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NEW NOTIONS OF ROUGH STATISTICAL CONVERGENCE OF
TRIPLE SEQUENCES IN GRADUAL NORMED LINEAR SPACES

OMER KISIW AND CHIRANJIB CHOUDHURY(®

ABSTRACT. In the present article, we introduce and investigate the concept of
statistical convergence for triple sequences in gradual normed linear spaces. We
prove some of its fundamental properties and a few implication relations. We then
concentrate on rough statistical convergence for triple sequences in gradual normed
linear spaces and established some of its features based on the limit set st3 —

LIMT(G).

1. INTRODUCTION

The notion of statistical convergence was first presented by Fast [19] and Steinhaus
[31] independently in 1951. The main idea behind statistical convergence was the
notion of natural density. The natural density of a set A C N is denoted and defined
by

d(A) = h,ILn% H{ke A:k<n},
where the vertical bars indicate the cardinality of the enclosed set. A real-valued
sequence x = () is said to be statistically convergent to the real number x, if for
each n > 0,

d({k € N: |z — xo| > n}) =0.
Subsequently, the idea was further investigated from the sequence space point of

view by Fridy [21], Salat [29], Connor [12], Tripathy [34, 35], and many researchers
to provide deeper insights into the summability theory. Mursaleen and Edely [22]

2020 Mathematics Subject Classification. 03E72, 40A35, 40A05.
Key words and phrases. Gradual number, gradual normed linear spaces, rough convergence, sta-

tistical convergence, triple sequences.
Copyright (©) Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.

Received: Sept. 25, 2022 Accepted: Jan. 22, 2023 .
681



682 OMER KISI AND CHIRANJIB CHOUDHURY

extended this concept over double sequences and mainly worked on the relationship
between statistical convergence and statistical Cauchy double sequences, statistical
convergence, and strong Cesaro summable double sequences. Besides this, Tripathy
[33] examined various properties of the sequence spaces formed by statistical conver-
gent double sequences and proved a decomposition theorem. Also, in 2007, Sahiner
et. al. [28] introduced and investigated statistical convergence for triple sequences.
Later on, Savag and Esi [30] developed and investigated it for probabilistic normed
spaces. Statistical convergence got attention from a vast class of researchers due
to its wide applicability in various branches of mathematics such as number theory,
mathematical analysis, probability theory, etc.

On the other hand, the concept of rough convergence was first examined by Phu
[24] for finite dimensional normed linear spaces. Although a similar investigation was
carried out in fuzzy settings by Burgin [9] but the results in this paper will emphasize
those of Phu. Let r be a non-negative real number. A sequence x = (x;) in a normed
linear space (X, ||-]|) is said to be rough convergent to xy € X with roughness degree

r, provided that for all n > 0, there exists a N € N so that for all £ > N,

|z — xo|| <7+ .

Symbolically, it is represented as xy T_—””> xo. It is clear from the above definition
that for r = 0, the above definition turns to the definition of usual convergence in
normed linear spaces. The prime results of Phu [24] are mainly based on the limit
set LIM"x which is closed, convex, and having no smaller bound of its diameter.
It should be noted that the idea of rough convergence occurs quite naturally in nu-
merical analysis and has significant applications there. Phu [25], further investigated
the notion of rough convergence for infinite dimensional normed spaces and proved
some interesting results therein. Combining the notions of rough convergence and
statistical convergence, in 2008, Aytar [6] developed rough statistical convergence.

A sequence x = (1) in a normed linear space (X, ||-||) is said to be rough statisti-

cally convergent to xy € X with roughness degree r (> 0), if for each n > 0,

S({k € N: |lz — 20| > r +n}) = 0.
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Symbolically, it is denoted as x st xg. Since the natural density of a finite set

is zero, so it is clear from the above definition that if a sequence is rough convergent,
then it is also rough statistically convergent.

For an extensive study on rough convergence and its recent progress, (2, 3, 4, 5, 7,
8, 13, 15, 16, 23] can be addressed, where many more references can be found.

In another direction, the notion of fuzzy sets was introduced by Zadeh [36] in 1965.
These days, it has wide applications in different branches of science and engineering.
The term “fuzzy number (FN)” is significant in the study of fuzzy set theory. FNs
were essentially the generalization of intervals, not numbers. Indeed FNs do not obey
a couple of algebraic features of classical numbers. So the term “FN” is debatable to
many researchers due to its different behavior. The term “fuzzy intervals” is often
utilized by several authors in place of FNs. To overcome the confusion among the
researchers, in 2008, Fortin et al. [20] put forward the notion of gradual real numbers
(GRN) as elements of fuzzy intervals. GRN are mainly known by their respective
assignment function whose domain is the interval (0,1]. So, all real numbers can
be thought of as gradual numbers (GN) with a constant assignment function. The
GRN also obey all the algebraic features of the classical real numbers and have been

utilized in optimization problems and computation.

