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TWO-DIMENSIONAL QUATERNIONIC FRACTIONAL MELLIN

TRANSFORM OF A PARTICULAR ORDER

KHINAL PARMAR(1) AND V. R. LAKSHMI GORTY(2)

Abstract. Author introduces two-dimensional quaternionic fractional Mellin trans-

form defined for a particular order α, β of integrable functions on R
2 and prove its

inversion formula using the relation between fractional Fourier transform and frac-

tional Mellin transform. Properties like linearity, Parseval’s formula and product

theorem are obtained without any additional conditions. Applications of two di-

mensional quaternionic fractional Mellin transform are given to support the study.

1. Introduction

In 1998, O. Akay and G.F. Boudreaux-Bartels [1] developed a new fractional Mellin

transform (FrMT) and fractional concepts based on the concept of fractional Fourier

transform (FrFT). Authors in [2] studied on modified Mellin transform of generalized

functions. Generalized two-dimensional was introduced in [19]. Digital computation

of the fractional Mellin transform was analyzed in [4]. Authors in [6, 10] introduced

quaternion Fourier transform and quaternionic Fourier-Mellin transform. The finite

Mellin transform in quantum calculus and application were established in [13].

After introduction of non-commutative algebra of quaternions, many works of complex-

valued valued functions were extended to to quaternion-valued functions. In recent

study, few integral transforms have been extended to quaternion-valued functions

[15, 16, 17, 18].

The content of the paper is organized as follows: In section 2, some basic facts of
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quaternions and quaternion-valued functions are illustrated. In section 3, the two-

dimensional quaternionic fractional Mellin transform (2D-QFrMT) is defined and its

relation with two-dimensional quaternionic fraction Fourier transform (2D-QFrFT) is

derived. In Section 4, various mathematical properties of 2D-QFrMT are obtained.In

Section 5 and 6, Convolution type properties and Parseval’s theorem are established.

In section 7, the 2D-QFrMT developed during the study has been demonstrated with

several applications.

The aim of the study is to establish the fractional Mellin transform in the class of

quaternions. Majority of the properties are discussed in the study. This study will

be useful for future researchers to bridge the gap and extend the applications of

real-valued functions to quternion-valued functions.

2. Preliminary results

In quaternions, every element is a linear combination of a real scalar and three

imaginary units i, j and k with real coefficients .

Let q be a quaternion defined in

(2.1) H = {q = q0 + iq1 + jq1 + kq3 : q0, q1, q2, q3 ∈ R}

be the division ring of quaternions, where i, j,k satisfy Hamilton’s multiplication rules

as in [9],

(2.2) ij = −ji = k, jk = −kj = i,ki = −ik = j, i2 = j2 = k2 = ijk = −1.

The quaternion conjugate of q is defined by

(2.3) q̄ = q0 − iq1 − jq2 − kq3; q0, q1, q2, q3 ∈ R.

Let f, g ∈ L2(R2,H) holds its usual meaning as in [11], the inner product is given by

(2.4) 〈f, g〉L2(R2,H) =

∫

R2

f(x)g(x)d2x.

The norm of f ∈ L2(R2,H) is given by

(2.5) ‖f‖L2(R2,H) = 〈f, f〉
1/2

L2(R2,H) =

(
∫

R2

|f(x)|2d2x

)1/2

.
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Definition 2.1. For every function f as in [14], the fractional Mellin transform

(FrMT) of order α is given by

(2.6) Mα[f(t); sα] =

∞
∫

0

f(t)tsα−1dt,

where sα = a− iw
1

α such that a1 < a < a2.

The largest open strip (a1, a2) is the domain of the definition in which the integral

converges. It is called the fundamental strip and is denoted by St(a1, a2).

The inversion formula for (2.6) is

(2.7) f(t) =
1

2πi

a+i∞
∫

a−i∞

Mα [f(t); sα] t
−sαdsα.

Relation between FrFT and FrMT was given in [14], for every 0 < α ≤ 1

(2.8) Mα[f(t); a− iw
1

α ] = Fα[f(e
−x)e−ax;w

1

α ].

Definition 2.2. Let f ∈ L2(R2,H), then two-dimensional quaternionic fractional

Fourier transform (2D-QFrFT) of particular order α, β is defined in [16] as

(2.9) f̂α,β (w1, w2) = Fα,β [f (x, y) ;w1, w2] =

∞
∫

−∞

∞
∫

−∞

eiw
1
α
1
xf (x, y) ejw

1

β
2
ydxdy

where w1, w2 > 0 and 0 < α, β ≤ 1.

