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GENERALIZATION OF OSTROWSKI’'S TYPE INEQUALITY VIA
RIEMANN-LIOUVILLE FRACTIONAL INTEGRAL AND
APPLICATIONS IN NUMERICAL INTEGRATION, PROBABILITY
THEORY AND SPECIAL MEANS

FARAZ MEHMOOD *1:2) AND AKHMADJON SOLEEV(®)

ABSTRACT. We apply Riemann-Liouville fractional integral to get a new general-
ization of Ostrowski’s type integral inequality. We may prove new estimates for the
remainder term of the midpoint’s, trapezoid’s, & Simpson’s formulae as a result
of the generalization. Our estimates are generalized and recaptured some previ-
ously obtained estimates. Applications are also deduced for numerical integration,

probability theory and special means.

1. INTRODUCTION

In the development of mathematics, inequalities are one of the most powerful tools.
From two decades back, scholars researched on fractional calculus because of its
importance in inequalities.

We quote from [3],

“The subject of fractional calculus (that is, calculus of integrals and derivatives
of an arbitrary real or complex order) was planted over 300 years ago. Since that
time the fractional calculus has drawn the attention of many researchers in. In recent
years, the fractional calculus has played a significant role in many areas of science

and engineering.”
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Due to worth of fractional integral inequalities, many scholars have mentioned
certain generalizations of fractional integral inequalities (see [2, 21, 22, 23]).

In 1938, A. M. Ostrowski was a Ukrainian mathematician, who had presented an
inequality in his article [19]. Since then this inequality is called an Ostrowski inequal-
ity and this result had obtained by applying the Montgomery identity. A number of
researchers have written their articles [1, 7, 8, 15, 17] about generalizations of Os-
trowski’s inequality in the past some decades. Ostrowski’s inequality has been proved
to be a huge and remarkable tool for the enlargement of various fields of mathemat-
ics. Inequalities including integral which create bounds in the physical quantities,
are of great significant in the sense that these types of inequalities are not only used
in integral approximation theory, operator theory, nonlinear analysis, numerical in-
tegration, stochastic analysis, information theory, statistics and probability theory
but we may also see its applications in the several branches of physics, engineering
and biological sciences. We refer to the readers [4, 11, 12, 13, 16, 18] for some recent
contributions to the study of Ostrowski’s inequality.

S. S. Dragomir et. al. derived the generalization of Ostrowski’s type inequality in

[9] which is as follow:

Proposition 1.1. Let g : [j, k] — R be continuous on [j, k| and differentiable on
(j, k) & whose deriwative ¢ : (j, k) — R is bounded on (j,k), where ||¢'||lc =

suprefjng'(T)| < co. Then,

(4) +g(k‘)}
2

/jkg(f)dT— [9(9)(1—>\)+)\9 (k_j>'

LItk

(L < [i(k—j)?(ma -0+ (o-15)

!/
19" o

for all A € [0,1] and j + A(*52) < 0 < k — A(A52).

By applying (1.1), the scholars obtained estimates for the remainder term of the
midpoint’s, trapezoid’s, & Simpson’s formulae. They also gave applications in special
means and numerical integration.

We need here to define Riemann-Liouville fractional integral(RLFI) (see[10]) for

proving our next main result in the second section.
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Definition 1.2. The RLFI operator of order v > 0 is stated as

Jg(0) = ﬁ/ 0 — 1) g(r)dr,

J79(0) = g(0),

and gamma function I'(y) is stated as

r@y:/ 0 1e~0dp.
0

In the given article, we would prove a perturbation via RLFT of (1.1). Using ob-
tained inequality, we would get some tighter error bounds for the midpoint’s, trape-
zoid’s and Simpson’s quadrature formulae and for probability theory. Similar per-
turbed inequalities without RLFT are also considered in [5, 6]. In section 3, 4 and 5,
we would give applications in numerical integration, probability theory and special

means respectively.

