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ON MULTI-HYPERRINGS
A. FAYAZI | T. NOZARI®, R. AMERI®® AND M. NOROUZI®

ABSTRACT. In this paper, we introduce multi-hyperrings and obtain several related
results. Also, we study the concept of sub-multi-hyperring and different operations
on multi-hyperrings such that intersection, union, direct product, and homomor-

phism, and investigate their main properties.

1. INTRODUCTION

A multiset (a bag or mset) is an extension of the Cantorian set, where the repetition
of elements matters. Yager [15] in 1986 studied the bag structures. Hyperstructures
are extensions of classical (algebraic) structures. Marty [7] defined hypergroup as
a generalization of a group. This “theory” was developed with the contributions of
various authors. For instance, Krasner [6] in 1983, introduced the notion of hyperrings
and hyperfields.

In this paper, we study a new algebraic structure obtained by associating a mul-
tiset with a Krasner hyperring calling it multi-hyperring. Till now, the combina-
tion between multisets and hyper compositional structures has primarily been ex-
plored within the context of hypergroups, establishing the concept of a (fuzzy) multi-
hypergroup. Consequently, utilizing the same terminologies, this association may
arise in future researches. Hence, we extend the previous studies to encompass the
combination of multisets and Krasner hyperrings. This theory holds for its appli-
cability in both mathematics and computer sciences. The present paper has the
following structure: First, we introduce definitions related to multiset and Krasner
hyperring. Then we establish the concept of multi-hyperrings and study some of
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their properties. The last section, focuses on analyzing various operations on multi-
hyperrings. In particular, we show that the intersection (direct product, image) of
two multi-hyperrings is a multi-hyperring. Moreover, multi-hyperrings drawn from
non-commutative Krasner hyperrings could be commutative. Also, we analyze some

homomorphic properties of multi-hyperrings.

2. PRELIMINARIES

Definition 2.1. [5] We display a multiset (mset) M, over the set X, with a function
Cy : X — N, where N represents the set of all non-negative integers. For each
x € X, Cy(x) is the characteristic value of z in A and indicates the number of
occurrences of the element z in A. We denote the set of all multisets over X by
MS(X). A multiset A is a set if Cyy(z) =0 or 1 for all z € X. Let M and N be
two msets over a set X. If Cy(z) < Cn(x), for all x € X, then M is a sub-multiset
(submset) of N. () is a sub-multiset of any multiset. We define the intersection of two
multisets M and N with Cynn(z) = Cy(z) A Cy(z) for all z € X, (A =minimum).
Similarly, we can define the sum M + N and the union M U N.

Example 2.1. [11] Assume that we have several objects non-distinguishable except
for their labels a,b, or c. For example, we have two balls with the label a and one
ball with b, three with c, but no ball with the label d. Furthermore, we refrain from
attaching extra labels to distinguish the two elements. Thus a natural representation
of the situation is that we have a collection {2/a,1/b,3/c}. In this case, we say that

there are three occurrences of ¢, two occurrences of a, and so on.

For a set ) # X and the family of all non-empty subsets of X (P*(X)), we de-
fine a binary hyperoperation on X with + : X x X — P*(X), and call (X,+) a
hypergroupoid. Moreover, if (X, +) is associative, we call it semihypergroup, and if
X=X+a=a+ X,Va € X, we call it quasihypergroup. If (X, +) is both a semi-
hypergroup and a quasi-hypergroup, we call it hypergroup. As it is defined in [8], A
commutative hypergroup (N, +) is called canonical if: (1) there exists an element 0
in N such that for each z in N there exists a unique element 2" in N, denoted by —z,
and 0 € x +2'; (2) z € x +y implies y € z — x, for each z,y,2z € N. As it is proved
in [8], z+ 0=z, for all zin N.
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Definition 2.2. [6] A Krasner hyperring is a triple (R, +,.) which satisfies the fol-
lowing axioms:

Ry : (R,+) is a canonical hypergroup with 0 as its neutral element;

Ry : (R\ {0},.) is a semigroup, and a.0 = 0.a = 0, for all a € R;

R3 : The operation . distributes over the hyperoperation -+, that is, a.(b + ¢) =
a.b+a.cand (b+ c).a = b.a+ c.a, for all a,b,c € R.

