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ON TADES OF TRANSFORMED TREE AND PATH RELATED
GRAPHS

A. LOURDUSAMY () AND F. JOY BEAULA

ABSTRACT. Given a graph G. Consider a total labeling £ : V{JE — {1,2,...,k}.
Let e = zy and f = uv be any two different edges of G. Let wt(e) # wt(f) where
wt(e) = |€(e) —&(x) —&(y)|. Then ¢ is said to be edge irregular total absolute differ-
ence k-labeling of G. Then the total absolute difference edge irregularity strength
of G, tades(G), is the least number k such that there is an edge irregular total
absolute difference k-labeling for G. Here, we study the tades(G) of T)-tree and

path related graphs.

1. INTRODUCTION

All the graphs considered here are finite, simple and undirected. The vertex set
and the edge set of a graph G are denoted by V(G) and E(G) so that the order
and size of G are |V(G)| and |E(G)| respectively. The numerous concepts that
emerge when studying graph theory, which has received great interest, particularly
in graph labeling, the labeling of graphs provides mathematical models with value for
a wide variety of applications in technology (astronomy, cryptography, data security,
telecommunication networks, coding theory, etc.). Consider the total labeling ¢ :
VUE — {1,2,...,k} where wt(uv) = &(u) + &(uv) + £(v) and all the edges have
distinct weights. Then ¢ is total edge irregular k-labeling of G. The total edge
irregularity strength, tes(G), of G is the least number k for which we can construct
a total edge irregular k-labeling. It was introduced by Baca et al. [1]. To know more

about tes(G), the reader can go through [3, 4, 14, 15, 16, 18, 19]

2010 Mathematics Subject Classification. 0578.

Key words and phrases. Total absolute difference edge irregularity strength, 7),-tree, Key graph.
Copyright (©) Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.

Received: Nov. 7, 2022 Accepted: April 2, 2023 .
129



130 A. LOURDUSAMY AND F. JOY BEAULA

Ramalakshmi and Kathiresan [17] introduced the concept of total absolute differ-
ence edge irregularity strength of graphs to reduce the edge weights. Consider a total
labeling £ : VJE — {1,2,...,k}. Let e = xy and f = uwv be any two different edges
of G. Let wt(e) # wt(f) where wt(e) = |{(e) —&(x) —&(y)|. Then £ is said to be edge
irregular total absolute difference k-labeling of G. Then the total absolute difference
edge irregularity strength of G, tades(G), is the least number k such that there is a
graph GG with edge irregular total absolute difference k-labeling.

Theorem 1.1. [17] The tades(G) satisfies {@—‘ <tades(G) < |E| + 1.

Lourdusamy et al. [7] have computed the tades(G) for triangular snake, quadrilat-
eral snake, helm, closed helm, web graph, flower graph, gear graph, lotus inside the
circle and double fan graph. Also, they have obtained the tades of T)-tree graphs
like T@Pn, TOK 1y I 6Cn and T'® nK; in [8]. Lourdusamy et al. [9] discussed the
tades(G) for super subdivision of comb, super subdivision of bistar, super subdivi-
sion of ladder, P, ® mK;, L, ® mK, zigzag graph and grid graph. Also they have
obtained the tades of staircase graph, disjoint union of grid graph and disjoint union

of zigzag graph in [10].

Definition 1.1. [2] Consider a tree T" with two adjacent vertices uy and vy. Assume
that there are two pendant vertices u and v in T with the property that the length of
up—u path is equal to the length of vg—v path. An elementary parallel transformation
(ept) is defined as the removal of the edge ugvy from 7" and adding the edge wv in T

Here the edge ugvy is called transformable edge.

If T' can be transformed to a path by a sequence of ept’s, then 7" is called a T)-tree
(transformed tree) and the sequence of ept’s is a composition of mappings (ept’s)
denoted by P which is called a parallel transformation of T'. Here P(T') is the path
which is nothing but the image of 7" under P.

