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DIFFERENCE CESARO SEQUENCE SPACE DEFINED BY
MUSIELAK-ORLICZ FUNCTIONS

VIVEK KUMAR®), SUNIL K. SHARMA(® AND AJAY K. SHARMA®)

ABSTRACT. The main goal of this paper is to study the topological and algebraic
properties of the new constructed Cesaro sequence space of difference operator by
means of Musielak-Orlicz functions. We also make an effort to study the properties

of composite of Museilak-Orlicz function.

1. INTRODUCTION

Let w denotes the space of all complex valued sequences. For 1 < t < oo, the

Cesaro sequence space Ces; of real sequences (x;) is defined by,

%

Cese={x=00): L0 Dbl < o).

j=1

It is a Banach space under the norm

o i 1
ol = (326G b))
i=1 = j=1
This space is useful in theory of matrix operators and was first introduced by Shiue
[17]. Many authors studied some geometric properties of this space (see, e.g., [7, 8|
16]) and references therin.
An Orlicz function M : [0, 00) — [0, 00) is continous, non-decreasing and convex such
that M(0) = 0, M(x) > 0 for x > 0 and M(x) — oo as y — oo. Based on Orlicz

function, Lindenstrauss and Tzafriri [9] defined the space of all scalar sequences,
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denoted by Ly, such that 3377, M(*}) < cc.

This space is called Orlicz sequence space and it is a Banach space equipped with the

norm
. — X
Il = inf{p > 0: 3 M(A2) < 13,
=P
A sequence, M = () of Orlicz function is called Musielak-Orlicz function (see

[10, [15]). For more details about the sequence spaces defined by Musielak-Orlicz
function, we may refer to (|11}, 12} 13, 14 18] 19 20]) and references therein.
Kizmaz [6] introduced the notion of difference space. Further, it was generalised by

Et. and Colak [4], the difference squence space as below:
Z(A)={x =) ew: (A;) e}
for F = Iy, ¢ and ¢y, where v is non-negative integer and

AVX]'AV_:lXj — Au—lxj_l’ AOX] = Xj fO’f’ all ] S N,

or equivalently,

A"x; = zj:(—l)w (Z) Xi+w-

w=0

Et. and Bagsasir [5] generalised these spaces by taking F = l(p), ¢(p) and co(p).
Dutta [3] introduced the following difference sequence spaces (a new difference oper-

ator):
Z(Ay) ={x=(y) Ew:Anlx) € F}

for F = lx, c and ¢, where Ayx = (A,x;) = {x; — Xxj—n} for all k,n € N.
Basar and Atlay Al introduced the generalized difference matrix B = (b,;) for all
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J,m € N, which is a generalization of A()-difference operator, by

a when j=mn

bpj=4B when j=n—1
0 when j>nor(0<j<n—1)
Basarir and Kayikci [2] defined the matrix B”(b},) which reduced the difference ma-
trix A} in case & = 1, f = 1. The generalized B*-difference operator is equivalent
to the following binomial representation:

- 4 —w W
B'x=DB"(x;) =) (0) S X -

w

Let M = (3;) be Musielak-Orlicz function. For a bounded sequence t = (t;) of
positive real numbers, we define the difference Cesaro space defined by Museilak-

Orlicz function as follows:

x Ly B\ 1"
Ces(M,BX,t):{XEw:Z [%Z-<’Z]:(;| AXJ|>] < 00}
i=1 1

Let M = (S;) be Musielak-Orlicz function. Then, the multipliers of the sequence
space Ces(M, BY,t) denoted by S(Ces(M, B}, t)), is given by

S(Ces(M, B, t)) ={a € w:ax € Ces(M, Bj,t) for all x € Ces(M, B}, t)}.
Let M = (3;) be Musielak-Orlicz function and V be a fixed natural number. Then

we define

> 1§~ By
Ces(MY,Bi,t) = {x € w: Z [%ZV (Z 21—1; G|
1=1

The following inequality will be used throughout the paper. If 0 < t; < supt; =
C, D = max(1,2°71), then

t;
)] < oo for some ¢ > 0}.

for all i and a;, b; € C. Also |al% < maz(1,al%) for all a € C.




424 VIVEK KUMAR, SUNIL K. SHARMA AND AJAY K. SHARMA

2. MAIN RESULTS

Theorem 2.1. For any Musielak-Orlicz function M = (3;), the space Ces(M, BX, t)

18 linear over C.