If (R,.) is a unitary commutative semigroup, the Krasner hyperring (R, +,.) is
unitary commutative. We say that ) # A C R is a sub-hyperring of R, if b+d C A,
—be Aand b.d € A, Vb,d € A. Let S be a Krasner hyperring. A map h: R — S
is a homomorphism, if (b + d) = h(b) + h(d), h(b.d) = h(b).h(d) for all b,d € R and
h(0) = 0. If (R\ {0},.) is a commutative group, then the triple (R, +,.) is called
hyperfield.

Example 2.2. [6, 9] Let F be a field and G a sub-group of F*. Then F/G forms a
“hyperfield” if the multiplication and the addition are defined as follows: ©G.yG =
xyG, G +yG = {(xp + yq)G : p,q € G}, for all xG,yG € F/G. If F is a ring and
G is a normal subgroup of F*, then F/G becomes a hyperring.

All throughout this paper, we consider X = (X, +,.) as a Krasner hyperring with
the additive identity 0.

3. PROPERTIES OF MULTI-HYPERRINGS

Definition 3.1. Let A be a mset drawn from X. Then A is said to be a (Krasner)

multi-hyperring if for all a, d in X,

(1) /\b6a+d CA(b) Z CA(G) A CA(d) and CA(CLCZ) Z CA(CL) A CA(d),
(2) Ca(—a) > Cu(a).

we denote the set of all multi-hyperrings over X by MHR(X).

Example 3.1. Let X = {0,1,2,3} be a set with,
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0 1 2 3
{oy| {13 | {2 {3}
{1} [ {0, 1} | {3} | {2,3} and a.d=
{2} {5y {0y {1}
{5t {23y | {1} {0 1}

Then (X,+,.) is a Krasner hyperring [14]. Clearly, A = {4/0,2/1,3/2,2/3} is a

2 if a,d € {2,3}

0 otherwise.

L |® | =D+

multi-hyperring over X.

Example 3.2. Consider R = {rG |7 € Ziy} = {T | 7 € Z12}, where G = {1,5,7,11}
1s multiplicative sub-group of units of Z15. Now define on R, the hyperoperation &
and multiplication . by 7 ©5 = {t : (F+5) Nt # O} and 7.5 = a7y. Then, (R,®,.)
is a Krasner hyperring [1] and A = {5/0,2/1,3/2,2/3,4/4,3/6} is a multi-hyperring

over R.

Example 3.3. Let m be a fired element in X. Consider multiset A with Cy(a) =
Ca(m), Ya € X. A is a multi-hyperring over X, and is called the constant multi-

hyperring over X. For any Krasner hyperring X with | X |=n, we can define at least

[l

n” multi-hyperrings over X, based on what happens in this example.

Proposition 3.1. For all multi-hyperring A over X and a € X,
(1) Ca(0) = Cala);
(2) /\den.a CA(CZ) > CA(CL), Vn € N,’
(3) Ca(—a) = Cala).

Proof. Let a € X .
(1) Since A is a multi-hyperring over X, then
Ca(0) > Nde—at+aCald) > Ca(—a) AN Ca(a) > Cy(a).
(2) We have
Naen.aCa(d) = Nacat(n-1)aCa(d) > Ca(a) A (Naem-1)aCa(d))
> Cala) NCa(a) A (Adetm-2aCal(d)) > ...

> CA(G,) A CA(G,) VARSIV CA(CL) = CA(G).
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(3) It is sufficient to prove that,
Ca(a) > Naeo+aCald) = Nacot(—(—a))Cald) > C4(0) A Ca(—(—a))
= Ca(=(=a)) = Ca(—a).

g

Proposition 3.2. Let A be a multi-hyperring over X. N\,c,_, Ca(b) = Ca(0) implies
CA(CL) = CA(d), Va,d € X.

Proof. Let a,d € X. Since A is a multi-hyperring over X,
Cala) = Noe(a-d)+aCa(b) = (Moca-aCa(b)) A Ca(d) = Ca(0) A Ca(d) = Ca(d).
Also
Ca(d) = Ca(=d) = Noe—ar(a-d)Ca(b) > Ca(—a) A (Npea—aCa(b))

> CA(CL) N CA(O) = CA(CL).

Theorem 3.1. For A € MS(X), the following assertions are equivalent:

(1) NpearaCa(b) > Cy(a) N Ca(d) and Ca(—a) > Cala);

(2) Nbea-aCa(b) = Cala) A Ca(d),
foralla,d € X.
Proof. Let a,d € X. If the condition (1) holds, then

Noea—dCa (D) = Nocat(—a)Ca(b) > Cala) N Ca(—=d) > Ca(a) N Ca(d).
Now, if the condition (2) holds, then we have
C4(0) > Npea—aCa(b) > Cala) A Cyla) = Cy(a).