Sadeqi and Azari [27] were the first to present the notion of GNLS. They studied
various properties from both the algebraic and topological points of view. Further
improvement in this direction has been taken place due to Ettefagh et al. [17, 18],
Choudhury and Debnath [10, 11], and many others. For more details, one may refer

to [1, 14, 32].
2. DEFINITIONS AND PRELIMINARIES

Throughout the paper, N and R denote the set of all positive integers and the set
of all real numbers respectively and by the convergence of a triple sequence we mean

the convergence in Pringsheim’s [26] sense.

Definition 2.1. [26] A real valued triple sequence x = (z;;;) is said to be convergent
to a real number xg, if for any > 0, there exists a positive integer kg = ko(n) such

that for all 7, j, k > ko,



684 OMER KISI AND CHIRANJIB CHOUDHURY
|xijk — ZIZ'Q| <n.
Definition 2.2. [28] Let K C N x N x N and K, ,, denote the set
{(i,j,k) e K:i<l,j<m,k<n}.

The triple natural density of K is denoted and defined by

provided that the limit exists.

Definition 2.3. [28] A real valued triple sequence = = (z;j;) is said to be statistical
convergent to a real number z; if for each n > 0,

0% ({(i, 4, k) € Nt |y — wo| > m}) = 0.
In this case, [ is called the statistical limit of the triple sequence x and symbolically

. st
it is expressed as x;;, — .

Definition 2.4. [28] A real valued sequence = = (z;j) is called to be statistical
Cauchy provided that for all > 0, there are three positive integers M = M(n),
N = N(n) and P = P(n) so that

53 ({(’l,], k’) € N3 : |[L’Z’jk - xMNP| 2 7’]}) = 0.
Definition 2.5. [20] A GRN g is described by an assignment function R; : (0, 1] — R.
The set of all GRN is indicated by G(R). A GRN g is named to be non-negative

provided that for all ¢ € (0,1], R5(¢) > 0. G*(R) is utilized to denote the set of all
non-negative GRNs.

The gradual operations between the elements of G(R) was itendifed as follows:

Definition 2.6. [20] Assume * be any operation in R and take g1, g, € G(R) with
assignment functions Ry and Ry, respectively. At that time, ¢ * go € G(R) is

determined with the assignment function R;,.;, given by

Riisg: (1) = Ry (1) * Ry, (4), Vo € (0,1].
Especially, the gradual addition §;+g» and the gradual scalar multiplication cg(c € R)
are itendifed by

Ri+g.(V) = Ry, (V) + R, (1) and  Reg(v) = cRy(¢), Vo € (0,1].
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The constant GRN p is itendified by the constant assignment function R;(¢) = p
for any ¢ € (0,1], for any p € R. Especially, 0 and 1 are the constant GNs itendifed
by Ry(¢0) = 0 and Ri(¢)) = 1 respectively. One can simply confirm that G(R) with

the gradual multiplication and addition forms a real vector space.

Definition 2.7. [27] Suppose X be a real vector space. The function [|-[|; : X —
G*(R) is named to be a gradual norm (GN) on X, provided that for all ¢ € (0, 1],
the subsequent three situations supply for any z,y € X:

(G1) Ryjep, (¥) = Rg(¥) iff x = 0;

(G2) Rypely (V) = |pI Ry, (¢) for any p € R;

(95) Riatyllg (V) < Ryallg () + Ryyjg ().

The pair (X, [|-||g) is named as GNLS.

Example 2.1. [27] Suppose X = R' and for x = (x1,x9,....,2;) € R, ¢ € (0,1],
identify ||-||g by

Rialg () = € > |-
=1

At that time, ||-||g is an GN on R" and (R",[-||5) is an GNLS.

Definition 2.8. [27] Suppose z = (z1) € (X, ||-[|5). At that time, z is named to be
gradually convergent to zo € X provided that for all ¢ € (0,1] and n > 0, there is a
natural number N(= N, (¢)) so that for all £ > N,

RHmk—mng (w) <.

Symbolically, x M Zo.

Definition 2.9. [27] A sequence x is named to be gradually Cauchy provided that

for all ¢ € (0, 1] and n > 0, there exists a natural number N(= N,(¢)) so that
Rap-aqllg (V) <71

holds for all p,q > N.