The inversion formula is given by

(2.10)

F−1
α,β

[

f̂α,β (w1, w2)
]

=
1

(2π)2αβ

∞
∫

−∞

∞
∫

−∞

e−iw
1
α
1
xw

1−α
α

1 f̂α,β (w1, w2) e
−jw

1

β
2
xw

1−β

β

2 dw1dw2.

3. Main Results

In this section, 2D-QFrMT for a quaternion-valued function is defined and the

inversion formula is derived.

Definition 3.1. For every f ∈ L2(R2,H), 2D-QFrMT of particular order α, β can be

defined from [14, 20] as

(3.1) Mα,β [f (u, v) ; sα, sβ] =

∞
∫

0

∞
∫

0

usα−1f (u, v) vsβ−1dudv
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where, sα = a−iw
1

α

1 ; sβ = b−jw
1

β

2 with a ∈ St (a1, a2) , b ∈ St (b1, b2) and 0 < α, β ≤ 1.

Relationship between 2D-QFrMT and 2D-QFrFT

Using (2.8), the relation between 2D-QFrMT and 2D-QFrFT has been extended in

L2(R2,H) for particular order α, β as follows:

Property 3.1. For every 0 < α, β ≤ 1 and sα = a − iw
1

α

1 , sβ = b − jw
1

β

2 with

a ∈ St (a1, a2) , b ∈ St (b1, b2),

(3.2) Mα,β

[

f (u, v) ; a− iw
1

α

1 , b− jw
1

β

2

]

= Fα,β

[

f
(

e−x, e−y
)

e−axe−by;w
1

α

1 , w
1

β

2

]

.

Proof. For every a ∈ St (a1, a2) , b ∈ St (b1, b2) and u = e−x, v = e−y;

and dx = −u−1du, dy = −v−1dv. Then

Fα,β

[

f
(

e−x, e−y
)

e−axe−by;w
1

α

1 , w
1

β

2

]

=

∞
∫

−∞

∞
∫

−∞

eiw
1
αx

1 f
(

e−x, e−y
)

e−axe−byejw
1

β
2
ydxdy

=

∞
∫

−∞

∞
∫

−∞

e
−

(

a−iw
1
α
1

)

x
f
(

e−x, e−y
)

e
−

(

b−jw
1

β
2

)

y

dxdy

=

∞
∫

0

∞
∫

0

usα−1f (u, v) vsβ−1dudv

= Mα,β [f (u, v) ; sα, sβ]

for every 0 < α, β ≤ 1, sα = a − iw
1

α

1 , sβ = b − jw
1

β

2 with a ∈ St (a1, a2) , b ∈

St (b1, b2) . �

Theorem 3.1. The inversion formula of 2D-QFrMT can be obtained from 2D-QFrFT

as

(3.3) f(u, v) =
1

(2π)2ij

b+j∞
∫

b−j∞

a+i∞
∫

a−i∞

u−sαMα,β [f (u, v) ; sα, sβ]v
−sβdsαdsβ.

Proof. Consider

Fα,β

[

f
(

e−x, e−y
)

e−axe−by;w
1

α

1 , w
1

β

2

]

= Mα,β

[

f
(

e−x, e−y
)

; a− iw
1

α

1 , b− jw
1

β

2

]

.
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Hence

f
(

e−x, e−y
)

e−axe−by =
1

(2π)2αβ

∞
∫

−∞

∞
∫

−∞

e−iw
1
α
1
xw

1−α
α

1 Fα,β

[

f
(

e−x, e−y
)

e−axe−by;w
1

α

1 , w
1

β

2

]

× e−jw
1

β
2
xw

1−β

β

2 dw1dw2

=
1

(2π)2αβ

∞
∫

−∞

∞
∫

−∞

e−iw
1
α
1
xw

1−α
α

1 Mα,β

[

f
(

e−x, e−y
)

; a− iw
1

α

1 , b− jw
1

β

2

]

× e−jw
1

β
2
xw

1−β

β

2 dw1dw2.

Using u = e−x, v = e−y; sα = a− iw
1

α

1 , sβ = b− jw
1

β

2 .