Thus Ca(—a) > Npeo—oC'(b) > C4(0) A Ca(a) = Ca(a). Hence

/\b6a+dCA(b) = /\bea—(—d)CA(b) > CA(CL) N CA(—CZ) > CA(CL) A CA(d)

Proposition 3.3. Let A€ MHR(X). Then Vay,...,a, € X, r € N and r > 2;
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(D) Npear-..—a, Ca(b) 2 Calar) Ao A Calar);
(2) Calay.....ar) > Calar) A ... N Cyla,).

Proof. 1. By induction on the value of n, the assertion is true for n = 2. Assume
that

/\Zeml_m_m_xnCA(Z) > CA(l'l) A CA(ZL‘Q) VANPUVAN CA(:En),

and let 2/ € x1 — x5 — ... — x, — x,41. Then there exists * € 1 — x5 — ... — x,, such

that 2’ € © — x,,1. Since A is a multi-hyperring over X, then
/\z/exfzn_HCA(zl) Z CA(.I') A CA(anrl)-

Using our assumption, it is implied that our statement is true for n + 1.

2. The proof is similar to 1. U

Proposition 3.4. If A is a multi-hyperring over X, then —A is a multi-hyperring
over X, where C_4(x) = Ca(—2x), Vo € X.

Definition 3.2. Let a € X. For A,B € MHR(X), we define A® B and Ao B by
Caopla) =V{Ca(b) NCp(d) : b,d € X,a € b+d}, and Cuop(a) = V{Ca(b) NCp(d) :
b,d € X,a = b.d}, respectively. If a cannot be expressed as above, then Ca.5(a) = 0.

Example 3.4. Let (X,+,.) be that given in Ezample 3.1. Consider two multi-
hyperrings A = {3/0,1/1,2/2,1/3} and B = {4/0,2/1,3/2,2/3} over X. It is clear
that A® B = {3/0,2/1,3/2,2/3} and Ao B = {3/0,2/2}.

Proposition 3.5. For A C B € MHR(X), then for any multi-hyperring K of X,
KOACKOB.

Proof. We have, for a € X
CK@B(CL) = \/{CK(b) A CB(d) : b,d € X,a € b"—d}

> \/{CK(b) /\CA(d) :b,de X,a e b-'-d} = CK@A-

Proposition 3.6. For Ac MHR(X),
(1) A A=A
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(2) —ACAand AC —A and —A = A.

Proof. Let a € X.
(1) Since A is a multi-hyperring over X, then Cx(a) > Ca(b) A Ca(d), Va € b+ d.
Hence Cy(a) > V{Ca(b) NCa(d) : b,d € X,a € b+ d} = Capa(x). Again

OA@A(G) = \/{CA(b) A OA(d) : b,d € X,a eb+ d} > CA((I) N CA(O) = OA(G).
(2) Since C_4(a) = Ca(—a) = Ca(a), the given assertion is true. O

Theorem 3.2. Let A and B be two multi-hyperrings over X.
(1) If C4(0) = Cg(0), then A and B are submsets of A® B;

(2) =(AoB)=AoB.
Proof. (1) Let a € X. Since C4(0) = Cp(0), then
Caopla) = V{C4s(b) NCp(d) : byd € X,a € b+ d} > Ca(0) A Cp(a) = Cpl(a).

Similarly, A C A® B.
(2) Let 2 € X. Then by Proposition 3.1(3), we have

C_(a0p)(a) = Caop(—a) = V{Ca(b) NCp(d) : b,d € X,—a = b.d}
= V{C4(=b) ANCp(d) : b,d € X,a = (=b).d} = Casp(a).

U

Definition 3.3. Let X be a Krasner hyperring with unity 1. If Cy(1) > 0, then
the multi-hyperring A over X is said to be a unitary multi-hyperring. Also, if for all
a,d € X, Cy(a.d) = Cy(d.a), we say that A is commutative.

Example 3.5. Let X = {0,1,2}, and

+| 0 1 2 0|1|2
ol{o}y| {1} {2} o ololo|o
{0 {0 {012 1lo]1]2
2 {2} {0,1.2}| {2} 200(1|2
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Then, (X,+,.) is a Krasner hyperring [2]. Also, X is non-cmmutative, and A =
{4/0,1/1,1/2} is a commutative multi-hyperring.