Definition 2.10. A triple sequence x = () in (X, [|-[|5) is called to be gradually
rough convergent to xy € X, provided that for each ¢ € (0,1] and n > 0, there is a
positive integer ko = ko(1),n) so that for all i, j, k > ko,
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R xijk—mong(?’D) <r+ n-
r—|llg

Symbolically, it is denoted as x;;, — o.

For r = 0, the above definition reduces to the definition of gradual convergence of
the triple sequence x to xp, which is represented as M 0.
Throughout the following sections, r indicates a non-negative real number and 0

denotes the zero element of R?.

3. STATISTICAL CONVERGENCE OF TRIPLE SEQUENCES IN GNLS

In this section, we present our findings related to statistical convergence for triple

sequences in GNLS.

Definition 3.1. Assume 2 = (24) € (X, |-|lg). Then, z is called to be gradually
statistical convergent (in short st3(G)—convergent) to xy € X provided that for all
¥ € (0,1] and n > 0,

e ({(i,j, k) eN?: R

s 3
Symbolically we write, x;;, ﬂ xg.

sig—aol] ,(¥) 2 77}) = 0.

Theorem 3.1. When a triple sequence x = () is gradual convergent to xy € X,

then x is st*(G)—convergent to xg € X.

Proof. The proof is easy so omitted. U

Hovewer the converse of the above theorem is not true. The next example demon-

strates the fact.

Example 3.1. Suppose X = R' and ||-||; be the GN itendified in Example 2.1.

Contemplate the sequence x = (z51) in R" determined as

0,0,...,0,t) ifi=u?j=v%k=w?for someu,v,w €N
Lijk =
0 otherwise.

Then, for any n > 0 and ¢ € (0,1],

{ k) en: R|jscof, (V) = 1} {149, x {149, x {1,4,9, ).
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s 3
Hence, x;jp, ﬁ) 0 in R'. Hovewer, it is obvious from the definition that, x is not

gradual convergent to 0.

st3
Theorem 3.2. Assume x = (ziji) € (X, [|-lg). Then, 4y, 19, xo iff there is a set

M={(li,mjng) L <lb<..<lL<.;m<mg<..<mj<.;ng<ng<..<

ng < } c N3

such that 63(M) =1 and Ty,m;n, Illg .

Proof. Firstly, we assume that there exists a set M = {(l;;m;,n;) 1 l; <lp < ... <

Li<.osmp<mg<..<mj<.;n <ng<..<ng<..}CN?satisfying
(M) =1 and 2j,m,n, e, Tg.
Then, for all ¢ € (0, 1] and n > 0, there exists N(= N,(¢’)) € N so that

R (¥) <n, Vi, j,k=N.

xlimjnk —Zo ||Q

Let B(y,n) = {(i,j, k) € N3 : R||xijk—xo||g(¢) > 77}. Then, the inclusion

B(,n) € (N°)\ ({Ins1, Invga, o} X {maprs magz, o} X {nngs, ivgs, o)

s 3
holds and as a consequence we have §°(B(¢,n)) = 0. Hence, z;jx ! (g)> Zo.

s 3
For the converse part, assume that x;;; ﬂ xo holds. Then, for every ¢ € (0, 1]
and s € N, §3(M,) = 1, where
M, = {(i,j, /{7) e N3 RHxijk_Z‘OHg(w) < %}
From the construction of M,’s, it is clear that

(3.1) My DMyD...DO Mg D Mgy D...

Let us choose (uy, v, w;) € M; be an arbitrary element. Then, there exists (ug, va, wy) €

Ms such that for all [ > us, m > vy, n > wo,
w0 <L <mk <n:(i,j,k) € Mo}| > 3,

holds. In a similar way, there exists (ug, vs, w3) € Mz such that for all [ > uz,m >

U3, N Z ws,

i< Lj<mk <n:(ij k) € Ma}| > 3,
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satisfies. Proceeding like this, we can construct three sequences (uy), (vs), and (wy)
of positive integers such that (us, vs, ws) € My and for all [ > ug, m > vs,n > wy,

1 1
2  i<lj<m,k<n:(ijk)e M} >1—-
(3.2) lmn\{z_ g <mk<n:(i,j k)€ M} > .

is true. Let us construct M as follows: each element of the set [1,u;] X [1, v1] X [1, w;]
belong to M and any element of the set [ug, usi1] X [vs, Vs11] X [ws, wsi1] belongs to
M if and only if it belongs to M, (s € N).