2. GENERALIZATION OF OSTROWSKI’S TYPE INEQUALITY VIA RLFI

Under present section we would give our results about Ostrowski’s type inequality

via RLFI which are as follow:

Theorem 2.1. Let J C R and j,k € J,j < k. If g: J — R is differentiable function
such that M < ¢'(1) <N, V 7 € [4, k], for some constants M, N € R, then

(1= 209(0) - E L r ) 000 + 5= ) + 1 (P(6. g()
SO (0- 155 ) - < - ((k -
(2.1)

N+M ((k—J) 2 2 1 j+k\?
) (e g (o222

holds. Where j+ MN*52) <0 <k — A\(%5L) and X € [0,1].

J
2
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Proof. For the sake of proof we state the fractional Peano kernel as;

T—<j+Ak%>, if elj,0),
(k—0)—

22 PO.7) =5

L(v)

T (k—Ak%), if T el0,k).

Applying RLFI operator and by parts formula of integration, obtain

1 k
RPOR) = 5 [ k=) PO ()i
— (1 \)g(6) (’f( - f);;”r<7>J;g<k>
2.3) b S )+ 5 (PR (h)
It is clear that
1 [* j+k -
(2.4) 5 / PO, 7)dr = (1— ) (e _ T) (k—0).
Suppose C' = 242 From (2.3) and (2.4), it follows that
L L) — Cldr
o / P(O,7)[(k - 7)~'g/(7) - Cld
= (1= g - LT a)
)‘(k_e)l_ﬁ/ 0, (s 7-1
+ Wjjg(]) +J] 7 (P(0,k)g(k))
j + k 1—y
(2.5) —C(1- N (9 - T) (k — ).

Another way we have

(2.6) ﬁ /j PO, )k — )¢/ () — Cldr
1 y—=1_/ g
< g5y gk = 1) = - [P
Since
@27) max |(k — 7Y=L g/() — C| < (k — jy—' M — C,
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further we have

/ P@.7)dr = (k- 6)""T(y)

Using (2.6) to (2.8) we may written as
I v M
W[ P(0,71) [(/{5—’7‘) g'(7) 5 } dr
< (k—0) ((kz L Sm)
(2.9) « (@[AMQ—A)?H (kij) (e—j;k‘) )
Using (2.5) to (2.9) we easily obtain our required result (2.1). O

Remark 2.2. 1f put v = 1 in Theorem 2.1, then we recapture the Theorem 2 of [24].

Remark 2.3. If put A = 0 in (2.3) of Theorem 2.1 and after some rearrangements,

then we recapture the Montgomery fractional identity (see Lemma 3.1 of [2]).

Remark 2.4. If put v = 1 in (2.3) of Theorem 2.1, then we recapture the Montgomery
identity with parameter (see equation (2.2) of Theorem 2 of [9]).

Corollary 2.5. Let the supposition of Theorem 2.1 be true, then

o0~ E =000 709+ 077 (PO Ko
Bl (9 - #) (k—0)'=| < (k—0)'~ ((k s m)

(k — j) 1 j+k\
(2.10)><< 1 +(k_j)<9—7)>,

holds and specially

(t)l—v

J+k 3
(k—J)

2

D) 5g(k) + 77 (P Ry (h)

< (k;j) (k;J) o <(/€_j)w—1m_m;sm>'

(2.11)

g( ) —
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Proof. By putting A = 0 in (2.1) we obtain (2.10) and 6 = % in (2.10) we obtain
(2.11). O

Remark 2.6. If put v = 1 in (2.10) of Corollary 2.5, then we recapture the result
(2.10) of Corollary 1 of [24].

Remark 2.7. If put v = 1 in (2.11) of Corollary 2.5, then we recapture the result
(2.11) of Corollary 1 of [24].
Corollary 2.8. Let the supposition of Theorem 2.1 be true, then

(59 (45 itk

212) | = T alk) + g ) + 1 (P >g<k>>‘
(k—j) (k=3\"" e, A
= < 2 ) (Uf_‘m N-— )
Proof. By putting A =1 and 6 = # in (2.1) we obtain (2.12). O

Remark 2.9. If put v = 1 in (2.12) of Corollary 2.8, then we recapture the result
(2.12) of Corollary 2 of [24].