Definition 1.2. [13] Assume G; and G5 be two graphs. A graph G16G2 is derived
from G, and |V (G;)| copies of G5 with the operation that one vertex of i copy of
G is identifying with i** vertex of G;.
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FIGURE 1. A T)-tree and a sequence of two ept’s reducing it to a path

/I\

/I

FIGURE 2. Gy O Gy

Definition 1.3. [12] An armed crown is a cycle attached with paths of equal length
at each vertex of the cycle. It is denoted by C,, & P, is a path of length n — 1.
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FIGURE 3. CL, & P4

Definition 1.4. [12] A quadrilateral snake @, is obtained from a path vy, ve, -+, v,
by joining v;, v;11 to new vertices u;, w; for every ¢ = 1,2,---  n — 1 respectively and

then joining u; and w;. That is every edge of the path is replaced by a cycle Cy.

Definition 1.5. [12] Duplication of a vertex v by a new edge e = uywy, in a graph

G produces a new graph G' such that N(uz) N N(wi) = vg.



132 A. LOURDUSAMY AND F. JOY BEAULA

FI1GURE 5. Duplication of a vertex by an edge

Definition 1.6. [11] Duplication of an edge e = uv by a new vertex w in a graph G

produces a new graph G such that N(w) = {u,v}.

1 ) ug Uy us
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Wy W W3 W1

FIGURE 6. Duplication of an edge by a vertex

Definition 1.7. [5] The key graph is a graph obtained from K, by appending one
vertex of C,, to one end point and comb graph P, ® K; to the other end of Ks. It is
denoted as K'Y (m,n).
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FIGURE 7. KY(4,3)
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Definition 1.8. [6] The H-graph of a path P, is the graph obtained from two copies
of P, with vertices vy, vg,- -+, v, and uq, us, - - - , u, by joining the vertices if U1 and

Unt1 by an edge if n is odd and the vertices vz and uz by an edge if n is even.

M1 bl
¥ b
3 U3
Y4 Yy
%5 5

FI1GURE 8. H graph

2. MAIN RESULTS

In this section, we discuss the total absolute difference edge irregularity strength

of T)-tree related graphs and H graph.

Theorem 2.1. Let m be an even integer. Let T" be a T)-tree on m vertices. Then

tades(T) = .

Proof. Let T be a T),-tree T" on even m vertices. We can find a parallel transformation
P of T" which will satisfy the following
(i) V(P(T)) = V(T)
(ii) E(P(T)) = (E(T) = E) U E,.
Here P(T) is the path; E; is a collection of edges removed from T'; The E, is a
collection of edges newly introduced by the sequence P = (Py, Py, -+, Py) of epts
P that have been used to reach path P(T). Obviously, E; and E, have the same
number of edges. We use the label aq, as, - - - , o, successively beginning at a pendant
vertex of P(T') and proceeding to the right up to the other pendant vertex to write
the vertices of P(T).

By Theorem 1.1, we have tades(T) > % . Let us now prove the converse part. De-

fine £ : VJE — {1,2,3,..., %} as follows:



134 A. LOURDUSAMY AND F. JOY BEAULA

T—ng if risodd
For1<r<m &(ay) =

5 if riseven; .

Elaparyy) =2, 1 <r<m-—1.

For 1 <r < s < m, a,a, be a transformed edge in T'. Consider P; to be the ept ob-
tained by removing «,.as and including o, a5y where t = d(a,., o 14) = d( s, s_y).
Take P as a parallel transformation of 1" where P, as one of the constituent epts.
Obviously the edge o,y isin P(T). Sor+t+1=s—tand thus s =r+2t+ 1.
Clearly, s and t have opposite parity.

The weight of a,.c is
wt(o,ag) = wt(oagroi11)

= |€(arar+2t+1) - 5(047») - g(ar+2t+l)|

=r+t—1
The weight of o,y i

Wty 1t —1) = W14y 141)

= |§(rirpir1) — E(Qrge) — §(Qryir)]

=r+t—1.