Proof. Let x, € € Ces(M, BX,t) and o, € C. Then there exist ¢; > 0 and ¢o > 0
such that

oo [ 1 ) v ti
oS P 2= 1B < 00
_ &

1=1
[ (12BN ]
%i U =1 17AN < 0
_ 0

Define ¢35 = max(2|a|py, 2|5|¢2). Since J; is non-decreasing and convex,
> (% ( Ly 1aBAxJ+BBx5j|>]“
i=1 |~ b3

0o i v i v t;
Z 1 3, % Zj:l | BX X 43, % Zj:l | BY&;]
i=1 2t 1 P2

< max(l,QC_l) <§: [%Z(Zzzzl ‘BKXJ " n i [ Z] 1 ‘BA@)‘)] )

i=1 1 i=1 2

and

i)e

IN

< 0oQ.

Hence, the required result. O

Theorem 2.2. For any Musielak-Orlicz function M = (3;), the space Ces(M, BX, t)

s paranormed, with a paranorm defined as

(2.1) v(x) = (Z [% (72j:;JBKXj|>] ) :

where C' = sup t; and K = max(1,C).

Proof. For this, we only need to show that 7 is subadditive and multiplication is

continous. For this, let x, £ € Ces(M, BX,t) and by using the Minkowski’s inequality,
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we have )

. sy B OGN T\ K
(22 o ()

2 ls (%Z <|B§>Xj| . |B§5§j|>>]ti

) j=t

N P 1Bi "\ ¥ N B DY ):H(3 ey ¥
< (Sp (=) SR ()

Thus, v(z) is subadditive. To complete the proof, let § € C. By definition, we have

> 1S IBY§y. b c
7(0x) = (Z [3 < ZFIQL - Xj|>] ) < T (),

1=1

==

IN

where Ts € Ny such that [0| < Tj. Let 6 — 0 and for fixed y, v(x) = 0. By definition

for |6] < 1, we have

o0 1y vy 1\ 1%
(2.2) Z [SZ (’ Zj:lq‘fBAX”)] <€ 1> 1ip(€)
i=1

Also, for 1 <14 < iy, for sufficiently small §. Since M = () is continous, we have

o0 1y vy 1\ 1%
(2.3) Z [%Z (z Zj=1¢|53AX]|>] e
i=1

By the above equations, it imply that y(dx) — 0 as § — 0. This completes the proof

that the space Ces(M, BY,t) is a paranormed space.
O

Theorem 2.3. For any Musielak-Orlicz function M = (3;), the space Ces(M, BX, t)

is a complete paranormed space with paranorm defined in equation (2.1)

Proof. For this, it is sufficient to prove the completeness property Ces(M, BY,t).
Let (x™)) be a Cauchy sequence in Ces(M, BX,t). Let 7Y, be fixed. Then for each
% > (0, dN € Nj such that

€
Bix™) — Bix™) < —,
Y(Bix™) = Bxx™) -
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for all m, n > N,

Using (2.1), we have

1
m v. (n ti\ K

Z Z |B/V\X§ BAX§' )‘ <1

— Bux(m Bxx(n)) -

Thus

=1

[e’e] v n ti
Z Zj 1 |BAX] ™ BAX§' )| <1

o [ EXma 1B =BG
. ' . N J J
Since 1 < t; < 00, it follows that ; (Byx(m) Q)

We choose 7 > 0 such that (%)rt(%>) > 1, where ¢ is the kernel associated with ;.

<1, for each i > 1.

Hence,

v (m) v, (n)
7 Za 1 |BAXJ BAXJ’ | < (@)rt(&)
Y(BExt™ — Bia) ] 727 02
for each ¢ € N. Using the integral representation of Orlicz function, we get
LY 1B = By < ’“éOv(BXx<m> — B{x(") < g, for all m,n > N.
Hence for each fixed 7, (BXyx; ') is Cauchy sequence in C. Since C is complete,
.] AX] y
(BAXJ ) — (BXx;) as m — oo. For given € > 0, choose an integer i, > 1 such that

(B x™ — B{x™) < € for all m, n > iy, such that v(B{x™ — B{x™) < p <e.

1
o] 1 g v (m) N »1% (n) ti\
E [S, (z D -1 |BAX;5 Bix; ‘)] <1

Since

for all m,n > i,.