Corollary 2.10. Let the supposition of Theorem 2.1 be true, then

9(0) (k- 9)1_%(7)@9@) + %Jfg(j) + 77N (P(0, k)g(k))

2 (k=)

LS.V ELA P

4

N+m\ ( (k—j) 1 J+E\
(213) —— )( < +<k_j)(9— 5 ))

holds and specially

< (k—0)™ ((k —

g(BEy () . e S
SR L(v)J]g(k) + Wjjg(y) +J; (P(T,k;)g(kj))‘
(e

Proof. By putting A = % in (2.13) we obtain (2.13) and § = % in (2.13) we obtain
(2.14). O
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Remark 2.11. If put v = 1 in (2.10) of Corollary 2.10, then we recapture the result
(2.13) of Corollary 3 of [24].

Remark 2.12. If put v = 1 in (2.14) of Corollary 2.10, then we recapture the result
(2.14) of Corollary 3 of [24].

Corollary 2.13. Let the supposition of Theorem 2.1 be true, then

39000~ S 0) )+ (S () + 4 (P, D (k)
SO (0= R - oy | < - o ((k gy

N+M\ [(5(k—j) 1 i+ k\°
(215) —— )( 36 +(k—j)<9_T)>’

holds and specially

20(5) () (D oiiy 4 ot pd tE
_ T g 2/ g0 -lepl T
3 0= 7) ()] g(k) + 6k _j)l_,yJ]g(J) + J 7 (P( 5 )g(k))
5(k—34) (k—j\ " e UM

: < _ oyl — _
(2.16) <= ( 5 (k=3 N = —
Proof. By putting A = % in (2.1) we obtain (2.15) and 0 = Ik in (2.15) we obtain
(2.16). 0

Remark 2.14. If put v = 1 in (2.15) of Corollary 2.13, then we recapture the result
(2.15) of Corollary 4 of [24].

Remark 2.15. If put v = 1 in (2.16) of Corollary 2.13, then we recapture the result
(2.16) of Corollary 4 of [24].

Remark 2.16. Inequalities (2.11), (2.12), (2.14) and (2.16) are generalized and better
estimates than the corresponding estimates presented in [9] and further that above
said estimates are generalization of the corresponding estimates which are obtained
in [24]. For example, consider the following inequality, obtained in [9]:

% {g(j) +4g (j%k) +9(k¢)] - /jkg(T)dT °

< o (k= 3)%1g'llc-

(2.17) %
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If choose

N = sup ¢'(7), and M= inf ¢'(7)

TE[4,k] TE[4,k]

then (m;;n) < ||¢'l|lo0 When v = 1. Therefore, (2.16) is generalized and better than
(2.17). In fact, if sgn M = sgnN and M ~ N, then (2.16) may be much better than
(2.17). It is also generalized and better than a corresponding inequality got in [20].

Remark 2.17. Note that the simple three-point quadrature rule that is given in (2.14)
has a better estimate of error than the well known three-point Simpson’s quadrature

rule is given in (2.16).

3. APPLICATIONS TO NUMERICAL INTEGRATION

We restrict further considerations to the trapezoidal quadrature rule. We also
emphasize that similar considerations may be done for all quadrature rules considered
in the previous section.

Suppose I, = {j =6y < 0; < ... < 0,1 = k} be given sub-division of the [j, k],
where ;.1 — 0; = h. If we apply Theorem 2.1 to the [0;,60;,1] with A = 1 & sum over

1 from 0 to m — 1, then we acquire the composite trapezoidal rule

h

(5.0 (3) TG00 = @rlo. ) + Exle)

where

m—1 @ 1.
Zh[ ) a0+ J;*(P(%,em)g(m»].