And dsα = −i
α
w

1

α
−1

1 dw1, dsβ = −j

β
w

1

β
−1

2 dw2, it follows that

f (u, v)uavb =
1

(2π)2ij

b+j∞
∫

b−j∞

a+i∞
∫

a−i∞

uiw
1
α
1 Mα,β [f (u, v) ; sα, sβ]v

jw
1

β
2 dsαdsβ

f (u, v) =
1

(2π)2ij

b+j∞
∫

b−j∞

a+i∞
∫

a−i∞

uiw
1
α
1 u−aMα,β [f (u, v) ; sα, sβ]v

jw
1

β
2 v−bdsαdsβ

=
1

(2π)2ij

b+j∞
∫

b−j∞

a+i∞
∫

a−i∞

u−sαMα,β [f (u, v) ; sα, sβ]v
−sβdsαdsβ.

The inversion formula of 2D-QFrMT can be defined as

f(u, v) =
1

(2π)2ij

b+j∞
∫

b−j∞

a+i∞
∫

a−i∞

u−sαMα,β [f (u, v) ; sα, sβ]v
−sβdsαdsβ.

�

4. Properties of 2D-QFrMT

In this section, different characteristics and mathematical properties of 2D-QFrMT

are proved.

Property 4.1 (Linearity property). Let f1, f2 ∈ L2(R2,H) and l1, l2 ∈ R, then

(4.1) Mα,β [l1f1 + l2f2] = l1M[f1] + l2M[f2].
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Proof.

Mα,β [l1f1 + l2f2] =

∞
∫

0

∞
∫

0

usα−1 (l1f1 + l2f2) v
sβ−1dudv

= l1

∞
∫

0

∞
∫

0

usα−1f1v
sβ−1dudv + l2

∞
∫

0

∞
∫

0

usα−1f2v
sβ−1dudv

= l1M[f1] + l2M[f2].

Thus

Mα,β [l1f1 + l2f2] = l1M[f1] + l2M[f2].

�

Property 4.2 (Scaling property). Let f ∈ L2(R2,H) and p1, p2 ∈ R, then

(4.2) Mα,β [f (p1t1, p2t2) ; sα, sβ] =
1

psα1
Mα,β [f (u, v)]

1

p
sβ
2

.

Proof.

Mα,β [f (u, v) ; sα, sβ] =

∞
∫

0

∞
∫

0

usα−1f (u, v) vsβ−1dudv.

Let u = p1t1, v = p2t2; du = p1dt1, dv = p2dt2. Then

Mα,β [f (p1t1, p2t2) ; sα, sβ] =

∞
∫

0

∞
∫

0

t1
sα−1f (p1t1, p2t2) t2

sβ−1dt1dt2

=

∞
∫

0

∞
∫

0

(

u

p1

)sα−1

f (u, v)

(

v

p2

)sβ−1
du

p1

dv

p2

=
1

psα1

∞
∫

0

∞
∫

0

usα−1f (u, v) vsβ−1dudv
1

p
sβ
2

=
1

psα1
Mα,β [f (u, v)]

1

p
sβ
2

.

Thus

Mα,β [f (p1t1, p2t2) ; sα, sβ] =
1

psα1
Mα,β [f (u, v)]

1

p
sβ
2

.

�
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Property 4.3 (Multiplication by (uv)p). Let f ∈ L2(R2,H), then

(4.3) Mα,β [(uv)
p
f (u, v) ; sα, sβ] = Mα,β [f (u, v) ; sα + p, sβ + p] .

Proof.

Mα,β [(uv)
p
f (u, v) ; sα, sβ] =

∞
∫

0

∞
∫

0

usα−1(uv)pf (u, v) vsβ−1dudv

=

∞
∫

0

∞
∫

0

usα+p−1f (u, v) vsβ+p−1dudv

= Mα,β [f (u, v) ; sα + p, sβ + p] .

Thus

Mα,β [(uv)
p
f (u, v) ; sα, sβ] = Mα,β [f (u, v) ; sα + p, sβ + p] .

�

Property 4.4 (Multiplication by a power). Let f ∈ L2(R2,H) and 0 ≤ q ≤ 1, then

(4.4)

Mα,β [(log uv)
q
f (u, v) ; sα, sβ] = (1− q)!

(

d

dsα

)q

Mα,β [f (u, v) ; sα, sβ]

+ (1− q)!

(

d

dsβ

)q

Mα,β [f (u, v) ; sα, sβ] .

Proof. As given in [14], we have
(

d
ds

)q
(us−1) = 1

(1−q)!
us−1(log u)q; 0 ≤ q ≤ 1. Then

Mα,β [(log uv)
q
f (u, v) ; sα, sβ]

=

∞
∫

0

∞
∫

0

usα−1(log u)qf (u, v) vsβ−1dudv +

∞
∫

0

∞
∫

0

usα−1(log v)qf (u, v) vsβ−1dudv

= (1− q)!

