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THE CYCLE-COMPLETE GRAPH RAMSEY NUMBERS R(C,, Ky),
FOR 10 <n <15

A. BANTABEDALRUHMAN

ABSTRACT. Given two graphs H; and Hs, the Ramsey number R(H;, Hs) is the
smallest natural number n such that each graph of order n contains a copy of Hi
or its complement contains a copy of Hs. In this paper, we find the exact Ramsey
number R(C,,, Kg) for 10 < n < 15, where C, is the cycle on n vertices and Ky is

the complete graph of order 8.

1. INTRODUCTION

In this paper, all graphs are simple graphs. Given two graphs H; and Hs, the
Ramsey number R(Hy, Hs) is the smallest natural number n such that each graph of
order n contains a copy of H; or its complement contains a copy of Hs. Note that,
if the complement of a graph G contains a complete graph K, then G contains s
independent vertices. The existence of Ramsey numbers is known from 1930, by Frank
Ramsey [10]. The Ramsey numbers attracted a lot of researches and established the
whole field of Ramsey theory. The existence of these numbers has been known since
1930 but their quantitative behavior is still not well understood. There are many
open problems and conjectures about Ramsey numbers for different kind of graphs.
In this paper we focus on the R(C,, K,,), where C,, is a cycle on n vertices and K,,
is the complete graph of order m.

Erdés et al. [7] conjectured that, for all integers 3 < m < n, we have
R(Ch, Ky)=(n—1)(m—1)+ 1.
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The exception for the conjecture is when n = m = 3 since R(3,3) = 6. Bondy and
Erdés [5] proved the conjecture for n > m? — 2. Also, the conjecture was confirmed
for m = 3 [8, [11]. Yang et al. [13] and Bollobas et al. [4] proved the conjecture
for m = 4 and m = 5, respectively. Schiermeyer [12] confirmed the conjecture for
m = 6. Baniabedalruhman [I] and Baniabedalruhman and Jaradat [2] confirmed the
conjecture for n = 7,8 and m = 7. Furthermore, Cheng et al. [6] proved that the
conjecture is true for m = 7 and showed that R(C7, Kg) = 43. Jaradat and Alzaleq
[9] confirmed the conjecture for n = m = 8. Moreover, Bataineh, Jaradat and Al-
Zaleq [3] proved the conjecture for n = 9 and m = 8. In this paper, we prove the
Conjecture for m = 8 and 10 < n < 15. That is we prove that for 10 < n < 15, we
have R(C,, Kg) =7(n— 1) + 1.

1.1. Notations and Terminology. The terminologies used through out the paper
are presented here. For a given graph G, V(G) and E(G) denote the vertex set and
the edge set of G, respectively. The order of G which is the number of vertices in G
is denoted by |G|. The graph that consists of n disjoint copies of G is denoted by
n(. The path and the cycle of order n are denoted by P, and C,, respectively. A
graph K + H is obtained by connecting each vertex in H to the vertex of K;. The
neighborhood of a vertex u which is the sub-graph induced by the set of all vertices
adjacent to u is denoted by N(u) and N[u] = N(u)U{u}. Moreover, for a sub-graph
H we define the neighborhood of H as the sub-graph induced by the set of vertices
W =A{w:w e N(v) forsome v € H} and N[H] = N(H)U H. Let u € V(G),
G — {u} denotes the graph that obtained by deleting u and all edges adjacent to it.
The graph G — H is the graph obtained by deleting all vertices in H and all edges that
has an end vertex in H. The degree of a vertex u is the number of edges adjacent to it
and is denoted by d(u). Also, §(G) denotes the minimum degree of the graph G. The
order of the largest independent set in the graph G is denoted by a(G). Moreover,
a(N(u)) denotes the order of the largest independent set in the neighborhood set of

a vertex u.

2. PRELIMINARY LEMMAS

In this section, we prove a sequence of preliminary lemmas that are necessary in

the proof of the main result. Note that, since R(C,,Kg) = 7(n—1)+1,n = 38,9,
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then in what follows we assume that G is a graph such that |G| > 7(n — 1) + 1 and
n > 10.

Lemma 2.1. Let G be a graph that contains neither a copy of C,, nor an 8-element
independent set. If {uy,us, - ,u.}, 1 <r <7, is an independent set, then
|N({u17u27 T 7“7‘})| > T(n - 2) + 1.