(2

Using triangle inequality then get

m- 1 . .
(3.2) |Er(g)| < Z% <_) (m—lfﬁi _ %)

L) (e ).

g(r), M<g'(r) <N

, .
where we choose M; = max, ¢, 9,,, 9'(7), M; = min-¢jp, 0,.,] 9

V 1 € [j, k]. The following classical estimation is given by [24]

(3:3) Er(g)] < 190l g s,
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The following inequality is the fractional form of (3.3) .

3a) |l < = (R <<k—j>v—1m_ ‘3‘*9’*)

6m? 2 2

Note that we can apply (3.4) only if g € C?[j, k], while we may apply (3.2) if g €
C'[j, k]. Hence, the above obtained result enlarges the applicability of the trapezoidal
rule.

Moreover, we may find a consequence of Theorem 5.3.2 of [14] which for the trape-

zoidal formula gives
AN
83) ot |Qatat)— (5) 1000

-G () <<k -2 ”ﬁ) )~ o)

if g € C?[j,k|]. This consequence characterizes the order of convergence of the com-

posite trapezoidal rule. From (3.5), it follows

(36) Tim m [QT<g,fm> -(3) rwzg(k)] 0,

if g € C?[j,k]. Using inequality (3.2), we may acquire a stronger consequence.

Namely, we may derive that (3.6) holds for functions which belong to C'[j, k].
Theorem 3.1. Let g € C*[j, k]. Then (3.6) holds.

Proof. Let M; = max.eg;0,,,) 9'(7), M; = min e, 0., ¢ (7). Since g € C'[j, k], it
follows that there exist (;,<; € [0;,6;41] such that 9t; = ¢'(¢;) and M; = ¢'(s;). From
(3.1) and (3.2) we get

37) m [@T@,Im) -(3) ﬂrw;g(k)]
<1 (%)) ((k iyt ‘ﬂ;fm) > 26 o)

Since ((k —j)/m) 3" ¢'(G) and ((k — j)/m) 375" ¢'(s;) are Riemann sums, we

have

(3.8) lim (

m—00 m ¢ m—00 m
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Thus, (3.6) holds. O

The consequence obtained in the above theorem characterizes the order of conver-

gence of the composite trapezoidal quadrature formula for functions which belong to

Clj, k.

Remark 3.2. If put v = 1 in Theorem 3.1, then we recapture the result of Theorem
3 of [24].

4. APPLICATIONS TO PROBABILITY THEORY

Suppose random variable ‘Z’ be continuous with probability density function g :
[7,k] — [0,1] & cumulative distribution function @ is introduced and defined by us,
ie,

0 . L
R R D
J

Ep(Z) = T()J " (kg(k)) = / r(k — 7y 2g(r)dr,
k
Ep(Z) = T (kg (k) = / r(k — g (r)dr,

k
if vy =1, then E(Z) = / Tg(7)dT
J

are the fractional expectation of random variable ‘Z’ in interval [, k]. Then we can

write the following theorem as:

Theorem 4.1. Let the suppositions of Theorem 2.1 be true. Then get the following

k—0)77 <(V CVEn(Z) - Efg(Z)) + %Jf‘bw

(1= X)2(0) ~ T

v pemak) - 2Ty (9 R ]%k) (k=0 < (k=0)""

2

(4.1)
x ((k;—j)v—lm—mzm) ((k;j)[xuu—ww L <e—ﬂ) )

where j + A(552) <0 <k — A(%52) and X € [0, 1].
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Proof. Put g = ® we obtain (4.1), by applying the identity

L)L) = [ 6= gr)dr = (= DER(2) - E(2)
and ®(j) =0, ®(k) = 1.

Corollary 4.2. Select v =1 in Theorem 4.1. Then get the following

(k=) |5+ 1= N - T

g (1—M<H—ig£)}—k+E@)
(4.2) <m—m<w—ﬁ2

SN\ 2
21—\ _Jtk

<— N+ m]+@ 2)),
where j + AN552) <0 < k — M52

52) and X € [0,1].

Before application to special means, we would present some special means and
these means will apply in the 5th section.