From (3.1) and (3.2), we have for each us <[ < us11,vs < m < vg1,ws < n <

ws+17

Hisljsmk<n:(jk)eMy| [i<lj<mhks<n:(ijk)eM}l - 1
Imn - Imn s

Consequently, §2(M) = 1. Let > 0 be given. By Archimedean property, choose s €
N such that £ < 7. Further, let (¢, j, k) € M be such that i > u,, j > v,, and k > w;.
Then, there exists t > s such that u; <1 < w1,v < J < v, wy < k < weyq. But
by the definition of M, (i, j,k) € M,.

Therefore,

=
IN

|
N

3

R|ays—ao|, (¥) <
ijk e

Il
Hence, Zj,m,n, —75 20 holds. O

Definition 3.2. Take x = (7;;) as a triple sequence in (X, [|-||5). Then, x is named
to be gradually statistical Cauchy (in short st3(G)—Cauchy) provided that for all
n > 0 and ¥ € (0,1}, there are Ny, Ny, N3 € N so that

0 ({(i.5. k) e NS R ey |, () 2 n}) =0,

Theorem 3.3. Let v = (w1) be a triple sequence in the GNLS (X, ||-||lg). Then, the
following statements are equivalent:

(1) xiji m To;

(11) x is a st3(G)— Cauchy sequence;

(i1i) = is a sequence for which there is a gradual convergent triple sequence (y;ji) so

that

({1, 5, k) € N g, # yije}) = 0.
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st3
Proof. (1) = (it) Take x = (z455) € X and assume z;;; ), xo. At that time, for

all n > 0 and ¢ € (0, 1],
8°(C(¢,n)) = 0, where C(¢, 1) = {(i,j, k) e N°: R agi—sol|, () 2 77}-
Clearly, 6% ((N®*\ C(¢,n)) = 1 and therefore, is non-empty. Select (Ny, Ny, N3) €
N3\ C(+,n). Afterwards, we obtain RH o I (¥) <n.
Tijk—TN1NgN3 || g
Let B(v,n) = {(z’,j, k) e N3 : RHSL’k_Z' I () > 27]}. At this time we demon-
ijk N1NgN3 I

strate that the subsequent inclusion is true

B(y,n) C C(¥,n).

For if (u,v,w) € B(y,n) we have

277 < R||muuw—mN1N2N3 ||g(w) < R”xuvw_iﬂ)”g(w)+R||w0—IN1N2N3 ||g(w) < Rwaw—ong(w)“‘na

which gives (u,v,w) € C(3,n). Thus, we conclude that 6% (B(+,n)) = 0, which
means x is st3(G)—Cauchy sequence.

(i) = (iit) Let © = (x4;) be a st*(G)—Cauchy sequence. Select Ny, Na, N3 € N so
that

P({erpeN Ry, @ ¢ ]) =0
where
1= [ e, =1 Rl ) 51

Again select M, My, M3 € N so that 63 ({(z’,j, k) e N3 : RH“"’JkH (V) ¢ I’}) = 0,
Irllg

where

r_ 1 1
[ — |iRHxM1M2M3Hg(¢) - 57 RHZ‘MlMQ]\/IgHg(w) + §:| .

Now as the equality

{igl,jgm,kgn:R

L@ gInr}

(w)gél}u{igl,jgm,kgn:RHx

Tijk

:{igl,jgm,kgn:RHx

ijk”g mk”g(w) ¢ [/}

holds, so we have to have

5 ({(i,j, REN Ry, o (W) ¢10 1}) —0.

|
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Denote INI’ by I;. Then, it is obvious that [; is a closed interval with diam(l;) < 1,
where diam([;) represents the length of the interval ;. Proceeding like this, we

choose Ni(2), Na(2), N3(2) € N so that

({an €N iRy, W) g17}) o0
where

1 1
" _ -
= |:R||mN1(2)N2(2)N3(2)||g(w) 4’RH:ENl(?)NQ(Z)NS(Z)||g(w) + 4] ’

Let us denote I; N I” by I. Then, by the previous argument we can say that I is a

closed interval with diam(l5) < 1 satisfying

53 <{(z’,j, B)EN Ry, () ¢ 12}> — 0.

Tijk

Continuing in this way, we obtain a sequence (I;) of closed intervals such that

and

diam(1;) < 27

By Nested Interval Theorem, there exists a A € R such that
(L = {\}
t=1
Now we choose an increasing sequence of natural numbers (7}) such that

(3.3) 1

1
Imn t

{i <lLji<m,k<n: RHx”ng(lp) ¢ [t}‘ <

if [,m,n > T;. Define a triple subsequence (z;;) of (z;;;) consisting of all terms x;;y,
such that i, 5,k > T} and if T,,, < 4,5,k < T,,41 then RHwkH () & I,. Define the
ij g

triple sequence (y;;;) as follows:

A, if v, 1s a term of (2;)
Yijk =
Tijk, otherwise,
where R5(¥) = A, V¢ € (0, 1]. Then, vy, — \; for, if n > % > 0 and i, j, k > T; then
either x;;;, is a term of (z;y), which means y;;, = \ or Yijk = Tijk, RijkH (W) el
Wrllg

and R’|yijk_5‘“g(¢) < dz’am([t) < 21t
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We also claim that 6% ({k € N : x5 # yijr}) = 0. Because if T; < I,m,n < Tj41,

then the inclusion
{i <lj<mk<n:zij#yig}t C {z Sbjsmbk<n:Ry,. . #)¢ ft}
holds and consequently by (3.3),

i<l <mk <ncagr # v < 2

Imn*

Letting I, m,n — oo on both sides of the above inequation, we obtain

1
lim — |{i <07 <m,k<n:zy# vyt =0,

l,m,;n—o0lmn
lLe.,
8°({(i,4, k) € N* - wyjp. # yiji }) = 0.
(iii)= (i) Finally we assume that 6® ({(4, j, k) € N : 2. # yijr}) = 0 and y,jp, M
xo.

Then, by definition for any 1 > 0 and ¢ € (0, 1], the set
{i SLiSmk<n: Ry, o) ®)2 n}

contains a finite number of elements say Ny. Now as the inclusion

{Z S la] S mak S n. R wijk—m0||g(¢) Z /)7}

olistismb<niRy, @) =0}

holds, so we must have,

1
— {igl,jgm,kgn:R

xijk_mon (V) > ?7}’

Ny
—_— < < < —_—
l |{Z [ ] m, k n > Tijk 7é yzgk}| ‘I’ mn

Letting I, m,n — oo on both sides of the above inequality and utilizing the fact that

(53 ({(Z,j, ]{3) S N3 D Tk # ywk}) =0

we obtain x;;i ﬁ) 2. This completes the proof. O



692 OMER KISI AND CHIRANJIB CHOUDHURY

4. ROUGH STATISTICAL CONVERGENCE OF TRIPLE SEQUENCES IN GNLS

A triple sequence that is not statistically convergent, may be rough statistically
convergent for some roughness degree r in a normed space. However, since every
GNLS is not necessarily a normed linear space (Example 3.18 of [27]), so it is quite
natural to investigate the above properties of triple sequences in GNLS setting. In
this section, we put forward our findings regarding the rough statistical convergence

of triple sequences in GNLS. We begin with the following definitions:

Definition 4.1. A triple sequence x = (z;5;) is named to be gradually rough statisti-
cal convergent (briefly st?(G)—convergent) to zo € Y, provided that for all ¢ € (0, 1]
and 7 > 0,

o ({0 en: R o] ,) 27 n}) =0,

s 3
Symbolically we write, x;; 9, xo-

Here r is named the degree of roughness. For r = 0, the above definition reduces to
Definition 3.1. But our main intention is to deal with the case r > 0. There are some
reasons for such interest. Since a gradually statistical convergent sequence y = (y;ji)

st3(G)

with y;x — z¢ often cannot be measured or calculated accurately, one has to deal

with an approximated triple sequence x = (x;;;,) satisfying

o ({0 enw:® o], () > r})=o.

Then, no one can guarantee the gradually statistical convergence of x, but since for

any 7 > 0, the following inclusion

{Gam) eN Ry, o @) 2nf 2 {63k €N Ry, (6) 27 4.

holds, one can certainly assure the st3(G)—convergence of x. We serve the subsequent

example to illustrate the above fact more preciously:

Example 4.1. Assume X = R" and let ||-||; be the GN itendified in Example 2.1.
Contemplate the triple sequence (y;;x) in X defined as

(_1)i+j+k
i+j+k

(0, 0,...,0,0.5+2- ) ,  when i, j, k are perfect squares
Yijk =

(0,0,...,0,0.5), otherwise.
Then, we get
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2e¥
i+j+k’

when i, 7, k are perfect squares

Ry 00...005) lg W)= 0 otherwise

So, for any n > 0, the following inclusion

{(i,5,k) e N*; Rguo—(00,..0,0.5)[ (V) > n} C{(1,1,1),(4,4,4),(9,9,9), ...}
supplies and eventually y;;u, M (0,0, ...,0,0.5). But for sufficiently large i, j, and k,
it 1s not possible to compute y;j1, exactly by computer however it is rounded to the near-
est one. So, in the interest of simplicity, we approximate y;;x by x;, = (0,0, ...,0, 2)
at the perfect square values of 1,7 and k, where z is the integer satisfying z — 0.5 <
Viik < 2+ 0.5. At that time, the triple sequence (x;j;) does not st*(G)—converge
anymore. On the other hand according to the definition x;;j M) (0,0,...,0,0.5).