Theorem 3.3. Let A € MS(X).
(1) If A, = {a € X : Ca(a) > n} is a sub-hyperring of X, for alln € N and
define Cx(a) = Y, cn X4, (@), then A is a multi-hyperring over X;
(2) If A€ MHR(X), then for alln € N, A,, is a sub-hyperring of X.

Proof. Let A € MS(X).

(1) Let a,d € X and Cy(a) = r,C4s(d) = s. Then a € A, and d € A, so that
a¢ A,and d ¢ Agyp, Vn € N. Let r As =1 and so y € A,. Since b € A,, for all
beat+d, NeorqCald) >r =rAs=Cyla) NCa(d), and Cpla.d) >r =rAs =
Ca(a) N Cy(d), and Cy(—a) > r = Cy(a). Thus A is a multi-hyperring over X.

(2) Let a,d € A,. Since A is a multi-hyperring over X, then A, ,Ca(b) >
Ca(a) NCy(d) > n. Thus a+d C A,; because for all b € a+d, we get C4(b) > n and
so b € A,. Also, we have Cy(a.d) > Cy(a) A Ca(d) > n. Hence a.d € A,,. Moreover,
Ca(—a) > Ca(a) > n. Thus —a € A,. Therefore, Vn € N, A, is a sub-hyperrings of
X.

O
Example 3.6. Let X = {0,1}. Consider hyperoperation “+” as:
0+1=14+0={1},1+1={0,1} and 0+ 0 = {0}.
and operation “.” the usual multiplication. Then (X, +, .) is a Krasner hyperring

[13]. Consider the multi-hyperring A = {2/0,1/1} over X. Then A; = {0,1}, Ay =
{0}, and A, =0, n > 3. Moreover, Ay, Ay and A,, n > 3 are sub-hyperrings of X.

Proposition 3.7. Let A,B€ MHR(X). Then —(Ao B),, = (Ao B), , Vn € N.

Proof. Let a € X. Then a € —(A o B), iff C_(aop)(a) > n iff Caop(—a) > n iff
V{CA(D) A Cu(d) : byd € X,—a = bd} > n iff V{Ca(=b) A Ci(d) : b,d € X,a =
(=b).d} > niff Caop(a) > niff a € (A o B),,. Thus the result holds. O

Proposition 3.8. Let A€ MHR(X). Consider
A, ={a € X :Cyla) >0} and A* ={a € X : Cx(a) = Cx(0)}.
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Then A* and A, are sub-hyperrings of X.
Proof. 1t is similar to Theorem 3.3(1). O
Proposition 3.9. Let A€ MHR(X). Then (—A). = A, and (—A)* = A*.

Proof. For all a € X, we have a € (—A), iff C_s(a) > 0 iff C4(—a) > 0 iff Cs(a) > 0

iff @ € A,. Therefore (—A), = A,. Similarly, we can prove another result. O

Definition 3.4. Let A € M HR(X). The nonempty submset B of A is said to be
a sub-multi-hyperring of A, if B € MHR(X). The sub-multi-hyperring B of A is
proper, if A £ B. Moreover, B is said to be complete, if B, = A,.

Example 3.7. Let X be the Krasner hyperring in FExample 3.1. Consider A =
{5/0,3/1,4/2,3/3} and B = {3/0,1/1,2/2,1/3}. Then B is a proper sub-multi-
hyperring of A. Moreover, we have B, = X = A, and so B is complete.

4. OPERATIONS ON MULTI-HYPERRINGS

Proposition 4.1. Let A,B € MHR(X). The intersection of A and B is a multi-
hyperring over X.

Proof. 1t is straightforward. O

Example 4.1. Consider X ={0,1,2,3}, and

0| 1 2 | 3 0|1]2]3
ol{oy| {1} | {2} |{3 olololo]o
1{1} |40, 2| {1, 3} {2 and 1lol1]2]3
2 {2} | {1, 3| {0, 2} | {1} 200|2|2|0
31{3| {2 | {1} |{o} 3103|0|3

Then (X, +,.) is a hyperring [2]. Two multi-hyperrings A = {3/0,1/2} and B =
{3/0,1/3}, and AN B = {3/0} are multi-hyperrings over X, but since
Niessz Cavs(2) =02 1= Caup(3) A Caus(2),
then AU B ={3/0,1/2,1/3} is not a multi-hyperring over X.