(

d

dsα

)q
∞
∫

0

∞
∫

0

usα−1f (u, v) vsβ−1dudv

+ (1− q)!

(

d

dsβ

)q
∞
∫

0

∞
∫

0

usα−1f (u, v) vsβ−1dudv

= (1− q)!

(

d

dsα

)q

Mα,β [f (u, v) ; sα, sβ] + (1− q)!

(

d

dsβ

)q

Mα,β [f (u, v) ; sα, sβ] .
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Thus

Mα,β [(log uv)
q
f (u, v) ; sα, sβ] = (1− q)!

(

d

dsα

)q

Mα,β [f (u, v) ; sα, sβ]

+ (1− q)!

(

d

dsβ

)q

Mα,β [f (u, v) ; sα, sβ] .

�

Property 4.5. (2D-QFrMT of derivatives)

1. Let f ∈ L2(R2,H), then

(4.5) Mα,β

[

∂f (u, v)

∂u
; sα, sβ

]

= (1− sα)Mα,β [f (u, v) ; sα − 1, sβ]

exists only if lim
u→∞

usα−1f (u, v) vanishes.

Also

(4.6) Mα,β

[

∂f (u, v)

∂v
; sα, sβ

]

= Mα,β [f (u, v) ; sα, sβ − 1] (1− sβ)

exists only if lim
v→∞

f (u, v) vsβ−1 vanishes.

2. Let f ∈ L2(R2,H), then

(4.7) Mα,β

[

∂2f (u, v)

∂u∂v
; sα, sβ

]

= (1− sα)Mα,β [f (u, v) ; sα − 1, sβ − 1] (1− sβ) .

3. For f ∈ L2(R2,H), then

(4.8) Mα,β

[

u
∂f (u, v)

∂u
; sα, sβ

]

= −sαMα,β [f (u, v) ; sα, sβ] .

Similarly we can write as

(4.9) Mα,β

[

v
∂f (u, v)

∂v
; sα, sβ

]

= −Mα,β [f (u, v) ; sα, sβ] sβ.

4. In general, we may write

(4.10) (i.) Mα,β

[

∂nf (u, v)

∂un
; sα, sβ

]

= (−1)n
Γ(sα)

Γ(sα − n)
Mα,β [f (u, v) ; sα − n, sβ] .

(4.11) (ii.) Mα,β

[

un∂
nf (u, v)

∂un
; sα, sβ

]

= (−1)n
Γ(sα + n)

Γ(sα)
Mα,β [f (u, v) ; sα, sβ] .

And also

(4.12)

(iii.) Mα,β

[

∂mf (u, v)

∂vm
; sα, sβ

]

= (−1)mMα,β [f (u, v) ; sα, sβ −m]
Γ(sβ)

Γ(sβ −m)
.
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(4.13) (iv.) Mα,β

[

vm
∂mf (u, v)

∂vm
; sα, sβ

]

= (−1)mMα,β [f (u, v) ; sα, sβ]
Γ(sβ +m)

Γ(sβ)
.

And finally obtain

(4.14)

(v.) Mα,β

[

∂n

∂un

∂m

∂vm
f (u, v) ; sα, sβ

]

= (1− sα) (2− sα) ..... (n− sα)Mα,β [f (u, v) ; sα − n, sβ −m]

× (1− sβ) (2− sβ) ..... (m− sβ) .

Proof. 1. Let f ∈ L2(R2,H), then the transform of f partially differentiated w.r.t. u

can be obtained as

Mα,β

[

∂f (u, v)

∂u
; sα, sβ

]

=

∞
∫

0

∞
∫

0

usα−1∂f (u, v)

∂u
vsβ−1dudv.

This integral exists only if usα−1f (u, v) vanishes at u = 0 and as u → ∞

= − (sα − 1)

∞
∫

0

∞
∫

0

usα−2f (u, v) vsβ−1dudv

= (1− sα)Mα,β [f (u, v) ; sα − 1, sβ] .

Thus

(4.15) Mα,β

[

∂f (u, v)

∂u
; sα, sβ

]

= (1− sα)Mα,β [f (u, v) ; sα − 1, sβ] .

Similarly if partially differentiated w.r.t. v , we get

(4.16) Mα,β

[

∂f (u, v)

∂v
; sα, sβ

]

= Mα,β [f (u, v) ; sα, sβ − 1] (1− sβ) .