Proof. Let {uy,us,- - ,u,} be an independent set and let |N({uq,us, -+ ,u,})| <
r(n—2)+1. Then |G—N[{uy,ug,- -+ ,u.}]| > (7—r)(n—1)+1. Since R(C,, Ks_,) =
(7—r)(n—1)+1 and G does not contain a copy of C,,, then G—N[{uy, ua, - - - , u, }] con-
tains an (8—r)-element independent set. This set with {uy, us, - - -, u, } is an 8-element
independent set, which is a contradiction. Therefore, we have | N ({uy, ug, -+ ,u,.})| >
r(n —2) + 1. Especially for r = 1 we have §(G) > n — 1. Thus, the proof is com-
pleted. O

Lemma 2.2. If G contains neither a copy of C,, nor an 8-element independent set,

then G does not contain a copy of K,_1.

Proof. Suppose that G contains a copy of K, 1. Let U = {uy,us, -+ ,u,_1} be the
vertices of K,,_1 and let T'= G—U. Since §(G) > n—1 and G does not contain a copy
of C,, then we have N(u;)NT # ¢, fori =1,2,--- ,n—1and N(u;) "N (u;)NT = ¢,
for 1 <i < j<n-—1. Moreover, for 1 <i < j<n-—1andevery z € N(u;)) N T
and y € N(uj) NT, we have zy ¢ E(G). Then the neighbors of {uy, -, u,_1}
form an independent set. Therefore, G’ has an 8-element independent set, which is a

contradiction. Hence, the proof is completed. O

Lemma 2.3. If G contains neither a copy of C,, nor an 8-element independent set,

then G does not contain a copy of K1 + C),_».

Proof. Suppose that G contains a copy of K1+ C,,_s. Let U = {uy,us,- -+ ,u, 2} and
v be the vertices of C,,_» and K7, respectively. Also, let T'= G — (U U {v}). Since
d(G) > n—1 and G does not contain a copy of C,,, then we have N(u;) NT # ¢, for
i=1,2,--- ,n—2 and N(u;) N N(u;) NT = ¢, for 1 <i < j <n—2. Moreover, for
1<i<j<n-—2andevery x € N(u;) NT and y € N(u;) N T, we have zy ¢ E(G).

Since n—2 > 8, then the neighbors of {uy,- -, u,_2} form an 8-element independent
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set. Therefore, G' has an 8-element independent set, which is a contradiction. So, the

proof is completed. L

Lemma 2.4. If G contains neither a copy of C,, nor an 8-element independent set,
then N({uy,us}) — {v} does not contain a copy of C,,_o for any ui,us € N(v) where
v e V(Q).

Proof. Suppose that N({uy,us}) — {v} contains C,,_5 = ci¢a---¢,_o. If all vertices
of C,,_5 are adjacent to exactly one of uj or us, then by Lemma 2.3 we have a con-
tradiction. Therefore, the vertices of C,_o are adjacent to u; and us. Now, if there
is an integer 1 < ¢ < n — 2 such that ujc;, usciio € F(G), then uyvusciiociys - - - ciug
is a copy of C,, which is a contradiction. Thus, all vertices of C,,_5 with odd in-
dices are adjacent to one vertex of {uj,us} and the vertices with even indices are
adjacent to the other vertex. Assume that, the vertices of C,,_5 with odd indices are
adjacent to u; and the vertices of C,_5 with even indices are adjacent to us. Then,
ColloCyCs -+ - C1U1C3Co 18 a copy of C),, which is a contradiction. Therefore, the proof is

completed. O

Lemma 2.5. If G contains neither a copy of C,, nor an 8-element independent set,

then G does not contain a copy of K1+ P,_s.

Proof. Suppose that G contains a copy of Ky + P,_5. Let U = {uy,ug, -+ ,up_o}
and v be the vertices of P,_5 and K7, respectively. Also, let T = G — (U U {v}).
Since 0(G) > n — 1, then for every 1 < i < n — 2, we have N(u;) N T # ¢. Also
G does not contain a copy of C,, so for i = 1,n —2 and 1 < j < n — 2, we have
N(u;) N N(u;) N T = ¢, See FIGURE [Il Moreover, we have zy ¢ E(G) for any
x € Nu)NT and y € N(u;) N T, for i = 1,n —2and 1 < j < n—2 and
i # j. Now, let wy € N(u;) NT and we € N(u,_o) NT. Since G contains no copy
of Cy, clearly we have N[Nw;]] N N[N[wy]] N T = ¢ and for any x € N(w) N T
and y € N(we) NT, we have zy ¢ E(G). Also, since G does not contain a copy
of K,_1, then for i« = 1,2, N(w;) N T has two independent vertices. Suppose that
r1,r2 € N(wy) NT and r3,ry € N(wy) NT are the independent vertices. By Lemma
21 |(N{ry,rima}) —{w ) NT] >2(n—2)—1=2(n—3)+1= R(C,_s, K3), for
i = 1,3. Note that, for 1 < i < 4, we have N(r;) N ({ug, -+ ,up—2} U{v}) = ¢. By
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Lemma 2.4, (N({r;,ri+1}) — {w;}) N T does not contain a copy of C,,_5 and hence
a((N({ri,riz1}) —{w;})NT) > 3, for i = 1,3. Also, N(v)NT # ¢ since §(G) > n—1.
Let m € N(v) NT. Thus, N(m) contains two independent vertices as otherwise G
contains a copy of K,,_;. In addition, N(m)N(N({r;,riz1})NT) = ¢ and xy ¢ E(G)
for any x € N(m) and y € N({r;,rix1})NT, i = 1,3, as otherwise G contains a copy
of C,. Therefore, a(G) > a(N({r1,m2})NT)+a(N({rs,rs})NT)+a(N(m)) > 3+3+
2 = 8 and hence G contains an 8-element independent set, which is a contradiction.