Theorem 4.1. Let A,B € MHR(X).



74 A. FAYAZI, T. NOZARI, R. AMERI AND M. NOROUZI
(1) If C4(0) = Cp(0), A*NB*= (AN B)*, ;
(2) A, N B, =(ANB),, foralln € N.

Proof. (1) Since A,B € MHR(X), their intersection is a multi-hyperring over X.
Additionally, A* and B* are sub-hyperrings of X, this implies that their intersection
is a sub-hyperring of X (See Propositions 3.8 and 4.1). Therefore A*NB*, and (ANB)*
are well-defined. If a € A* N B*, then a € A*, and a € B*. Thus Cx(a) A Cp(a) =
C4(0) A Cp(0) and Cynp(a) = Canp(0). Therefore, a € (AN B)*.

Now a € (AN B)*, implies Cy(a) > Canp(a) = Canp(0) = C4(0) ACE(0) = C4(0).
So, by Proposition 3.1(1), we get C4(a) = C4(0), that is a € A*. Similarly, we can
prove that a € B*, so a € A* N B*, which completes the proof.

(2) It is straightforward. O

Proposition 4.2. Let A and B be multi-hyperrings over X and C4(0) = Cp(0). Then
AUB and AN B are submsets of A® B.

Proof. A and B are two multi-hyperrings over X, so Va € X
Caopla) =V{Ca(b) NCp(d) : b,d € X;a € b+ d} > Cy(a) A Cp(0) = Cala).

In the same way, we have Cupp(a) > Cg(a). So Capp(a) > Cyu(a) V Cpla) =

Caup(a). Similarly, we can prove this result for the intersection. O

Theorem 4.2. Let {A; :i=1,2,...} be an arbitrary family of multi-hyperrings over
X. Then
(1) NA; is a multi-hyperring of X, where Cn, a,(a) = NiCy,(a), Ya € X;
(2) U;A;, is a multi-hyperring over X; if for every chain of multi-hyperrings Ay C
Ay C ... (resp. Ay D As D ...), there exists n € N such that A, = A,

Ym > n.

Proof. Let a,b € X and A;, 1 = 1,2, ..., be the multi-hyperrings over the same Krasner
hyperring X.
(1) By Definition 3.1, we get
NoeatdCnia; (b) = Nocara(NiCa; (D)) = Ni(MveatraCa; (b)) = Ni(Ca;(a) A Ca,(d))

= (/\iCAi (a)) A (/\ZCAZ(d)) = CﬂiAi (a> A CﬂiAi (d>
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Moreover,
Chia,(a.d) = NiCy,(a.d) > N(Ca,(a) A Cy,(d))
= (NiC4a,(a)) N (NCa;(d)) = Chya,(a) A Chya,(d).
Also, Cr,4,(—a) = NiCa,(—a) > NCy,(a) = Cr,a,(a).
(2) From hypothesis 3i,, = 1,2, ...s.t. Cy, (a) = Vic;Cy,(a) = Cy,4,(a). Therefore,
NbeatdCua; (D) = NveardCa,, (b) > Ca, (a) A Cy,, (d) = Cua,(a) A Cu,a,(d).

Furthermore, Cy,4,(a.d) = Ca, (a.d) > Cy, (a) A Cy, (d) = Cuy,a,(a) A Cu,a,(d).
Additionally, Cu,4,(—a) = Ca, (—a) > Cy, (a) = Cy,4,(a), and this completes the
proof. If Ay D Ay D ..., then Cy,(a) = V,Cy,(a) = Cu,a,(k) and, by the same

procedure, we can arrive at the result. 0

Definition 4.1. For A € M S(X), we define< A >=({B: B€ MHR(X),A C B},
which implies < A > is the smallest multi-hyperring containing A. Also, we say that
A is generated by two multi-hyperrings if A is the smallest multi-hyperring over X

containing the same two multi-hyperrings, and so on.

Theorem 4.3. Let A and B be multi-hyperrings over X with C4(0) = Cp(0), and
A®B e MHR(X). Then, A® B is generated by A and B.

Proof. Let a € X. Since C4(0) = Cp(0), then
CA@B((I) = \/{CA(b) A CB(d) : b,d € X,CL eb+ d} > CA(G) A CB(O) = CA(CL).