It is obvious that for r > 0, the st2(G)—limit of a triple sequence is not necessarily
unique. As a result, our fundamental interest is to deal with the case r > 0. Therefore,

we construct st3(G)—limit set of a triple sequence x = (z;j;), determined as follows:

83
stb — LIMT(G) = {:co € X w29 xo}.

Theorem 4.1. Assume (x41) and (yir) be two triple sequences in (X, ||-||g) so that

st3,(9) st2,(9)
Tije — To and y;jx —— Yo. Then,

3 3
8t 49y (9) Sty (9)

(1) Tijk + Yijk xo + Yo and (ii) px;j —— pxo for any p € R.

st3 (G) st3_(G)
Proof. (i) Since, ;, ——— xo and Y ——— qo, so for any ¢ € (0,1] and n > 0,

§3(P) = 63(Q) = 0, where
P={(ij.k) €N R ezl (¥) 2 71 + 1} and
Q={(.gh) €N Ry, () 2 7ot .
As the inclusion
(N APYNNNQ) S {(Gk) €N Ry s, (¥) <1+ 7241

holds, so we obtain

3 . . 3. =
§ <{(Z,j, k) e N°: RH(xijﬁyijk)_(xﬁyo)ug(IP) > 41y + 77}) = 0.

St 4 ©)
Hence, @i, + yij ———— %o + Yo.
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(ii) When g = 0, then there is nothing to prove. So let us presume that p # 0.

Now as the situations

Rlzsiaol, (V) S T and Ry )| (¥) < il
are equivalent in gradual normed algebras, so the result follows. O

Now for r; = ro = 0, the above theorem reduces to the following result:

Corollary 4.1. Presume (i) and (yiji) be two triple sequences in (X, [|-||g) so that

st3 513
Tijk 2O, 2o and Yijk SalCIN vo. Then,

83 B 53
(1) Tiji + Yijk ﬁ) xo + Yo and (i) pxi ﬂ uxo for any p € R.

Theorem 4.2. Take v = (zij;) € (X, [|-lg). Then,
diam(st* — LIM(G)) = sup {Ryg-y), (¥) : ¢,t € st — LIM7(G), € [0,1)} < 2r.

In general, diam(st3> — LIMZ(G)) has no smaller bound.

Proof. If possible, let us suppose that diam(st> — LIM%(G)) > 2r. Afterwards, there
are qo, to € st> — LIM(G) and ¢ € [0,1) so that Ryg,—s,|, (o) > 2r. Select n > 0

in such a manner that

_ ano—t;ug (o)

Since, qo,ty € st® — LIM’(G), so for any ¢ € (0,1] and > 0, 6*(A) = 63(B) = 0,

(4.1)

where
A= {(z’,j, B) €N Ry, | () 27+ n} and
B = {(i,j, k‘) e N3 R||Iijk—to||g(¢) >r+ 77} .
As aresult, 3(N3\ A)N(N?\ B)) = 1 and eventually (N*\ A)N(N?\ B) is non-empty.

Take (g, jo, ko) € (N3\ A) N (N?\ B). At that time, we acquire

Rigo—tollg (Y0) <R (Y0) +R (o) < 2(r +n),

miojoko_qong miojoko_tong
which contradicts (4.1).
For the second part, presume (z;) be a triple sequence in (X, [|-[[;) so that

s 3
Tijk @), xg. As a result, for any ¢ € (0,1] and n > 0,

> ({(i,j, R) END Ry )], () 2 n}) = 0.
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Now for each gg € (zo+N(r,¢)) = {x € X : Rzo—nllg (V) < 7}, the following inequa-

tion

Rilei-a]) (W) =R

supplies whenever (7,7, k) ¢ {(i,7,k) € N> : R
qo € st® — LIM"(G) and subsequently

xijk—m0||g(¢) + R”ﬂﬁo—QOHQ(w) <r+mn,

wisi—o| (¢)) > n}. This shows that
ij g

st> — LIM!(G) = (w9 + N(r,¢))

supplies. Since, diam(zy + N(r,%)) = 2r, so in general upper bound 2r of the
diameter of the set st — LIM"(G) cannot be decreased anymore. U
Taking » = 0 in the above theorem, we can get the subsequent result:

st3
Corollary 4.2. Let x = (w41) be a triple sequence in (X, [|-||g) so that xj, RN iy

Then, xy is uniquely determined.