2. Let f ∈ L2(R2,H), then the transform of f partially derivative w.r.t. v and u

respectively can be obtained as

Mα,β

[

∂2f (u, v)

∂u∂v
; sα, sβ

]

= Mα,β

[

∂

∂u

(

∂f (u, v)

∂v

)

; sα, sβ

]

= (1− sα)Mα,β

[

∂f (u, v)

∂v
; sα − 1, sβ

]

= (1− sα)Mα,β [f (u, v) ; sα − 1, sβ − 1] (1− sβ) .
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Thus

(4.17) Mα,β

[

∂2f (u, v)

∂u∂v
; sα, sβ

]

= (1− sα)Mα,β [f (u, v) ; sα − 1, sβ − 1] (1− sβ) .

3. Let f ∈ L2(R2,H), then the transform of f partially differentiated w.r.t u and

multiplied with u can be obtained as

Mα,β

[

u
∂f (u, v)

∂u
; sα, sβ

]

=

∞
∫

0

∞
∫

0

usα
∂f (u, v)

∂u
vsβ−1dudv.

This integral exists only if usαf (u, v) vanishes at u = 0 and as u → ∞

(4.18)
= −sα

∞
∫

0

∞
∫

0

usα−1f (u, v) vsβ−1dudv

= −sαMα,β [f (u, v) ; sα, sβ] .

Similarly if partially differentiated w.r.t. v and multiplied with v, we get

(4.19) Mα,β

[

v
∂f (u, v)

∂v
; sα, sβ

]

= −Mα,β [f (u, v) ; sα, sβ] sβ.

4.(i.) For n = 1, the result is true from (4.5)

For n = 2, we get

Mα,β

[

∂2f (u, v)

∂u2
; sα, sβ

]

=

∞
∫

0

∞
∫

0

usα−1∂
2f (u, v)

∂u2
vsβ−1dudv

= − (sα − 1)

∞
∫

0

∞
∫

0

usα−2∂f (u, v)

∂u
vsβ−1dudv

= (sα − 1) (sα − 2)

∞
∫

0

∞
∫

0

usα−3f (u, v) vsβ−1dudv

= (sα − 1) (sα − 2)Mα,β [f (u, v) ; sα − 2, sβ] .

Assume the result is true for n = k − 1

Mα,β

[

∂((k−1))f (u, v)

∂u(k−1)
; sα, sβ

]

= (−1)(k−1) (sα − 1) (sα − 2) · · · (sα − (k − 1))

×Mα,β [f (u, v) ; sα − (k − 1), sβ] .
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By method of induction for n = k, we get

Mα,β

[

∂kf (u, v)

∂uk
; sα, sβ

]

= (−1)k (sα − 1) (sα − 2) · · · (sα − k)

×Mα,β [f (u, v) ; sα − k, sβ]

= (−1)k
Γ(sα)

Γ(sα − n)
Mα,β [f (u, v) ; sα − k, sβ] .

Thus the result is true ∀ n.

Hence proved.

(ii.) For n = 1, the result is true from (4.8).

For n = 2, we get

Mα,β

[

u2∂
2f (u, v)

∂u2
; sα, sβ

]

=

∞
∫

0

∞
∫

0

usα+1∂
2f (u, v)

∂u2
vsβ−1dudv

= − (sα + 1)

∞
∫

0

∞
∫

0

usα
∂f (u, v)

∂u
vsβ−1dudv

= (sα + 1) (sα)

∞
∫

0

∞
∫

0

usα−1f (u, v) vsβ−1dudv

= (sα + 1) (sα)Mα,β [f (u, v) ; sα, sβ] .

Assume the result is true for n = k − 1

Mα,β

[

u(k−1)∂
((k−1))f (u, v)

∂u(k−1)
; sα, sβ

]

= (−1)(k−1) (sα + (k − 2)) (sα + (k − 1)) · · · (sα)

×Mα,β [f (u, v) ; sα, sβ] .

By method of induction for n = k, we get

Mα,β

[

uk∂
kf (u, v)

∂uk
; sα, sβ

]

= (−1)k (sα + (k − 1)) (sα + k) · · · (sα)

×Mα,β [f (u, v) ; sα, sβ]

= (−1)k
Γ(sα + n)

Γ(sα)
Mα,β [f (u, v) ; sα, sβ] .

Thus the result is true ∀ n.

Hence proved.
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Similarly, the results (iii.) and (iv.) can be proved.