Therefore, the proof is completed. U

v

FIGURE 1. The graph K; + P,_2 with z € (N(u2) N N(up—2)) and w €
(N(ul) N N(un_g)).

Lemma 2.6. If G contains neither a copy of C,, nor an 8-element independent set,

then G does not contain a copy of K,_».

Proof. Suppose that G contains K, 5. Let U = {uy,us, -+ ,u,_2} be the vertices
of K, 5 and let T = G — U. Since §(G) > n — 1, G does not contain a copy of
Ky 4+ P,_5 and G does not contain a copy of C,, then for 1 < k < n — 2 and
1<i<j<n-—2,wehave N(uy) NT # ¢, N(u;) N N(u;) N T = ¢, and zy ¢ E(G)
for any © € N(u;) N T and y € N(u;) NT. So, there are eight vertices inN(U) such
that they are mutually nonadjacent. Therefore G contains an 8-element independent

set, which is a contradiction. Hence, the proof is completed. O
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Lemma 2.7. If G contains neither a copy of C,, nor an 8-element independent set,

then G does not contain a copy of K1 + C,,_3.

Proof. Suppose that G contains a copy of Ky +C,,_3. Let U = {uy,us, -+ ,u,_3} and
v be the vertices of C,_3 and K, respectively. Also, let T'= G — (U U {v}). Now,
let {uy,us, us, us} be a four consecutive vertices of V(C,,_3). We have the following

observations:

(1) 2y ¢ E(G) for any x € N(u;) N T and y € N(u;) NT, for 1 <i < j <4 and
x # vy, as otherwise a copy of C,, is produced.

(2) If there are 1 < i’ < j° < 4 such that N(uy) N N(uy) N T # ¢ for some
1 < < j <4, then for all 1 < i < j < 4 with {i,j} # {¢, 7'}, we have
N(u;) " N(uj) NT = ¢ . As otherwise a copy of C,, is produced.

(3) By Lemma 2.5 zv ¢ E(G) for any « € N(u;) NT, for i =1,2,3,4.

(4) Since §(G) > n — 1, then |N(u;) NT| > 2, for i = 1,2, 3,4.

(5) By the above Observations, we conclude that there are four independent ver-
tices {vy, vg, v3,v4} such that v; € N(u;)) N T, i=1,2,3,4.

(6) Since G does not contain a copy of C, and 6(G) > n — 1, then there are
four independent vertices {wy,wsy, w3, wy} such that w; € N(v;) N T and
wu; ¢ E(G), for 1 < i <4, 1 < j <n-—3andi # j. Note that,
if wyu; € E(G) for some 1 < i < 4,1 < j < n-—3andi < j, then
WiV U U1+ UV —3Up— 4 Uj 41 VU1 Wig2 - - - U W; 1S & cycle of order n, which is
a contradiction.

(7) Since 6(G) > n — 1, then |N(w;) N (T — {v;})| > n —3, 1 <i < 4. Hence, by
Lemma 2.6 we have a(N(w;) N (T — {v;})) > 2,1 <i < 4.

(8) Since G does not contain C,,, then (N (w;)N(T—{v; }))N(N(w;)N(T'—{v;})) =
¢, for 1 <i < j<4. Thus, a(G) > a(N(wy) N (T —{v1})) + a(N(we) N (T —
{v2})) + a(N(w3) N (T —A{vs})) + a(N(wg) N (T —{v4})) >24+2+242=38.

Therefore, G' contains an 8-element independent set, which is a contradiction. Thus,

the proof is completed. O
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Lemma 2.8. If G contains neither a copy of C,, nor an 8-element independent set,
then N({uy,us}) —{v} does not contain a copy of Cp—3 for any ui,us € N(v) where
v e V(Q).