Thus A C A® B. Similarly, B C A ® B. Now, if K is a multi-hyperring over X s.t.
A, B C K, then

Crok(a) = V{Ck(b) NCk(d) : b,d € X,a € b+ d}
> V{C4(b) NCp(d) :b,d € X,a € b+ d} = Capp(a).
Therefore, we have
(4.1) AOBCKOK,

Now, since K is a multi-hyperring over X, then for all a € b+d, Ck(a) > Nep+aCk(a) >
CK(b) AN CK(d), So CK(CL) > \/{CK(b) AN CK(d) : b,d € X,a €eb+ d} = CKQK(CL).
Consequently, K O K ® K, so (4.1) completes the proof. O
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Recall that if X and Y be Krasner hyperrings, then X x Y is a Krasner hyperring

such that 4+ and . on it are defined component-wise.

Theorem 4.4. Let X and Y be Krasner hyperrings, and A € MS(X), B € MS(Y),
such that Cx(0) = Cp(0'), where 0 € X and 0 € Y are the identity elements. Con-
sider Caxp(a,d) = Cy(a) N Cg(d), for alla € X, d €Y. Then A and B are (com-
mutative) multi- hyperrings over X and Y, respectively, iff A x B is a (commutative)

multi-hyperring over X X Y.
Proof. For all (m,t), (k,p) in X XY,

Na,d)e(mt)+k,p) Cax(@; d) = Nadem+ht+p) Caxp(a, d)
= (Naem+rCala)) A (Naet+pCr(d))
> (Ca(m) A Ca(k)) A (Cp(t) A Cp(p))
= (Ca(m) A Cp(t)) A (Ca(k) A Cp(p))

= Caxp(m,t) NCaxp(k,p).

Besides,

Caxp((m,t).(k,p)) = Caxp(m.k, t.p) = Ca(m.k) A Cg(t.p)
> (Ca(m) A Ca(k)) A (Cp(t) A Cr(p))
= (Ca(m) A Cy(t)) A (Calk) A Cp(p))
= Caxp(m,t) A Caxp(k,p).

Moreover,

Caxp(—(m,t)) = Caxp(—m, —t) = Ca(—m) A Cp(—t)
> Ca(m) A Cp(t) = Caxp(m,t).
Therefore A x B € MHR(X x Y). Now, if A, and B are commutative, then
Caxp((m,t).(k,p)) = Caxp(m.k,t.p) = Cs(m.k) A Cp(t.p)
= Cy(k.m) A Cg(p.t) = Caxp(k.m,p.t)

= Caxp((k,p).(m,1)).
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Thus A x B is commutative.

Conversely, for a € A, d € B,

NbeatrdCa(b) = Npcatrd(Ca(b) A Ca(0)) = Npeatra(Ca(b) A Cp(0'))

= /\ Caxp(b,0") = Ap.01e(a,0)+(a,0)Caxp(b, 0)
(5,0")E(atd,0/+0')

> CAxB(a, O/) A CAXB(d7 O/)
= (Ca(a) A Cp(0)) A (Cald) A Cp(07))

= CA(CL) N CA(d) N CB(O/) = CA(CL) A CA(d)

Also,
Cu(a.d) = Cala.d) A C4(0.0) = Cula.d) A Cp(0".0') = Caxpla.d,0'.0))
= Caxp((a,0).(d,0)) > Caxp(a,0) A Caxp(d,0)
> (Cala) A Cp(0)) A (Ca(d) A Cp(0))
= Cala) A Ca(d) A Cp(0') = Cala) A Ca(d).
Moreover,

CA(—CL) = CA(—CL) A CA(O) = CA(—(I) A\ CB(—O,) = CAXB(—CL, —O/)
= Cusn(—(a,0)) > Cuxp(a,0) = Cala) A Cp(0) = Ca(a).

Therefore, A is a multi-hyperring over X. Similarly, B is a multi-hyperring over Y.

Also, if A x B is commutative, then

Cala.d) = Cyla.d) A C4(0.0) = Ca(a.d) A Cp(0.0") = Caxpla.d,0.0)
= Caxp((a,0).(d,0) = Caxp((d,0).(a,0") = Caxp(d.a,0".0)
= Cy(d.a) A Cp(0".0") = Cy(d.a).
Therefore A is commutative on X. Similarly, B is commutative on Y. U
Example 4.2. Let X = Z15/H,Y = {0, 1,2, 3} be Krasner hyperrings with hyper op-
erations and binary operations defined in Example 3.2 and Example 3.1, respectively.

