V) , ..., (v))". The next corollary presents
the SC' of the QM LE.

s

Corollary 4.3. If for allv € P, 02 (0) = 62 (0,) , then 0,, = 0, as n — co.

Proof. 1t suffices to prove the validity of Assumptions A1-A5. Assumptions (A1-A2)
are immediate. Note that o2 (0) = 02 (6,) a.s.is aquivalent to log a2 (8) = logo? (6,)
a.s. for all v € P. Now, just prove that § = 6, let the polynomials A, (2) =
i Bi (v) 2z and B, (2) =1 — i a; (v) 27 have no common root with A, (1) # 0 and
gpl (v) + B, (v) # 0 for all v EJTP1 By convention, if p =0, A, (z2) =0 and B, (z) =1
for all v € P. It follows from the proof of Bibi and Aknouche [1], Lemma B.2, that
0 = 0,, thus satisfying A3. Assumptions (A4-A5) are holds. This completes the

proof. O

Another result shows the AN of the QM LE.

Corollary 4.4. We have

Vs (£, — ) = N (Q.9),

as n — 0o where Q 1= (5 — 1) (2_:1 Ey, {#QO)%E (0) ?;j (Qo)})
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Proof. Assumptions (A6-AT) are immediate. The proofs for (A8) and (A9) are
provided in Francq and Zakolan [11] (Theorem 2.2) and Berkes et al. [3] (Lemma
5.7). O

Example 4.3. The QM LFE in the PAGARCH model
The PAGARCH model is obtained by setting in model (1.2)

h (U§n+v) = U§n+vv fo (esn—l—v—j) = (U> + Bj (U) (|esn+v—j‘ +y (U> 6sn+v—j>2 )
Gu (6sn+v) = 0,

for allv € P. Let 0 (v) := (B (v),B1 (v) ..., By (V) ;a1 (V) 5 ...; ap (V) , 7y (). The next
corollary presents the SC of the QM LE.

.S.

Corollary 4.5. If for allv € P, 02 (0) = 62 (0,) , then 0, , = 0, as n — co.

Proof. 1t suffices to prove the validity of Assumptions A1-A5. Assumptions (A1l-
A2) are immediate. Note that o2 (0) = o2 (6,) a.s. for all v € P. Now, just prove that
0 = 0,, let the polynomials A, (z) = Zp: Bi (v) 2 and B, (z) = 1— Zp: a; (v) 27 have no
common root with A, (1) # 0 and a;:(i)) + 6, (v) #0forall v e I%ley convention, if
p=0,A4,(2) =0and B, (2) =1 for all v € P. It follows from the proof of Bibi and
Aknouche [1], Lemma B.2, that 0 = §,,, thus satisfying A3. Since f, (€sntv) > 0 and
Gv (ésn+v) > 0, which implies that (A4) holds and (A5) is realized. This completes
the proof. O

Another result shows the AN of the QM LE.

Corollary 4.6. We have

Vi (G — ) = N (Q.9).

SN

s 5 -1
as n — oo where Q = (5 — 1) <Z Ey, {—04(19 )—85'9“ () %‘;/ (Q(ﬂ}) .
=1 v\Z0 =

Proof. Assumptions (A6-AT) are immediate. The proofs for (A8) and (A9) are
provided in Hamadeh and Zakoian [12] (Theorem 2.1) and Berkes et al. [3] (Lemma
5.7). O
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Example 4.4. The QM LE in the PTGARCH model

The PTGARCH model is obtained by setting in model (1.2)

h (U§n+v) = Osnto; fo (esn-i-v—j) = @ (U) ‘l'ﬁj (U) 6s_n+v—j +;5 (U) 6:n+v—j? v (esn-i-v) =0,

for all v € P with 2t =2V 0 and 2= = (—z) V0.

Let 8 (v) := (Bo(v),51(v),.... By (v), 00 (V) ,..cp (V) ;71 (V) ...y 7 (V). The next
corollary presents the SC' of the QM LE.

a.s

Corollary 4.7. If for allv € P, 02 (0) = 62 (0,) , then 0, , =% 0, as n —s co.

Proof. 1t suffices to prove the validity of Assumptions A1-A5. Assumptions (A1l-
A2) are immediate. Note that o2 () = 02 (6,) a.s. for all v € P. Now, just prove
that § = 6,, let the polynomials A, (2) = ijlﬁi (v) 2", Af(2) = Zp:l%- (v) 2" and
B,(z2)=1- i a; (v) 27 have no common root with A, (1) +AF (1) # 0 and o, (v) +
By (v) + 7 (1?)217& 0 for all v € P. By convention, if p = 0, A, (2) = A} (2) = 0 and
B,(z) = 1 for all v € P. It follows from the proof of Hamadeh and Zakoian [12],
Theorem 2.1, that § = 0, thus satisfying A3. Since f (e,) > 0 and g (e,,) > 0, which
implies that (A4) holds and (A5) is realized. This completes the proof. O

Another result shows the AN of the QM LE.

Corollary 4.8. We have

Vi (8, — ) = N (Q.9),

s -1

asn — oo with =4 (1, — 1) (vz::l Ey, {%% (%) %‘é’f (Qo)}) :

Proof. Assumptions (A6-AT) are immediate. The proofs for (A8) and (A9) are
provided in Hamadeh and Zakoian [12] (Theorem 2.1) and Berkes et al. [3] (Lemma

5.7). 0
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