Proof. Suppose that N({uy,us}) — {v} contains a copy of C,,_3 = c1¢y- - - ¢,—3. If all
vertices of C,,_3 are adjacent to exactly one of u; or us, then by Lemma 2.7, we have
a contradiction. So there is an 1 < ¢ < n — 4 so that c¢uy, ¢;11us € E(G). Thus, the
vertices of C,,_3, u1, us and v form a copy of C,,, which is a contradiction. Therefore,

the proof is completed. O

Lemma 2.9. If G contains neither a copy of C,, nor an 8-element independent set,

then G does not contain a copy of Ky + P, _3.

Proof. Suppose that G contains a copy of K+ P,_3. Let U = {uy,us, -+ ,u,_3} and
v be the vertices of P,_3 and K, respectively. Also, let T'= G — (U U{v}). We have

the following observations:

(1) 2y ¢ E(G) for any z € N(uy) NT and y € N(u,—3) NT, with x # y,
as otherwise a copy of C,,, with vertex set {z,y, u,_3, v, Up_4, - ,us, x}, is
produced.

(2) Since 6(G) > n — 1, then there is u,,—o € N(v) NT. By Lemma 2.5 we have
UL U2, Up—3Un_o & E(G). Also, by Lemma 2.7 we have uju,_3 ¢ E(G).

(3) N(u;) N N(up—2) NT = ¢, for i = 1,n — 3. Otherwise, if [ € N(u;) N
N(up_9) N'T for some i = 1,n — 3, then a copy of C,, with vertex set
{; Up—2,0,Up_j_9,+++ ,u; L}, is produced.

(4) There are two nonadjacent vertices v; € N(uy) NT and vy € N(u,_3) NT.

(5) Since §(G) > n — 1, then there are two nonadjacent vertices wy € N(vy)NT
and wy € N(vy)NT.

(6) Since G does not contain a copy of C,,, then wyy ¢ E(G) for any y € (N(v) —
{u1}) and wez ¢ E(G) for any z € (N(v) — {un—3}).

(7) |N(w;) = (N[v]U{v;})| > n—3, for i = 1,2, hence using Lemma [2.6] there are
two nonadjacent vertices sy, s2 € N(w;) — (N[v] U {v;}) and two nonadjacent

vertices sz, 54 € N(wz) — (N[v] U{ve}). Since G does not contain C,, then
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(N(wy)— (N[v]u{v }))N(N(wy) — (N[v]U{vs})) = ¢ and hence {s1, s2, 53, S4}
is an independent set.

(8) By LemmalZT] |N({s1,s2})— (N[v]U{wy,v1})| > 2(n—4)+2 > R(C,_3, K3).
Thus, by Lemma[2.8 there are three independent vertices t1, to, t3 € N({s1, $2})—
(N[v] U {wy,v1}). Moreover, {t1,ts,1s, 53,4} is an independent set.

(9) N(un—2) — {v} has two independent vertices {zi, zo}. Otherwise, there will
be a copy of K,_» which is a contradiction with Lemma 2.6 If either z; or 2o
are adjacent to the vertices v; and vy, then one can easily find a copy of C,,.

Thus, z; and 2z are adjacent to at most one vertex of {vy,vs}.

(10) By Lemma 2] we have |N({z1,22}) — ({v1, Un_3, upn_2,v1,02})| > 2(n —4) +

1= R(Cn_g, Kg) ThU.S, by Lemma@we have N({Zl, Zg})-({ul, Up—3, Up—2, Uz})

has three independent vertices {hy, ho, h3}.
(11) The set {ti,to, 13, S3, S4, h1, ho, h3} is an independent set.
Therefore, G contains an 8-element independent set, which is a contradiction. So,

the proof is completed. O

Lemma 2.10. If G contains neither a copy of C,, nor an 8-element independent set,

then G does not contain a copy of K,_s.

Proof. Suppose that G contains a copy of K,_3. Let U = {uy,us, - ,u,_3} be the
vertices of this copy of K,,_3 and let T'= G — U. Since 6(G) > n — 1 and G does not
contain a copy of K1+ P,_3,thenfor 1 <k <n—-3and1<i<j<n-—3, we have
N(ug) NT # ¢ and N(u;) N N(uj) NT = ¢. Now, we consider two cases.

Case 2.0.1. For some z € N(u;) NT and y € N(u;) NT and 1 <i < j <n—3, we
have zy € E(G).