Definition 4.2. The triple sequence () is named to be st*(G)—bounded provided
that for all ¢ € (0, 1], there is an M (= M (¢)) > 0 so that

5 ({(i,j, B) N Ry, (1) > M}) — 0.

Theorem 4.3. A triple sequence x = (x5) i (X, ||-|lg) is st>(G)—bounded iff there
exists some v > 0 so that st> — LIMZ(G) # 0.

Proof. Let x = (x;) be st*(G)—bounded. Then, for each ¢ € (0,1], there exists
M(= M(v)) > 0 so that

53 (A) =0, whereA:{(i,j,k‘)EN?’:R (¢)>M}

Tijk |g

Suppose

Tijk

B:sup{R (¢):(z‘,j,k)e(N3\A),we[0,1)}.

Then, the set st® — LIMZ(G) includes the zero vector of X and eventually

lo

st3 — LIMB(G) # 0.

Conversely, presume that st3 — LIM?(G) # @ for some r > 0. At that time, for
T € st3 — LIMZ(G),
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5 ({(z’,j,k)EN3:R

wijk—mong(w) >r+ n}) =0

holds for any ¢ € (0,1] and 5 > 0. This implies that x is st*(G)—bounded. O

Theorem 4.4. Let © = (z;5,) € (X,|||lg). When qo € st® — LIM°(G) and ¢, €
st® — LIM™(G), then

= (1= N)qo + Aqy € st® — LIMI= V020G where A € [0,1].

Proof. Since qy € st> — LIM™(G) and ¢, € st> — LIM"(G), so for each ¢ € (0,1]
and n > 0, 0*(A) = §3(B) = 0, where
A={Gi k) €N Ry, () =m0+ 7} and
B = {(i,j, ]{2) e N3 R’|xijk_q1’|g(¢) >r + 7]} .

Subsequently, for any (i, j, k) € (N> \ A) N (N3 \ B),

() < (1— MR () + ARy ()

) -
< (X =A)(ro+n)+ A(r1 +n)
=(1=XNro+ Ary +17.

This demonstrates that,

{3 K) €N Ry, o1 (8)2 (1= Mo+ A +0} CAUB.
ijk A 1]

Now since the set in the right-hand side has triple natural density zero, so the

set in the left-hand side also has triple natural density zero. Hence, ¢\ € st® —

L[Mggl—)\)ro-l-)\rl (g) 0
Corollary 4.3. Let x = (i) € (X, [|-[lg). Then, the set st — LIM}(G) is convex.

Theorem 4.5. Let x = (zi1) € (X, |||lg). Then, the set st®> — LIM(G) is gradually

closed.

Proof. Let y = (yix) € st> — LIMZ(G) be such that

Then, for each ¢ € (0,1} and > 0, there is an N(= N,(¢)) € N so that for all
i,J,k > N,
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NS

R Yijk —Y0 ||g (w) <

Select g, Jo, ko € N so that g > N, jo > N, kg > N. Then, R
On the other hand, since (y;;x) C st — LIM?(G), we must have

(¢)2r+g}) = 0.

(¥) <

NI

yiojoko_yong

(4.2) 53 <{(i,j, k) eNS: R

lﬁjk‘_yioj0k0||g
Suppose (u, v,w) ¢ {(i,4,0) €N iRy, () 27+ 4
Hxlﬂk yzoJo’Cng 2
Then, RH“’U - (v) < r+ 7 and eventually
uvw 7/0 (0] O g
< .
Rifzun=s0lg¥) = Rz sigioroll, )+ Rlluigsorg—uol| ,#) <7+ 7

This gives that (u, v, w) ¢ {(z’,j, k) e N3 : RHx'jk_yOH (V) >r+ 77} and subsequently
: g

from (4.2) we acquire

5 ({(.3.0) €N R aumse], () Z 7+ n}) =0,

Hence, yo € st — LIM”(G) and the proof ends. O

Theorem 4.6. Let r1 > 0 and ro > 0. A triple sequence x = (z45) in a GNLS
(X, -llg) s st

(r14r2)(G)— convergent to xo iff there is a triple sequence y = (yi) so
that

st ()
Yijk — Zo and R

(V) <1y

mﬁk_yﬁk|g

for all (i,7,k) € N3.
st} (G) . .

Proof. Let us assume that y;;; — x¢. Afterwards, according to definition for any
¥ € (0,1] and n > 0,

53(P> =0, where P = {(i7j7 k) € N7 RHyijk—:cng(d}) >+ 77}-
Now since RHx_J_k_y_ij (¢) < ro supplies for all (4, 5, k) € N3, so for all (4,4, k) ¢ P,

1JR 1JR g
< .