Special Means: These means can be found in [25].
(a) The Arithmetic Mean

;3 k=0
(b) The Geometric Mean

G =G(j,k) =ik Jj k=0

(¢) The Harmonic Mean

2
H=H(j.k) =

;o 7,k >0.

S

1
F
(d) The Logarithmic Mean

g, if j=k
L=L(jk) = k—j

—— Jy k> 0.
nE—mj; 7k
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(e) Identric Mean

Js
A=

I=1(jk) = i

L6
e
(f) p—Logarithmic Mean

Ly =Ly(j,k) = < kPt — e
(p+1)(k -

where p € R\{—1,0},7,k > 0. It is known
pGR, L():IandL_lzL.

5. APPLICATION TO

Example no. 1: Consider

KHMADJON SOLEEV

if j=k
7,k > 0.
it j#k;
g, it j=k
+1 0\ p
) it j 4k
7)

that L, monotonically increasing over

SPECIAL MEANS

v =1
g(0) = 07, peR\{-1,0}, then for j <k,
then G | e = B,
90) 42r g(k) AP, k7).
and j%k = A,
where 6 € [j + A(552), k — A(552)].
Therefore, (2.1) becomes
(=) [pat i)+ (= 9 = E -0 (60— ) - 13000 i
(5.1) gm;mck;j) [A2+(1—>\)2]+(6—A)2).

Choose # = A in (5.1), get

(k = ) [NAQ", &) + (1 = N A — Ly (5, k)

N —IM

(k= P+ (1= M)

]

<
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Moreover for A =1

(k= ) [AG".#) - 13 9] | < T = )2
Example no. 2: Consider
v =1
) = L 940
1 K .
then — / g(r)dr = L7(jk),
9G)+9k) A
2 G’
and # = A,
where 0 € [j + )\(%), k— )\(k—g])] C (0, 00).
Therefore, (2.1) becomes
<k—ﬁ{%%+u—x%—i?§§9a—xmwn®—L*owﬂ’
(5.2) gm;mC’f;j) [)\2+(1—/\)2]+(9—A)2).

If we choose 8 = A in (5.2), we get

. A 1 —1, - 2142
— - —\)= — < - - )
k=) A+ =N~ 2760 | < TSP = g0+ (- a7
For A\ =1
A N — M
k—j) | = — LG, k)| ]| < k—j)?
k- G- r6m] [ < 25w - )
Example no. 3: Consider
v = 1
g(0) = Inh, 0¢€(0,00)
k
then [ st = wiaGm),
J
9() +9(k) _ InG.
2
and Ul = A,
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where 0 € [j + M%52), k — M(%52)] € (0, 00).

Therefore, (2.1) becomes

Ag(1—2)
(5.3) |(k—7) [lnG]é o (mzfm)@—x) (G—A)H

If we choose 8 = A in (5.3), we get

G A=Y (k—=J) N
In|——— < (k=N 4 (1 =M.
e R B (RS ARy
For A =1
G 1" _o-m
l < —5)?
| |
Example no. 4: Consider
v =1
g®) = ¢, 6¢e(—o0,00)
1 k ek — el
then —/ T)dT = i
=il 9(7) -
9(])29(75) — A(ej,ek),
and ‘ﬂ = A,
2
where 0 € [j + M%52), k — M%),
Therefore, (2.1) becomes
. k_ e
(k= j) {)\A(ej,ek)jL(l—)\)e@—(mgﬂ(l—)\)(e—fl)—ek 6“
—J
N—M ((k—4)* 2 2
(5.4) < 5 1 AN+ (1 =N ]+0—-A)7).