Proof. Suppose that xy € E(G) for some z € N(u;) NT and y € N(u;) NT
and 1 <1 < j <n— 3. Without loss of generality we may assume that ¢ = 1 and
j =2. Then for 3 <i < j <n—3, we have rs ¢ E(G) for any r € N(u;) NT and
s € N(u;)NT. As otherwise one can find a copy of C,, in G. Since G does not contain
a copy of Cy, then N(w;) " N(w;) NT = ¢, for3<i<j<n-—3, w € Nw)NT
and w; € N(u;) NT. Thus, |[IN(w;) NT| > n —2 and o(N(w;) NT) > 2 where

w; € N(u;) NT and 3 < i < n — 3. Since n — 5 > 4, then there are four vertices in
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U such that each of them has at least two nonadjacent vertices. Therefore, G' has an

8-element independent set, which is a contradiction.

Case 2.0.2. For any z € N(u;) N T and y € N(u;) N T and 1 <1i < j <n-—3, we
have zy ¢ E(G).

Proof. Suppose that for every 1 < i < j < n — 3, we have zy ¢ E(G) for any
x € N(uj)NT and y € N(u;) NT. For every 1 < i < j and w; € N(u;) N T,
we have |N(w;) NT| > n — 2 and so by Lemma 20, we have o(N(w;) NT) > 2.
Moreover, since G does not contain any copy of C),, then for every 1 <1i < j <n—3,
and w; € N(u;)) NT and w; € N(u;) NT, we have N(w;) N N(w;) N T = ¢. Since
n — 3 > 4, using a similar argument as in the proof of Case 2.0.1] one can find an
8-element independent set. Which is a contradiction.

Therefore, G' contains no copy of K, 35 and we are done. O

Lemma 2.11. Let G be a graph that contains neither a copy of C,, nor an 8-element

independent set. If H is a sub-graph of G with |H| > 4(n — 3) + 3, then o(H) > 5.

Proof. Suppose that |H| > 4(n — 3) + 3 and a(H) < 4. We have the following

observations:

(1) If there is a vertex u € V(H) such that a(Ngy(u)) = 4, let {u, us, us, us} be
the independent set in Ny (u). Note that, every vertex x € V(H )\ Ng|u| has at
least one neighbor in {uy, us, us, us}. Otherwise, there is a vertex us € V(H)
such that wus ¢ E(H), for 1 < i < 4, and hence {uy, ug, ug, uy, us} is a 5-
element independent set in H, which is a contradiction. Thus, | Ng ({1, uz, us,
ug}) —{u}t| >4(n—4)+1= R(C,_3, K;). Now, since |Ng({u1, ua, ug, us}) —
{u}| > R(C,_3, K5), then using a similar argument as in the proof of Lemma
2.8, Ny({u1,us,us,us}) — {u} does not contain a copy of C,,_3. Therefore,
the graph H has a 5-element independent set, which is a contradiction.

(2) If there is a vertex u € V(H) such that a(Ng(u)) = 3, let {uy, ug, uz} be the
independent set in Ny (u). If, |H — Ny [{u, us, us}]| > n—1, then by Lemma
221 we have H — Ny [{u1, us, us}] contains two independent vertices {wy, ws}.
The set of {uy, us, uz, wy, ws} is a 5-element independent set in H, which is a

contradiction. Thus, |Ng({u1,uz,us}) —{u}| >3(n—4) +1= R(C,_3, K4).
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Therefore, using a similar arguments of the proof of Lemma 2.8, we con-

clude that Ny ({uy,us,us}) — {u} does not contain a copy of C,,_3. Thus,

Ny ({uq,uz,u3}) — {u} contains a 4-element independent set {vy, vy, vs,v4}

such that u;v; € E(H), for i = 1,2,3, and ugvy € E(H). Now, we have the

following observations:

(a)

If wjv; ¢ E(H) for all ¢ = 1,2 and j = 3,4, then {uy,us,vs,v4} is
an independent set. Note that, every vertex in V(H) — {uy, us,vs,v4}
has at least one neighbor in {uy,us,vs3,v4}. As otherwise we have a 5-
element independent set. Thus, | Ny ({u, ug, v3,v4}) — {us, u}| > 4(n —
3) =3 =4(n—4)+1 = R(Cyh_3, K5). If Ng({uy,us,vs,v4}) — {us, u}
does not contain a copy of C,_3, then it contains a 5-element indepen-
dent set, which is a contradiction. If N({uy,us,vs,v4}) — {us, u} con-
tains C,,_3 = ¢1¢y -+ - Cy_3¢1, then by Lemmas 2.7 and [2.8], the vertices
of C,,_3 are adjacent to u; and v; for some ¢ = 1,2 and j = 3,4. Let
1 < ¢ < n— 3 be the index for which we have w;cy,vjcy1 € E(H)
for some ¢ = 1,2 and j = 3,4. Now, since for ¢ = 1,2 and j = 3,4,
we have a path of order 4 between w; and v; and H does not contain
a copy of C,, then u;cyiop, vjciiors1 € E(H) for some i = 1,2 and
n—4

j=3,4and forall k=0,1,---, LTJ Moreover, for some non-negative

integers r and w with r < w < L"T_ﬂ, if cyyorciion € E(H), then
Cit 427 Cit 420 Cil 42w41 * * * Cit 427 —1 VjUSUU;Cf 4 209—2Cit 420—3 * * * Cir 42y 1S @ cycle of
order n, for some i = 1,2 and j = 3,4. Thus, ¢;, ¢;19, cy14 are indepen-
dent vertices. Therefore, {vs, vy, ¢y, Ciraa, g} is a 5-element indepen-
dent set, which is a contradiction.