(v.) For n = 1 and m = 1, we have

Mα,β

[

∂

∂u

∂

∂v
f (u, v) ; sα, sβ

]

=

∞
∫

0

∞
∫

0

usα−1 ∂

∂u

∂

∂v
f (u, v) vsβ−1dudv

= − (sα − 1)

∞
∫

0

∞
∫

0

usα−2 ∂

∂v
f (u, v) vsβ−1dudv

= (1− sα)

∞
∫

0

∞
∫

0

usα−2 ∂

∂v
f (u, v) vsβ−2dudv (1− sβ)

= (1− sα)Mα,β [f (u, v) ; sα − 1, sβ − 1] (1− sβ)

For n = 2 and m = 2, we get

Mα,β

[

∂2

∂u2

∂2

∂v2
f (u, v) ; sα, sβ

]

=

∞
∫

0

∞
∫

0

usα−1 ∂2

∂u2

∂2

∂v2
f (u, v) vsβ−1dudv

= − (sα − 1)

∞
∫

0

∞
∫

0

usα−2 ∂

∂u

∂2

∂v2
f (u, v) vsβ−1dudv

= (1− sα) (2− sα)

∞
∫

0

∞
∫

0

usα−3 ∂2

∂v2
f (u, v) vsβ−1dudv

= (1− sα) (2− sα)

∞
∫

0

∞
∫

0

usα−3 ∂

∂v
f (u, v) vsβ−2dudv (1− sβ)

= (1− sα) (2− sα)

∞
∫

0

∞
∫

0

usα−3f (u, v) vsβ−3dudv (1− sβ) (2− sβ)

= (1− sα) (2− sα)Mα,β [f (u, v) ; sα − 2, sβ − 2] (1− sβ) (2− sβ)

Assume the result is true for n− 1 and m− 1.

By method of induction, we get



2D-QFRMT 661

Mα,β

[

∂n

∂un

∂m

∂vm
f (u, v) ; sα, sβ

]

= (1− sα) (2− sα) ..... (n− sα)Mα,β [f (u, v) ; sα − n, sβ −m]

× (1− sβ) (2− sβ) ..... (m− sβ) .

Thus the result is true ∀ n,m.

Hence proved. �

Property 4.6. (2D-QFrMT of integrals)

Let f ∈ L2(R2,H), then

(4.20) Mα,β





u
∫

0

v
∫

0

f (p, q) dpdq; sα, sβ



 =
1

sαsβ
Mα,β [f (u, v) ; sα + 1, sβ + 1] .

Proof. Analogous to the fundamental theorem of calculus as stated in [8]; considering

(4.21) F1 (u, v) =

u
∫

0

f (p, v) dp

such that F1
′ (u, v) = f (u, v) with F1 (0, v) = 0, can be written as

Mα,β [F
′ (u, v) = f (u, v) ; sα, sβ] = − (sα − 1)Mα,β





u
∫

0

f (p, v) dp; sα − 1, sβ



 .

Replace sα by sα + 1;

Mα,β [f (u, v) ; sα + 1, sβ] = − (sα)Mα,β





u
∫

0

f (p, v) dp; sα, sβ





Mα,β





u
∫

0

f (p, v) dp; sα, sβ



 = −
1

sα
Mα,β [f (u, v) ; sα + 1, sβ] .

Analogous to (4.21), consider

(4.22) F1 (p, v) =

v
∫

0

f (p, q) dq

such that F1
′ (p, v) = f (p, v) with F1 (p, 0) = 0, follows

Mα,β [F1
′ (p, v) = f (p, v) ; sα, sβ] = − (sβ − 1)Mα,β





v
∫

0

f (p, q) dq; sα, sβ − 1



 .
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Replace sβ by sβ + 1

Mα,β [f (p, v) ; sα, sβ + 1] = − (sβ)Mα,β





v
∫

0

f (p, q) dq; sα, sβ





Mα,β





v
∫

0

f (p, q) dq; sα, sβ



 = −
1

sβ
Mα,β [f (p, v) ; sα, sβ + 1] .

Now,

Mα,β





u
∫

0

v
∫

0

f (p, q) dpdq; sα, sβ



 = Mα,β





u
∫

0

F1 (p, v) dp; sα, sβ





=
−1

sα
Mα,β [F1 (u, v) ; sα + 1, sβ]

=
−1

sα
Mα,β





v
∫

0

f (u, q)dq; sα + 1, sβ





=
1

sαsβ
Mα,β [f (u, v) ; sα + 1, sβ + 1] .