Consider multi-hyperring A = {4/(0H),1/(1H),2/(2H),1/(3H),3/(4H),2/(6H)}
over X and B ={6/0,1/1,5/2,1/3} over Y. We have Ax B = {4/(0H,0),1/(0H, 1),
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4/(0H,2),1/(0H,3),1/(1H,0),1/(1H,1),1/(1H,2),1/(1H,3),2/(2H,0),1/(2H, 1),
2/(2H,2),1/(2H,3),1/(3H,0),1/(3H,1),1/(3H,2),1/(3H, 3),3/(4H,0), 1/(1H, 1),

3/(1H,2),1/(4H,3),2/(6H,0),1/(6H,1),2/(6H,2),1/(6H,3)}.

Definition 4.2. Let h be a mapping from Krasner hyperring X to Krasner hyperring
Y,Ae MHR(X), and B € MHR(Y). We define

wen1@Cal@),  h7Y(d) #£ 0
Cha)(d) = Vast (0, Cala) WA

0, otherwise,

and Cy-1(p)(a) = Cp(h(a)), foralla € X, d e Y. If h(A) = B, A is called homomor-
phic to B (A~ B).

Theorem 4.5. Let h be a homomorphism from Krasner hyperring X to Krasner

hyperring Y.

(1) If A€ MHR(X), then h(A) € MHR(Y);
(2) If B€ MHR(Y), then h™'(B) € MHR(X).

Proof. (1) Let a,d € Y, and b € a+d. If h~'(a) or h~'(d) is empty, the result holds.
Otherwise, dr, s € X such that

Ca(r) = Viw=aCa(u) = Cha)(a) and Ca(s) = Vag)=aCa(l) = Cn(a)(d).

Since h is a homomorphism, then b € h(r) + h(s) implies b € h(r + s). Hence,
Jk € r 4 s such that b = h(k). Since A is a multi-hyperring over X, then

Ch(a)(b) = Viny=oCa(t) > Ca(k) > NoerisCa(b)

> Cp(r) A Ca(s) = Chiay(a) A Criay(d).
Moreover,
Chay(a.d) = Voen-1(a.)Cav) = Calr.s) = Ca(r) A Cals) = Cpay(a) A Chay(d).

Also,

Cha)(—=a) = Vuenr1(—a)Ca(w) = Vien-1(a)Ca(—k) = Vier-1)Ca(k) = Cha)(a).
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(2) Let B be a multi-hyperring over Y. V¢, k € X,

AmeqtkCh1(8) (M) = AmeqskC(R(M)) = Aseh(g)+rt) CB(5)

> C(h(e)) A C(h(k)) = Coor(5(a) A Coor(3) (k).

Moreover,

Ch-1(m)(q-k) = Cp(h(q-k)) = Cp(h(q).-h(K)) = Cr(h(q)) A Cp(h(K))
= Ch—l(B)(q) AN Ch—l(B)(k).

Also, Ch-1(p)(=q) = Cp(h(=q)) = Cp(=N(q)) = Cp(h(q)) = Cr-1(5)(9)-
U

Proposition 4.3. Let p: X — Y and h: Y — Z be homomorphisms of Krasner
hyperrings and A € MHR(X), B€ MHR(Y). Then

Proof. (1) Let d € Z. If h='(d) = 0, then clearly the result holds. Otherwise,

Chipa)(d) = Vien-1(a)Cp(a) () = Vien-1(a)(Vaep-15)Cala))

= Vaethg)-1(@Cala) = Clup)a)(d).
(2) Let ¢ € X. Then

Cino-1(a)(2) = Cal(he)(9)) = Calh(#(q)) = Ch-1(a)(#(9)) = Cop1 (a1 (9)-

n

Theorem 4.6. Let h be a mapping from Krasner hyperring X to Krasner hyperring
Y, A, € MHR(X), and B; € MHR(Y), i,j = 1,2, ... be two arbitrary families of
multi-hyperrings over X, and Y. Then
(1) h(=Ai) = —h(4Ay), and h™'(=B;) = —h~'(B;);
(2) h(Midi) = Nik(As), M(UiA;) = Uih(A;) and h=1(N;B;) = n;h™'(B;), h™1(U; B;y) =
U;h=(B;);
(3) h(A,) = (h(A)), and h~1(B,) = (h"1(B))n, for alln € N.
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Proof. (1) It is straightforward.
(2) Let a € X, and d € Y. We have

Chu;A)(d) = Vaen-1(2)Cu; 4, (@) = Vaen-1(a)(ViCa,(a))

= Vi(Vaen-1(9)Cx;(a)) = ViChray(d) = Cu,nea,)(d).