The above argument implies that wt(a,.a;) = w1 osy).
The edge weight is
wt(opa,) =r—1, 1 <r<m-—1;

So, tades(T') < g. Note that the edge weights are distinct. Hence tades(T) = %. O

Theorem 2.2. For a T)-tree T' on m vertices, we have tades(TOQ,) = [Amndm=l]

Proof. Consider a T),-tree with m vertices. Then there is a parallel transformation P
in T,

(i) V(P(T)) = V(T)

(i) E(P(T)) = (E(T) — Ea) U E,.

Here Ej is the collection of edges deleted from T'; E, is the collection of edges newly
added using the sequence P = (Py, P, -, P;) of the epts P which have been used
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to form P (7). Obviously, we have the same number of edges for E; and E,. We take
b1, by, - -+, by, successively beginning at a pendant vertex of P(7T") and ending at other
pendant vertex as the vertices of P(T"). Let aj,a3,--- ,a},a’ (1 < s < m) be the
vertices of s copy of @, with af,; = bs. Then V(TOQ,) ={at:1<r<n+1,1<
s<m}U{atyt 1 <r<n1l<s<m}and B(TOQ,) = E(T)JE(Q,). Note

that ’V(T@Qn) = 3nm + m and ’E(T@Qn) =4mn+m — 1.

By Theorem 1.1, we have tades(TOQ,) > [4mndtm=l1" For the reverse inequal-

ity, we show that tades(TOQ,) < [4mndm=11 " Define £ : V(TOQ,)JE(TOQ,) —

{1,2,3,..., [Amedm=111 as follows:
(

1 if r=1

(r—12 if 2<r<n+1;
\

For1<r<n+1,
(

£(a) %ﬁ—l—%r—l) if sisoddand2<s<m
a,) =
W—Q(r—l) if siseven and 2 < s <m.

£(by) = €(as,).

For 1 <r <n,

(

) W—FQT for soddand 1 <s<m
Ty) =
@_QT for s even and 1 < s < m;

\
4

W—FQ(T—D—FI if sisoddand1<s<m

§(yy) =
w-2r+l if siseven and 1 <s <m;
\
g(bsbs—i-l) =1, 1<s<m-—1;
(
2 if r=1
£(apry) =

1 if 2<r<nm;
\
Elatxt)=1,2<s<mand 1 <r <m;
(
2 ifr=1

E(ayyy) =
1 if 2<r<n

\
laiys)=1,2<s<mand 1 <r<mn;

E(xiai) =E&(yal) =1, 1<s<mand 1 <r <n.
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Let b.bs be an edge which is transformed in T', 1 < r < s < m. Let P; be the ept
obtained by deleting b,bs and adding b, ;bs_; where t = d(b,,b.1;) = d(bs,bs_¢). Let
P be a parallel transformation in 7" which has P; as one of the constituent epts. Note
that the edge b,44bs_; isin P(T). Sor+t+1=s—tand so s = r+ 2t + 1. Clearly,
r and s have opposite parity.

The weight of b,.bs is given by

wt(brbs) = wt(bfb,urgt“)
= |§(brbr+2t+l) - g(br) - g(br+2t+l)|

=(An+1)(r+t)— 1
The weight of edge b,,:bs_; is given by

wt(br—i-tbs—t) = 'LUt(br—l—tbr—i-t—i-l)
= |€(br+tbr+t+1) - g(br’-i-t) - g(br—i-t—i-l)

=dn+1)(r+t)— 1.

Therefore, wt(b.bs) = wt(b1bs_¢).
The edge weights are calculated below.
for1 <r<mn,
wt(bsbsi1) :((471 +1)s—1, 1<s<m-—1,;

(An+1)(s—1)+4r—3 if sisoddand 1 <s<m
wit(ajz;) = 4
(An+1)s —4r +1 if siseven and 1 <s < m;
\
(

)
(An+1)(s—1)+4r—4 if sisoddand 1 <s<m
wt(ayyy) = 9
)