If wv; € E(H) for some ¢ = 1,2 and j = 3,4, let wyvs € E(H), then
by a similar argument as in the beginning of Observation 2al above, we
have |N({v1, va,v3,v4}) — {ur, ug, ug,u}t| > 4(n—3)—5=4(n—>5)+3 >
R(Cy—4, K5). Thus, if N({v1,ve,vs,v4})—{uy, us, us, u} does not contain
a copy of C,_4, then it contains a 5-element independent set, which is

a contradiction. Now, let N({vq,vo,v3,v4}) — {u1,us,us, u} contains a

copy of C,_4 = c¢ico++-cp_ycq. If the vertices of C,_4 are adjacent to
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one vertex of {vy, -+ ,v4}, say vy, then V(C,,_4) contains a two indepen-
dent vertices {cy,c;} as otherwise K,,_3 is produced. Hence, the set of
{va,v3,v4,¢ir,cjr} is a H-element independent set in H, which is a con-
tradiction. If the vertices of C),_4 are adjacent to at least two vertices
of {vy,ve,v3,04}, then this case is similar to Observation (2al). In this
Observation, we have a cycle of order n —4 and there is a path of order 5
between any two vertices of {vy, vs, v3,v4}, while in observation (2al), we
had a cycle of order n—3 and there is a path of order 4 between u; and v,
foralli =1,2 and j = 3,4. Fore example, if vicy, v9c2 € E(H), then with
a similar argument as in the proof of Ral, we have vycs, vic5 € E(H) and
Vacy, Vacg € E(H). Moreover, one can verify that the set {c1, c3,¢5} is an
independent set. Therefore, {vq, v3, c1, c3, 5} is a b-element independent
set.

(3) a(Ng(u)) <2forany u € V(H). Since |H| > 4(n—3)+3=3(n—1)+1+n—
7> R(C,, K,) and H does not contain a copy of C,,, then H contains a set of
four independent vertices {uq, ug, us, us}. Note that, | Ng({uq, us, us, us})| >
4(n —3) —1 as otherwise, H contains a set of five independent vertices, which
is a contradiction. Hence, there is a vertex in {uy, us, us, uys}, say uy such that
|Ng(up)| > n — 3. Since G does not contain a copy of K,,_3 and K; + P,_3
and a(Ngy(up)) < 2, then Ny(uq) is a union of two complete sub-graphs H;
and Hs. Note that, since H does not contain a copy of K,,_3, then |H;| > 2,
for i = 1,2. Since H does not contain a copy of K,_3 and o(H) < 4, then
|H — Ng[H, U Hy]| < 2(n —4) and hence |Ny[Hy U Hs)| > 2(n—4)+7 =
5+ R(C,_3,K3). Moreover, since H does not contain a copy of C, and
K, _3, then a(Ng(H; U Hy) — {u1}) > 3 and hence a(Ny(H; U Hy)) > 4, let
{v1, v, v3,u1 } be the independent set in Ny (H; U Hs). Now, since o(H) < 4,
then the vertices vy, vo and v3 are adjacent to at least three vertices in H;UHo.
Without loss of generality suppose that zi,29,23,24 € V(Ny(u;)) are the
vertices such that vyzy, veze, v323, 2120, 2324 € E(H). Since a(H) < 4, then
every vertex in H — ({vy, vg, v3, u3 }U{ 21, 22, 23, 24 }) has at least one neighbor in

{v1, v, v3,u1}. Therefore, |N({vy,ve,v3,u1}) —{z1, -+ ,24}| > 4(n—3) =5 =
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4(n—5)4+3 > R(C,_4, K5). Thus, if N({vy,ve,v3,u1})—{21, -, 24} does not
contain a copy of C),_4, then it contains a 5-element independent set, which
is a contradiction. Therefore, let N({vy,vq,v3,u1}) — {21, -+, 24} contains a
copy of Cp,_4y = c1¢9 - ¢p_gcq. Since, for 1 < ¢ < 3 there is a path of order
4 between u; and v;, then the vertices of C),_4 are not adjacent to u; and
v;. Otherwise, a copy of C,, is produced, which is a contradiction. Moreover,
there is a path of order 5 between any two vertices of {vq,vs,v3}. Now, the

rest of the proof is similar to Observation (2h]).