If we choose 8 = A in (5.4), we get

k

- i) [We% )+ (1= Nt = 5= J]

N —M
- 8

(k= J)* A%+ (1= A)7].
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For A\ =1
4 ; : N—M 4
(k= A, e) — (e — )| < 3 (k—j)
Example no. 5: Consider
v = 1
g(0) = tand, 0+ g +
1 k sec k1"
th - dr = 1
en k—j/j g(T)dr n [secj} ,
90) —;—g(k) = A(tanj, tank),
and ‘ﬂ = A,
2
where 0 € [j + M%5), k — M%),
Therefore, (2.1) becomes
(k — j) | M(tan j, tan k) + (1 — A) tand — @(1 — ) (6 A)
k1 N—IM [ (k—j)°

If we choose § = A in (5.5), we get

(k=)

k1"
MA(tan j, tank) + (1 — X\)tan A — In [sec } ]
sec j

N—Mm .
< B+ - A
For A\ =1
sec k1" N —
. : B < 2
(k—j) |A(tan j, tan k) — In {secj} ] <3 (k—17)

6. CONCLUSION

We proved new Ostrowski’s type estimates for the remainder term of the mid-
point’s, trapezoid’s, & Simpson’s formulae as consequences of the generalized frac-
tional integral. Our estimates are generalized and recaptured the results of articles

2], [9] and [24] that are previously obtained estimates. Moreover, we have given
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applications to numerical integration, probability theory and special means.

Acknowledgement

[ am very thankful to my dear friend Dr. Muhammad Awais Shaikh for giving me

a helpful suggestions for improving the quality of manuscript.

[1]

2]

[3]

[4]

[5]

[6]

[9]

REFERENCES

G. A. ANASTASSIOU, Multivariate Ostrowski type inequalities, Acta. Math. Hungar., 76(1997),
267-278.

G. ANaAsTASsIOU, M. R. HOOSHMANDASL, A. GHASEMI AND F. MUFTAKHARZADEH, Mont-
gomery Identities for Fractional Integrals and Related Fractional Inequalities, J. Inequal. Pure
Appl. Math., 10 (4) (2009), Art. 97, 6 pp.

L. AvAZPOUR, Fractional Ostrowski Type Inequalities for Functions whose Deriva-
tives are Prequasinvex, J. Inequal. Spec. Funct., 9(2) (2018), 15-29.

M. BOHNER, A. R. KHAN, M. KHAN, F. MEEHMOOD AND M. A. SHAIKH, Generalized
perturbed Ostrowski-type inequalities, Ann. Univ. Mariae Curie-Sklodowska Sect. A,
LXXV(2) (2021), 13—29.

P. CERONE AND S. S. DRAGOMIR, Midpoint-type rules from an inequalities point of view,
In Handbook of Analytic- Computational Methods in Applied Mathematics, (Edited by G.
Anastsssiou), pp. 135-200, CRC Press, New York, (2000).

P. CERONE AND S. S. DRAGOMIR, Trapezoidal-type rules from an inequalities point of view,
In Handbook of Analytic-Computational Methods in Applied Mathematics, (Edited by G.
Anastassiou), pp. 65-134, CRC Press, New York, (2000).

X. L. CHENG, Improvement of some Ostrowski-Griiss type inequalities, Comput.
Math. Appl., 42(1/2), (2001) 109-114.

S. S. DRAGOMIR AND S. WANG, An inequality of Ostrowski-Griiss type and its ap-
plications to the estimation of error bounds for some special means and for some
numerical quadrature rules, Comput. Math. Appl. 33(11), (1997) 16—20.

S. S. DRAGOMIR, P. CERONE AND J. ROUMELIOTIS, A new Generalization of Ostrowski
integral inequality for mappings whose derivatives are bounded and applications in

numerical integration and for special means, Appl. Math. Leit., 13 (1) (2000), 19—25.

[10] R. GORENFLO AND F. MAINARDI, Fractional Calculus: Integral and Differential Equations of

Fractional Order, Springer Verlag, Wien and New York, 1997.

[11] A. HassaN, A. R. KuAN, F. MEEHMOOD AND M. KHAN, Fuzzy Ostrowski Type Inequal-

ities Via ¢ — A—Convex Functions, J. Math. Computer Sci., 28(2023), 224—-235.