Also, Cp-1(u, B,)(a) = Cy;B;(h(a)) = V;Cp,(h(a)) = V;Ch-1,)(a) = Cu,n-18;)(a).

Similarly, we can get other results.

(3) Let n € N. If a € h(A,), then a = h(t), for some t € A,. Therefore,
Cha)(®) = Vien-1(0)Ca(b) > Ca(t) > n. Thus a € (h(A)), and so h(A,) C (h(A))n.
Now, if d € (h(A))y, then Chia)(d) = Vyren-1@yCa(r) > n and so C4(k) > n, for some
k € h™'(d). Therefore, k € A,, and so d = h(k) € h(A,). Thus (h(A)), C h(A,). So
equality holds. Now, we have a € (h™!(B)), iff Ch-1(p)(a) > n iff Cp(h(a)) > n iff
h(a) € B, iff a € h™*(B,). Thus the result holds. O

Theorem 4.7. Let h : X — Z, and p : Y — W be homomorphisms of Krasner
hyperrings with A€ MHR(X), Be€ MHR(Y),C € MHR(Z), and D € MHR(W).
Consider hx p: X XY — ZxW by setting (h x p)(a,d) = (h(a), p(d)), Va € X,d €
Y. Then

(1) h x p is a homomorphism;

(2) (h x p)(A x B) is a multi-hyperring over Z x W, where (h x p)(A x B) =
h(A) x p(B);

(3) (hxp) Y (C'x D) is a multi-hyperring over X XY, such that (hxp) ' (C'x D) =
h=1(C) x p~H(D).

Proof. (1) Let (m,t), (k,q) € X x Y.

(h x p)((m,t) + (k. q)) = (h x p)({(s,v) : (s,v) € (m+k,t+q)})
{(h(s),p(v)):seEm+k,vet+q}
(m+k), p(t +q)) = (h(m) + h(k), p(t) + p(q))

(m), p(t)) + (h(k), p(q)) = (h x p)(m,t) + (h x p)(k, q).

(h
(h
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Moreover,

(h x p)((m,1).(k, q)) = (h x p)(m.k,t.q) = (h(m.k), p(t.q)) = (h(m).h(k), p(t).p(q))
= (h(m), p(t)).(h(K), p(q)) = (h x p)(m,1).(h x p)(k, q).

Also, we have (h x p)(0,0) = (h(0), p(0)) = (0,0).
(2) The first result is obtained by Theorem 4.4 and Theorem 4.5. Let (¢,b) be in

Z x W. It (b x p)~'(c,b) is empty, we can easily get the result. Otherwise, we have
(hx p) e, b) = (h x p)(ct,071) = (h(c), p~1(b)). Therefore

ClhxpyaxB)(€,0) = Via.ajehxp)-1(ep)Caxpla, d)
= Via.deh=1(e)p-1)(Cala) A Cp(d))
= (Vaen-1(¢Cala)) A (Vaep—15Cr(d))

= Cha)(c) A Cp) () = Chiayxps) (¢, ).

(3) Similarly, by 4.11 and 4.18, we have the first part. Let (a,d) be in X x Y. If

h=(c) or g7'(w) is empty, we can easily get the result. Otherwise, we have

Cinxp-1(xp)(@,d) = Coxp((h x p)(a,d)) = Cexp(h(a), p(d)) = Co(h(a)) A Cp(p(d))

= Chﬂ(c)(a) A Cpfl(D)(d) = Ohfl(c)xpfl(D)(a, d).

5. CONCLUSION

A hyperring is a system (R, -+, .) which satisfies the ring-like axioms. A well-known
type of hyperrings is the Krasner hyperring. Krasner hyperrings are essentially rings
in which addition is hyperoperation. Also, the theory of multisets is a generalization of
the classical sets theory. In this paper, we combined multisets and Krasner hyperrings
and introduced the notion of multi-hyperrings. We analyzed the main properties
and different operations on multi-hyperrings and obtained several results supported
by examples; Finally, we studied some homomorphic properties of multi-hyperrings.
Multi-hyperrings are helpful in mathematics and computer sciences; In future we will

investigate more properties of multi-hyperrings.
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