(An+1)s —4r 42 if siseven and 1 <s <m;
\
)
(An+1)(s—1)+4r—1 if sisoddand 1 <s<m
wt(zazy,) =
(An+1)s —4r —1 if siseven and 1 <s <m;
\
(
(An+1)(s—1)4+4r—2 if sisoddand 1 <s<m
U)t(yiaf«ﬂ) =
(4n +1)s —4r if sisevenand 1 < s <m.
Hence tades(TOQ,,)) = (4mn+m L]. O

Theorem 2.3. For the H-graph G, we have tades(G) = n
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Proof. Let V(G) = {a,.,fr: 1 <r <n} and

E(G): {arar’-i-laﬁrﬁr-i-l 1 Srgn_l}u{anTﬂ/BnTﬂ} if n is odd

{arap, Brpr+1:1<r<n-1}U{an; B8z} if niseven .
By Theorem 1.1, tades(G) > n. We now prove the reverse inequality. The labeling
E:VUE — {1,2,3,...,n} is defined as follows:
For 1 <r <n,

% for r odd
(o) =

5 for r even ;
5(67“) =n- LT_;lJ )

E(apapg1) =2, 1 <r<n-—1,;
§Brfria) =2, 1<r<n-—1,

Fix g(anTﬂ/Bn_H) = 2, for odd n.

2

2 if n #Z 0(mod 4)
)= for even n.
3 if n=0(mod 4),

The edge weights are

Fix f(agﬂﬁ

[SIE]

wt(apapi) =r—1for 1 <r<n-—1;

wt(Bpfri1) =2n—r—1for 1 <r <n-—1.

Clearly, wt(anTHﬁnTH) =n — 1, for n odd.
And wt(ani1fn) =n — 1, for n even.
Clearly, tades(G) < n. Note that the edge weights are different. Hence tades(G) =
n. 0

3. MAIN RESULTS FOR PATH RELATED GRAPHS

In this section, we investigate total absolute difference edge irregularity strength

of path related graphs.

Theorem 3.1. Form a graph G by duplicating each vertex by an edge in the path

P,. Then tades(G) = [*-1] .
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Proof. Let V(G) = {a,,a,,a, : 1 <r <n} and

E(G) ={a.,ava,, ara, : 1 <r <n}U{apa,q:1<r<n—1}.

By Theorem 1.1, we have tades(G) > {%w Let us now prove the reverse inequal-
ity. The labeling ¢ : VJE — {1,2,3,..., (4”2_1-‘} is defined below.

For 1 <r <n,

(

2r (when r odd)
{(ar) =

2r —1 (when r even) ;

£(a,) =2r — 1,
(
2r —1 (when r odd)

§la,) =
2r (when r even) .
Elapapy) =2, 1 <r<n-—1;
for1 <r<mn,
é(apa,) =2,
. 1 (when r odd)
g(aT’ar) =
2 (when r even) ;
(
. 2 (when r odd)
(o) =
1 (when r even) .

We arrive at the Weighf of the edges:

wt(apop,g) =4r—1, 1 <r <n-—1;

forl1<r<n )
) 4r — 3 for r odd
wt(aa,.) =
4r — 4 for r even ;
. 4r —2 if ris odd
wt(apa, ) =
4r —3 if ris even ;
;
o, dr —4 if ris odd
wt(o,a,) =
4r — 2 if ris even .

Clearly, tades(G) < ]_4"2—_1-‘ Hence tades(G) = (%-‘ as the edge weights are dis-

tinct. 0
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Theorem 3.2. Form a graph G by duplicating each edge by a vertex in path P,.

Then tades(G) = [22-2] .

Proof. Let V(G) ={a,: 1 <r<n}U{B.:1<r<n-—1}and

E(G) ={afr, ari1fr, gy 1 1 <7 < — 1}

Clearly tades(G) > [22-2] (Theorem 1.1). Let us proceed to derive the reverse in-
equality. We define the labeling £ : VJFE — {1,2,3,..., (3"2_3-‘} as follows.

Case 1. n is odd.

(

1 (r=1)

(o) =<32 forrevenand 2<r<n
3 forroddand2<r<n;

(3”_% forr oddand 1 <r<n-—1

§(6r) =

3—2’" forrevenand 1 <r<n-—1;
2 (r=1)
lonfBr) =<2 forreven2<r<mn-—1

1 forroddand 2<r<n-—1;

2 (risevenand 1 <r<n-—1).
Below we give the calculation of the weight of the edges.