Thus

(4.23) Mα,β





u
∫

0

v
∫

0

f (p, q) dpdq; sα, sβ



 =
1

sαsβ
Mα,β [f (u, v) ; sα + 1, sβ + 1] .

�

5. Convolution type properties

Let f, g be the quaternion-valued functions, then convolution operations associated

with 2D-QFrMT can be defined using [5, 12] as

(5.1) (f ∗ g) (u, v) =

∞
∫

0

∞
∫

0

f
(u

r
,
v

t

)

g (r, t)
dr

r

dt

t
.

(5.2) (f ◦ g) (u, v) =

∞
∫

0

∞
∫

0

f (ru, tu) g (r, t) drdt.

Property 5.1.

a) Mα,β [(f ∗ g)] = Mα,β [f ; sα, sβ]Mα,β [g; sα, sβ] .

b) Mα,β [(f ◦ g)] = Mα,β [g; 1− sα, 1− sβ]Mα,β [f ; sα, sβ] .
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Proof.

a) Mα,β [(f ∗ g) (u, v)] = Mα,β





∞
∫

0

∞
∫

0

f
(u

r
,
v

t

)

g (r, t)
dr

r

dt

t





=

∞
∫

0

∞
∫

0

usα−1vsβ−1dudv

∞
∫

0

∞
∫

0

f
(u

r
,
v

t

)

g (r, t)
dr

r

dt

t

=

∞
∫

0

∞
∫

0

usα−1f
(u

r
,
v

t

)

vsβ−1dudv

∞
∫

0

∞
∫

0

g (r, t)
dr

r

dt

t
.

Put
u

r
= ξ and

v

t
= η

=

∞
∫

0

∞
∫

0

(rξ)sα−1
f (ξ, η)(tη)sβ−1

rdξ tdη

∞
∫

0

∞
∫

0

g (r, t)
dr

r

dt

t

=

∞
∫

0

∞
∫

0

ξsα−1f (ξ, η) ηsβ−1dξdη

∞
∫

0

∞
∫

0

rsα−1f (r, t) tsβ−1drdt

= Mα,β [f (ξ, η) ; sα, sβ]Mα,β [g (r, t) ; sα, sβ] .

Thus

(5.3) Mα,β [(f ∗ g)] = Mα,β [f ; sα, sβ]Mα,β [g; sα, sβ] .

b) Mα,β [(f ◦ g) (u, v)] = Mα,β





∞
∫

0

∞
∫

0

f (ru, tv)g (r, t) drdt





=

∞
∫

0

∞
∫

0

usα−1vsβ−1dudv

∞
∫

0

∞
∫

0

f (ru, tv) g (r, t) drdt.

Put ru = ξ and tv = η

=

∞
∫

0

∞
∫

0

g (r, t) drdt

∞
∫

0

∞
∫

0

f (ξ, η) ξsα−1ηsβ−1r1−sαt1−sβ
dξ

r

dη

t

=

∞
∫

0

∞
∫

0

r1−sα−1g (r, t) t1−sβ−1drdt

∞
∫

0

∞
∫

0

ξsα−1f (ξ, η) ηsβ−1dξdη

= Mα,β [g (r, t) ; 1− sα, 1− sβ ]Mα,β [f (ξ, η) ; sα, sβ] .

Thus

(5.4) Mα,β [(f ◦ g)] = Mα,β [g; 1− sα, 1− sβ]Mα,β [f ; sα, sβ] .
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�

6. Parseval theorem

Theorem 6.1. Let f, g ∈ L2(R2,H) and

Mα,β [f(u, v); sα, sβ] = f̃ (sα, sβ) ;Mα,β [g(u, v); sα, sβ] = g̃ (sα, sβ)

then

(6.1) Mα,β [f (u, v) g (u, v)] =
1

(2π)2ij

b+j∞
∫

b−j∞

a+i∞
∫

a−i∞

f̃ (sα, sβ)g̃ (tα − sα, tβ − sβ) dsαdsβ.

Proof.

Mα,β [f (u, v) g (u, v)] =

∞
∫

0

∞
∫

0

utα−1f (u, v) g (u, v) vtβ−1dudv

=

∞
∫

0

∞
∫

0

utα−1g (u, v) vtβ−1dudv

×
1

(2π)2ij

b+j∞
∫

b−j∞

a+i∞
∫

a−i∞

u−sα f̃ (sα, sβ) v
−sβdsαdsβ

=
1

(2π)2ij

b+j∞
∫

b−j∞

a+i∞
∫

a−i∞

f̃ (sα, sβ)g̃ (tα − sα, tβ − sβ) dsαdsβ.