Now, using continuity of &; and taking n — oo in above equality, we have

ik( L 1BXXim))BKXj>]ti T

for all m > 1.
Letting m — oo, we get (B x™ — B x) < ¢ for all m,n > iy, such that (B ™ —
Bix™) < p < e for all m > iy. Thus (Bx™) converges to (B¥x) with respect to
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the pranorm of Ces(M, B, t). Since (Bx™) € Ces(M, B¥,t) and 3; is continous,
it follows that (B} x) € Ces(M, BX, t). O

Theorem 2.4. Let M = () be Musielak-Orlicz function and t = (t;),s = (s;) are
bounded sequence of positive real numbers with 0 < t; < s; < oo for each i. Then

Ces(M, B}, t) C Ces(M, BY, s).

Proof. Let x € Ces(M, B{,p). Then, 3 ¢ > 0 such that

[ (1B
i=1

Lsni Vo
This implies that 3; <W>

< 1 for sufficiently large value of i, say i > i for

some fixed ig € N. Since &; is non-decreasing and t; < s;, we have

i [g’ (%Z;:;\BKXH)]& < i [% (%Z;:;\BKXJ\HQ e

(24 (24

Therefore, y € Ces(M, BY, q) and hence, the result. O

Theorem 2.5. Let M = (3y) be Museilak-Orlicz function and r = ry,t = (t;)
be bounded sequences of positive real numbers with 0 < r;,t; < oo and if p; =
min(r;, t;), ¢; = max(r;, t;), then Ces(M, BY,p) = Ces(M, BX,r) N Ces(M, BX,t)
and Ces(M, BYX,q) = D, where D is subspace of w generated by Ces(M, BY,r) U
Ces(M, B}, t).

Proof. By above result, Ces(M, BY,p) C Ces(M, By,r) N Ces(M, BY,t) and D C
Ces(M, BY, q).

For any 0 € C, 0|7 < max(|d]"%,]d|") and thus Ces(M, BX,r) N Ces(M, BY,t) C
Ces(M, BY,p).

Let E={i:r; >t} and F={i:r; <t;}. If x € Ces(M, BY,q), we write

{=xi(i € E) and & =0(i € F);

G=0(i€eFE) and ¢;=x;(i € F).
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Since x € Ces(M, BY,q), 3 ¢ > 0 such that

00 1 7 v, qi
> [%Z (’ Zj:t;BAXj')] < 0

b= -5 op

ner nelr

Therefore, ¢ € Ces(M, B{,r) C D. Likewise, Bic € Ces(M, BX,t) C D. Thus,
X =& +¢ € D and hence, Ces(M, B, q) C D, which is the desired result. O

Now

o0

-y

1=1

Theorem 2.6. Let M = (3;) be Musielak-Orlicz function which satisfies Ag condi-
tion. Then l, C S(Ces(M, BY,t)).

Proof. Let ¢ =¢; € loo, K =sup,|s;| and x € Ces(M, BY,t). Then

> Ly 1BoGh\ 1"
Z [%Z (Z Z]_y AXJ|>] < oo forsome ¢ > 0.
i=1

Since &; satisfies As-condition,3 N > 0 such that

=L (SB[ L [ (ESslBRl |
g, [ 1=t SPAN < g, [ 1=t IPAN
oo [ 1 z'__ BYv. t;
< Z 3, <1+[K]ZZJ_1| AX]|>
i=1 | ¢
00 1 i'_ By t;
< (VO [% ( 2 W')]
i=1
< o0,
where [T is the integer part of N. Hence, the result. O

Theorem 2.7. Let M be Museilak-Orlicz function and v € N.
(i) If there exists a constant 5 > 1 such that ;(y) > By for all &€ > 0, then
Ces(MY, BY,t) C Ces(M, B, t)
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(i) Suppose there exists a constant o, 0 < «a < lsuch that ;(y) < ay for all
y > 0 and let r, V € N be such that r < V. Then Ces(BY,t) C Ces(M", B{,t) C
Ces(MY, B}, ).

Proof. (i) Since 3;(y) > By for all y > 0 and ; is non-decreasing and convex, we have

S¥(y) > [Yy for each v € N. Let y € Ces(MVY, BY,t). Using above inequality, we have

0o i t; - 1 . "
> (% > IBXij> < max(1, ¢%) max(1, 579) [g (izjzt;BAXﬂ)] |
=1 i=1

i=1
Hence,x € Ces(M, BY,t).
(ii) Since Fi(y) < ay for all y > 0 and Q; is non-decreasing and convex, we have
37 < a"y for each m € N. We can easily prove the first inclusion. To prove the
next one, suppose that V —r = s and let x € Ces(M", B{,t). Again, using above

inequality, we have

3 : ) AX; " s 1 i U, t;
> [g ( 2 um\)] B [% ( Ehs ‘BAX”)]

=1

and hence x € Ces(MY, BY,t).
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