Therefore, H has a 5-element independent set. Thus, the proof is completed. O

3. MAIN RESuULT

In this section, we prove that R(C,, Kg) = 7(n — 1) + 1, for 10 < n < 15. The
graph 7K,_; contains neither a copy of C),, nor an 8-element independent set. Thus,
R(C,,Kg) > 7(n — 1) + 1. Therefore, it is sufficient to prove that R(C,, Kg) <
7(n—1)+1, for 10 <n < 15.

Theorem 3.1. R(C,,, K3) = Tn — 6, for 10 <n < 15.

Proof. The proof is by induction. Note that, R(C,, K3) = 7(r — 1) + 1, for r = 8,9.
Now, let G be a graph of order at least 7(n—1)+1 and let R(C,,, Kg) = T(m—1)+1
for any 9 < m < n and 10 < n < 15. If G contains a copy of C, or an 8-element
independent set, then we are done. Therefore, assume that G contains neither a copy
of C}, nor an 8-element independent set. Since, by Lemma 2.1}, §(G) > n — 1 and by
Lemma 2.2 G does not contain a copy of K, i, then a(N(u)) > 2 for any vertex

u € V(G). To finish the proof, we consider two cases.
Case 3.1.1. There is a vertex u € V(G) such that o(N(u)) > 3.

Proof. Let u be a vertex in V(G) such that a(N(u)) > 3. Without loss of generality,
assume that a(N(u)) = 3 and let {u, us, u3} be the independent set in N(u). We

have the following observations:
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(1)

If w; and uy are isolated vertices in N(u), then by Lemma 2.1, |N(u) —
{u1,us}| > n — 3. Hence, by Lemma 210, N(u) — {ui,us} contains two
independent vertices. Those two independent vertices with {uj,us} is a 4-
element independent set in N(u), which is a contradiction. Therefore, at
most one vertex of {uy, us, ug} is isolated in N(u).

If |G\ (N ({uy, uz, ug})—{u})| > 4(n—3)+3, then by LemmaZIT G\ (N ({uy, us,
uz})—{u}) contains five independent vertices. Those five independent vertices
with {uq,us,us} is an 8-element independent set, which is a contradiction.
Therefore, |N({u, ug, us})—{u}| > 3(n—4)+12 > 4(n—4)+1 = R(C,_3, K3),
for 10 < n < 15.

By Observation 2 and Lemma 2.8 N({u1,us,u3}) — {u} does not contain
Cr—3. Thus, N({uy,us,us}) — {u} contains a 5-element independent set, say
{v1, va, V3,4, v5}. Moreover, using Observation 1, assume that viuy, vous, v3us,
vus, vsug € E(G).

Since a(G) < 7 and G does not contain a copy of K,,_3, then |G—N[{vy, v, vs,
vy, U5 }]| < 2(n—4). Therefore, |N({v1, va, v3,v4,v5}) —{u, us, ug, us}| > 5(n—
4) 4+ 13 > R(C,—3, K7), for 10 < n < 15.

If uyuy € E(G) for some uy € V(N(u)), then N({vy,ve}) — {u, us, us,us}
does not contain C),,_3. Otherwise, if it contains C,,_3 = c¢1¢o - - - ¢,_3¢1, then
by Lemma 27, we have vici,veco € E(G). Therefore, vicy, vac5 € E(G), as
otherwise a copy of C, = civiuuusvacycs - - - ¢,_3c1 is produced. Moreover,
C1U1ULU4UULV2C5Ce + + + Cp_3C1 1S @ copy of a cycle of order n, which is a contra-

diction. Thus, N({vi,ve}) — {u, u1, us,us} does not contain a copy of C,_s.

Let uy, us € N(u) be the vertices such that ujug, usus, uus € E(G). Then, we
have |N({vy, vo, v3,v4,v5}) — {u, uy, ug, us, ug, ust| > R(C,_3, K7), for 10 <
n < 14. Thus, using the details explained in Observation [5 we conclude that
N({v1, va,v3,v4,v5}) — {u, uq, usg, us, uy, us } contains a 7-element independent
set. Let {wy, -+ ,w;} be the independent set in N ({vy, vy, v3,