Thus

Mα,β [f (u, v) g (u, v)] =
1

(2π)2ij

b+j∞
∫

b−j∞

a+i∞
∫

a−i∞

f̃ (sα, sβ)g̃ (tα − sα, tβ − sβ) dsαdsβ.

�

7. Applications

a.) Here 2D-QFrMT is applied to the partial differential equation as in [14],

(7.1) u2v2
∂2f (u, v)

∂u∂v
+ uvf (u, v) = δ (u+ h, v + k)
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where δ (u+ h, v + k) is Dirac-delta function.

Solution. By applying 2D-QFrMT on both sides of (7.1) as given in [3], we obtain

(7.2)
(sα + 1) (sβ + 1)Mα,β [f(u, v); sα + 1, sβ + 1]

+Mα,β [f(u, v); sα + 1, sβ + 1] = hsα−1ksβ−1.

By solving (7.2), we get

(7.3) Mα, β [f(u, v); sα + 1, sβ + 1] =
hsα−1ksβ−1

1 + (sα + 1)(sβ + 1)
.

By using the inversion formula of 2D-QfrMT as given in (3.3), the solution is

obtained as

(7.4) f(u, v) =
1

(2π)2ij

b+j∞
∫

b−j∞

a+i∞
∫

a−i∞

u−(sα+1) hsα−1ksβ−1

1 + (sα + 1)(sβ + 1)
v−(sβ+1)dsαdsβ.

b.) Quaternion wave equation:

For quaternion-valued function, the wave equation can be given as follows:

(7.5) ζtt − A2△2ζ = 0

and

(7.6) ζ = f(u, v), ζt = 0; when t = 0,

where A is a constant, f ∈ L2(R2, H) and △2 = u2 ∂2

∂2u
+ v2

∂2

∂2v
.

Applying 2D-QFrMT on both sides of (7.5), we get

Mα, β [ζtt]− A2 {(sα + 1) (sα)Mα, β [ζ ] +Mα, β [ζ ] (sβ + 1) (sβ)} = 0

Mα, β [ζtt]−A2
{

s2α + sα + s2β + sβ
}

Mα, β [ζ ] = 0

(7.7) Mα, β [ζtt]− A2S2Mα, β [ζ ] = 0.

By interchanging differentiation with 2D-QFrMT, we get general solution of (7.7) as

(7.8) Mα, β [ζ ] = c1e
−ASt + c2e

ASt.

By imposing the initial conditions, we get

(7.9) Mα, β [ζ ] =

(

1−
1

2AS

)

e−AStMα, β [f(u, v)] +
1

2AS
eAStMα, β [f(u, v)] .
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By using the inversion formula of 2D-QFrMT on (7.9), the solution of (7.5) is obtained

as

ζ =
1

(2π)2ij

b+j∞
∫

b−j∞

a+i∞
∫

a−i∞

u−sα

(

e−ASt +
1

AS
sinh(AS)t

)

Mα, β [f(u, v)] v−sβdsαdsβ.

c.) Consider the partial differential equation with non constant coefficient as in [7],

(7.10) u2fuu(u, v)− 2uvfuv(u, v) + v2fvv(u, v) = e−(u+v).

Applying 2D-QFrMT on both sides of (7.10), we get

(7.11) (1+sα)(sα)Mα, β [f ]−2sαsβMα, β [f ]+Mα, β [f ] (1+sβ)(sβ) = Γ(sα)Γ(sβ).

After simplifying we obtain

(7.12) Mα, β [f ] =
Γ(sα)Γ(sβ)

(sα − sβ)2 + (sα + sβ)
.

By using the inversion formula of 2D-QfrMT as given in (3.3), the solution is obtained

as

(7.13) f =
1

(2π)2ij

b+j∞
∫

b−j∞

a+i∞
∫

a−i∞

u−sα
Γ(sα)Γ(sβ)

(sα − sβ)2 + (sα + sβ)
v−sβdsαdsβ.

8. Conclusion

In this paper, two-dimensional quaternionic fractional Mellin transform for frac-

tional order is proposed and its inversion formula is also obtained. Different character-

istics and mathematical properties of two-dimensional quaternionic fractional Mellin

transform are derived. Convolution and Parseval’s theorem are proved. Some ppli-

cations of two-dimensional quaternionic fractional Mellin transform are also demon-

strated.
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