Fori1<r<n-1

wt(arar—i-l) =3r— 2;
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wt(a,.fr) = 3r — 3;
wt(a,416,) = 3r — 1.
Clearly, tades(G) < [2%-2]. Note that the edge weights are distinct. Hence tades(G) =
(Mw O
=

Theorem 3.3. For Key graph KY (m,n), tades(KY (m,n)) = [2£22].

Proof. Let Hy = C,,, Hy = P, ® K;. The vertex set of KY(m,n) is {v, : 1 <r <
m} | J{us, ws : 1 < s <n} and edge set of KY (m,n) is {0,041, U1, Vg - 1 <17 <
m— 1} U{usust1 1 < s <n—1} [ JH{usws : 1 < s <n}. The graph H; has m edges
and Hj has 2n—1 edges. Therefore K'Y (m, n) has m+2n edges. By Theroem 1.1, we
have tades(KY (m,n)) > [242%]. We now proceed to derive the reverse inequality.
We construct & : VI JE — {1,2,---[™£22]} as follows:

for 1 <r <m,

T’T“ for r odd
g(vr) =

% for r even .
Case 1: m is odd.
For 1 < s <mn,

+s—1 forr odd
+ s for r even ;
+5 for r odd
+s—1 forreven.
Case 2: m is even.

E(ug) =&(ws) =5 +5, 1 <s<n.
In both the cases the edge labelings are,

2 if 1<r<[2
g(vrvr—i-l) = ’—2-‘
1 if [2]+1<r<m-—1;

E(Vmvr) = E(vmur) = 1;
E(ususrr) =1, 1 <s<n-—1;
E(usws) =1, 1 <s<mn.

We arrive at the following edge weights.
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-1 f1<r< |2
wt(v,v.41) = g 1 _T_b-‘

Note that the edge weights are distinct. Hence tades(KY (m,n)) = [2£22]. O
Theorem 3.4. For C,, © P,, tades(C,, © P,) = [%-‘

Proof. Let ay,, asy, -+ - Gy be the vertices of the cycle C), and aqy1a12 - - - a1y, G21092 - - - Aoy
C A 1Qme * Gy De the vertices of the path P, attached with a,.,, by identifying a,,
with a,, for 1 <r <m, 1 < s < n. Therefore, C,, © P, have mn edges and mn ver-
tices. By Theorem 1.1, tades(C,, © P,) > [%2]. Define £ : VJE — {1,2--- [22]}
as follows:

Let 1 <r <m,

Case 1. n is o@d,

nil _ fs=d] forr odd and 1 < s < n,

g(ars) -

\ {_"(’“2_1)-‘ + %] forrevenand1<s<n;

Case 2. n is even,

%—L%J for 7 odd and 1 < s < n,
§(ars) =

"(T;” +[£] forrevenand 1 <s<n;

Now we assign the labels for edges.
E(arnarir,) =2, 1 <r< LmT—IJ :
E(arntri1n) =1, [ 22| <r <m—1;
§(mna1n) = 2;
E(arsrsr) =2, 1<r < |Z]and 1 <s<n—1;

§(arsars+1):1,{m7+q <r<m-landl1<s<n-—1.

Below we give the calculation for the weight of the edges:

nr—1 forl<r< LmT_lJ
wt(arnar—l—ln) =

nr foerT“JSTSm—l;
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nm—n

5 for m odd

wt(amnaln) =

=t — 1 for m even;

forlﬁrSL%J and 1 <s<n-—1,

.
nr—s—1 for r odd
Wt(arsars—i-l) -
n(r—1)+s—1 forr even;

for [m—“wgrgm—landlgsgn—l,

2
.

nr—s for r odd
Wt(arsars—i-l) -
n(r—1)+s for r even.
\
Hence tades(Cp, © P,) = [22] as the the edge weights are distinct. O
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