V4, US}) - {U, Uy, Uz, U3, U4, US}-



716

(7)
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One can easily check that | N ({vy, v, v3, vy, v5})—{w, U1, us, us, us}| > R(C,_3,
K5), for n = 15, where usus, uus € E(G). If N({v1, v, v3,v4,v5}) — {u, uy, us,
ug, ug} contains a copy of C,_3 = ¢1¢o- - ¢3¢y, then its vertices are adja-
cent to the vertices of {v1,v4,v5}. Without loss of generality suppose that
cuy, cv; € E(G) for some i = 4,5. Then, vicsgi1, Vicspre € E(G), for some
t = 4,5 and for all £ = 0,1,2,3, as otherwise a copy of C,, is produced.
Moreover, {ci,c4,cr,c10} is an independent set as otherwise a copy of C,, is
produced. For example, if cicig € E(G), then cijgeiviuiuusvics -« - cocyp is a
cycle of order 15. Also, if ¢c1¢; € E(G), then cicrcqcs - - - covguguugvicioci1€12¢1
is a cycle of order 15. Therefore, {c1, ¢4, c7, 10, V2, V3,04, 05} is an 8-element
independent set, which is a contradiction. Thus, let {wq,---,w;} be the
independent set in N ({vy, vo, U3, v4,v5}) — {u, uy, us, ug, us}.
Let vg, v7 € V(@) be the vertices such that ujuy, ugus, uty, uus, vovg, usve, V407,
usvr € E(G). Since o(G) < 7, then |N({wy, -+ ,wr}) — {u,ug, -+, us, vy, va,
o7t > T(n—4)+ 1 > R(C,—3, Ks), for 10 < n < 15. Now, suppose
N{wy, - ,wr}) —{u,ug, -+ ,us,v1,- -+ ,v7} contains a copy of C,,_3. Then,
by Lemmas2.7]and 2.8] the vertices of C,,_3 are adjacent to vertices in N (v;)—
{u,uq,--- ,us} and vertices in N(v;)—{u,us,--- ,us}, forsome 1 <i < j <5.
Moreover, by using a similar arguments as in Observation [, we have the
graph G contains a copy of C),, which is a contradiction. For example, let
crwy, Cowe, Vywy, Vowy € E(G). If ¢,_qwqy ¢ E(G), then for some i = 1,2, 2 <
Jj<band 2 <k <7, we have a copy of C), = ;w101 U1 UUVjWkCp_7Cp_6 - - * C1.
And, if ¢,_7w; € E(G), then cycs - - - ¢ _7w101 U UgUULVaWoCo 18 a cycle of order
n. Therefore, N({wy, - ,w;}) — {u,uy, -+ ,us, vy, -+ ,v7} does not contain
a copy of C,,_3. Hence, N({wy,--- ,wr})—{u,uy, -+ ,us, vy, -+ ,v7} contains

an 8-element independent set, which is a contradiction.

As a result, if there is a vertex u in V(G) such that a(N(u)) > 3, then G contains a

copy of C), or an 8-element independent set, which is a contradiction.

Case 3.1.2. a(N(u)) <2 for any vertex u € V(G).



THE CYCLE-COMPLETE GRAPH RAMSEY NUMBERS R(Chr, K3g), FOR 10 <n <15 717

Proof. Suppose that a(N(u)) < 2 for any v € V(G). Since 6(G) > n — 1 and
G does not contain a copy of K,, then a(N(u)) = 2 for any u € V(G). Now, let
u € G, then by Lemmas and 210l N(u) is a union of two complete sub-graphs,
H, and H,. Since G does not contain C,,, then (N(Hy) — {u}) N (N(Hz) — {u}) = ¢.
By Lemma 21, (N(w;) N (G — Nlu))) # ¢ for any w; € V(H;), for i = 1,2. Since
a(N(v)) =2 for any v € V(G), then N(w;) N (G — N[u]) is a complete graph for any
w; € V(H;), for i = 1,2. Otherwise, if there is a vertex w; in V' (H;), for i = 1,2, such
that N(w;) N (G — Nu]) contains two independent vertices {z1, 2o}, then {z1, 20, u}
is a 3-element independent set in N(wj;), which is a contradiction. Moreover, since
(N(z) — (H; U{u})) is a complete graph, for i = 1,2, and G does not contain a copy
of Cy,, then (N(x) — (H; U{u}))N(N(y) — (H;U{u})) = ¢ for any z,y € V(H,), for
i = 1,2. Therefore, a((N(H;) — {u}) U(N(Hs) —{u})) = |Hi|+ |H2| >n—12>38,
which is a contradiction.

Therefore, R(C,, Kg) = 7(n — 1) 4+ 1, for 10 < n < 15. So, the proof is completed.

O

4. CONCLUSION

In this paper, we find the exact Ramsey number R(C,, Kg) for 10 < n < 15.
The proofs of the lemmas have some new ideas which will help the researchers on
this topic. Also, this result will help to find the Ramsey number R(C,,, K,,) for all

n>m.
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