GENERALIZATION OF OSTROWSKI'S INEQUALITY WITH APPLICATIONS 177

[12] A. Hassan, A. R. KHAN, F. MEHMOOD AND M. KHAN, Fuzzy Ostrowski Type Inequal-
ities Via h-Convex, J. Math. Comput. Sci., 12(2022), 1-15.

[13] A. HassaN, A. R. KHAN, F. MEEHMOOD AND M. KHAN, BF-Ostrowski Type Inequalities
Via ¢ — A—Convex Functions, International Journal of Computer Science and Network
Security, 21(10) (2021), 177—183.

[14] A. R. KROMMER AND C. W. UEBERHUBER, Computational Integration, SIAM, Philadel-
phia, PA, (1998).

[15] M. MaTic, J. E. PECARIC AND N. UJEvVIC, Improvement and further generalization of
inequalities of Ostrowski-Griiss type, Comput. Math.Appl. ,39(3/4) (2000) 161-175.

[16] F. MEHMOOD, K. SALEEM, Z. A. NAVEED, G. M. KHAN AND A. RAHMAN, A Companion
of Weighted Ostrowski’s type Inequality and Applications to Numerical Integra-
tion, Global Journal of Pure and Applied Mathematics, 16(4) (2020), 577-586.

[17] G. V. MiLovaNovic AND J. E.PECARIC, On generalizations of the inequality of A.
Ostrowski and some related applications, Univ. Beograd. Publ. Elektrotehn. Fak. Ser.
Mat. Fiz., (1976), 544-576, 155-158.

[18] F. Nawaz, Z. A. NaveeDp, F. MEaMooD, G. M. KHAN aND K. SALEEM, A Compan-
ion of Weighted Ostrowski’s type Inequality for Functions whose 1st Derivatives
are Bounded with Applications, Global Journal of Pure and Applied Mathematics, 16(4)
(2020), 515-522.

[19] A. M. OsTROWSKI, Uber die Absolutabweichung einer Differentiebaren Funktion
von Thren Integralmittelwert, Comment. Math. Helv., 10 (1938), 226—227.

[20] C. E. M. PEARCE, J. E. PECARIC, N. UJEVIC AND S. VAROSANEC , Generalizations of
some inequalities of Ostrowski-Griiss type, Math. Inequal. Appl. 3(1) (2000), 25—34.

[21] M. Z. SARIKAYA, H. FiLiz AND M. E. Kiris, On Some Generalized Integral Inequalities
for Riemann-Liouville Fractional Integrals, Filomat, 29(6) (2015), 1307—-1314.

[22] M. Z. SARIKAYA, H. YALDIZ AND N. Basak, New Fractional Inequalities of Ostrowski
Griiss Type, Le Matematiche, 69 (1) (2014), 227—-235.

[23] M. Z. SARIKAYA AND H. OGUNMEZ, On New Inequalities Via Riemann Liouville
Fractional Integration, Abst. Appl. Anal., 2012 (2012) Art. 428983, 10 pp.

[24] N. UjEVIC, A Generalization of Ostrowski’s Inequality and Applications in Numer-
ical Integration, Appl. Math. Lett. 17 (2004), 133-137.

[25] F. ZAFAR, Some Generalizations of Ostrowski Inequalities and Their Applications
to Numerical Integration and Special means, Bahauddin Zakariya University Multan,

Pakistan, 2010.



178 FARAZ MEHMOOD AND AKHMADJON SOLEEV

(1) DEPARTMENT OF MATHEMATICS, SAMARKAND STATE UNIVERSITY, UNIVERSITY BOULE-
VARD 15, SAMARKAND 140104, UZBEKISTAN
Email address: faraz.mehmood@duet.edu.pk

Email address: asoleev@yandex.com/asoleev@yandex.ru

(2) DEPARTMENT OF MATHEMATICS, DAWOOD UNIVERSITY OF ENGINEERING AND TECHNOL-

ocy, NEw M. A. JINNAH RoAD, KARACHI-74800, PAKISTAN