Rlfeue=solly ) = Ryl g () F Reausol]y (¥) <2 F 721

This implies that

{(i,j,k)€N3:R (¢)2T1+7‘2+n}£P

Tijk—T0 || P

and eventually by the property of triple natural density,

53 <{(i,j, B)EN Ry, () 2t n}) —0.
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3
ey 4r)(9)
Hence, x;j;, ———— @o.

For the converse part, let us suppose that

3
5y ) (9)

(4.3) Tijk — 7 Zo-
Define y = (yi;x) by

2o, Zf R||xijk_1‘0’|g(¢) S )

Yijk = TO—Tijk ;
Tijr + T2gg z R otherwise.

T — (
lzssn==oll

Then, it is easy to observe that R (1) <1y for all (4,7, k) € N3.

Tijk—Yijk |g

Moreover,

0, if R

rijk—ongw) — 1y, otherwise.

Tijk—Z0 || G (¢) <72

Riluse=soll,(¥) =

By (4.3), for each ¢ € (0,1] and n > 0,

o ({60 en:R ], () Z 1T n}) =0,

Now as the inclusion

{63 k) €N Ry, (8) 2t ratnf 2
{(i,j, k) e N° Rl iguao]), () 2 11 + 77}

holds, so we obtain

o ({0 en: R sl (V) Z 71+ n}) =0,

st3 (G)
Hence, y;jx —— =0 and the proof ends.

U

Corollary 4.4. A triple sequence (x5;) € (X, ||-|lg) is st3(G)—convergent to xo € X

with roughness degree v > 0 iff there is a triple sequence y = (yijx) in X so that

83
Tijh RatON xo and R | <7 for all (i,j,k) € N3

Tijk—Yijk

Theorem 4.7. Presume (X, ||-||) be a normed linear space and suppose f : (0,1] —

R* be a non-zero function. In [17], it was demonstrated that the map Rz, : (0,1] —

R* determined by
Rzl () = (@) 2|,z € X
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determines a gradual norm on X. For any triple sequence (x;;1) in X,

. st3—||-| st2(9)
(i) When x;j, —— xo, then z;j; ——— xo.
83
(11) When x;jx (9, xo and there exists a vy € (0,1] so that f(iy) = 1, then

st2, =l
Tijr, — xo for some 1’ > 0.

st3—||-
Proof. (1) Since ;i st xg, so for any n > 0 and v, € (0, 1],

8 ({(0,5K) € N ¢ g = woll = 7+ 75 ) = 0.

So, the following inequation

Rl (90) = F(00) [z = woll < 7 (o) +1

supplies for any (7,7, k) ¢ {(i,j, k) € N3 ||zgjp — ol > 7+ %} and the result

follows by taking ' = rf ().

s 3
(ii) Since z;jk ﬂ) xg, so for any n > 0 and ¢ € (0, 1],

@ ({lk e Ry, o @) =r+n}) =0,
||x”k xo”g
Especially, for ¢ = 1y, the following inequation
ik — @oll = f (o) lziji — zol| = 73||xij,€_gco||g(%) <r+n

supplies for any (4, , k) ¢ {(z’,j, k) e N®: R
lows from the property of triple natural density. O

r— (V) >r+ 77} and the rest fol-
ij e

5. CONCLUDING REMARKS

In this paper, we have investigated the notion of statistical and rough statistical
convergence in GNLS for triple sequences. Theorem 3.2 and Corollary 4.4 gives a
necessary and sufficient condition for the respective convergences of a triple sequence
in a GNLS. Theorem 3.3 relates a gradually statistical convergent triple sequence with
a gradually statistical Cauchy triple sequence in a GNLS. Furthermore, Theorem 4.2,
Theorem 4.4 and Theorem 4.5 established the several properties of the set st® —
LIM!(G). Finally, Theorem 4.7 is established for a comparative study of rough
statistical convergence of triple sequences in normed linear spaces and in gradual

normed linear spaces. In future, as a continuation of this research, one can form the
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following sequence spaces

c§t3 (G) = {z = (w;j;) : there exists xy € X such that for all ¢ € (0,1] andn > 0,
sl , (V) 2 77}) = 0} :

G = {z = (w;jx) : there exists xy € X such that for all ¢ € (0,1] andn > 0,

xijk_mong(w) > 77}) = 0} :

5 ({(i,j,k:) EN R

53 ({(z’,j,k) eN*:R

and
l;f(g) = {x = (x;;,) : for all ¢ € (0, 1] there exists M (= M (1)) > 0such that
* (a0 eN Ry, 0)> 1)) =0f

and utilize this study to investigate several important properties such as solidity,

monotonicity, symmetric properties etc.
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