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ON A CLASS OF DEGENERATE FRACTIONAL p(.)-LAPLACIAN
PROBLEMS WITH VARIABLE ORDER AND VARIABLE
EXPONENT

ABDELALI SABRI

ABSTRACT. The aim of this paper is to study a class of a degenerate elliptic problem
driven by the fractional p(.)-Laplacian operator with variable order and variable
exponent, the main tool used here is the variational method combined with the

theory of variable-order fractional Sobolev spaces with variable exponent.

1. INTRODUCTION

This paper is devoted to study the existence and uniqueness question of weak

solutions for the fractional p(x)-Laplacian problem

u+ (—As(x)) (u—0(u)) + a(u) = f(z,u) in Q,

p(z)

u=0 on 09,

(1.1)

where (_A>;Efc)) is the fractional p(z)-Laplacian operator with variable order which

can be defined as

s(x) _ [u(z) — u(y) P2 (u(@) — uly))
(—Ap(x)) u(x) =P V- /Q T — | G dy, for all x € (2,

and P.V.is a commonly used abbreviation in the principal value sense. 2 is a bounded
open domain of RY(N > 3). p(.) and s(.) are two continuous variable exponents with
s(z,y)p(z,y) < N for any (z,y) € Q x Q. « is a non decreasing continuous real func-
tion defined on R and © is a continuous function defined from R to R, the datum f
is a Carathéodory function satisfying some growth conditions.
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The terminology variable-order fractional Laplace operator indicates that s(.) and
p(.) are functions and not real numbers. This operator is then a generalization of
the fractional Laplacian (—A)®, which corresponds to p(.) =2 and s(.) = s € (0,1)
constant, and of the p -Laplacian —A,, which corresponds to p(.) = p € (1, +00)
constant and s(.) = 1.

A very interesting area of nonlinear analysis lies in the study of elliptic equations
involving fractional operators. Recently, great attention has been focused on these
problems, both for pure mathematical research and in view of concrete real-world
applications. Indeed, this type of operator arises in a quite natural way in different
contexts, such as the description of several physical phenomena, optimization, popu-
lation dynamics and mathematical finance. The fractional Laplacian operator (—A)*,
0 < s < 1, also provides a simple model to describe some jump Lévy processes in

probability theory (see for example [2], [9], [10], [12], [21] and the references therein).

In last years, a large number of papers are written on fractional Sobolev spaces
and nonlocal problems driven by this operator (see for example [3], [8], [9], [10], [11],
25], [26] and [27] for further details). Specifically, we refer to Di Nezza, Palatucci
and Valdinoci [11], for a full introduction to study the fractional Sobolev spaces and
the fractional p-Laplacian operators. On the other hand, attention has been paid to
the study of partial differential equations involving the p(z)-Laplacian operators (see
[14], [15], [16], [17], [19], [22] and the references therein). So the natural question
that arises is to see which result can be obtained, if we replace the p(z)-Laplacian
operator by its fractional version (the fractional p(x)-Laplacian operator). Currently,
as far as we know, the only results for fractional Sobolev spaces with variable expo-
nents and fractional p(x)-Laplacian operator are obtained by [4], [5], [13], [18] and
[31]. In particular, the authors generalized the last operator to fractional case. Then,
they introduced an appropriate functional space to study problems in which a frac-
tional variable exponent operator is present. These works are generalized by Reshmi
Biswas and Sweta Tiwari in the case of variable order, see[7], they proved interesting
properties concerning the spaces of Sobolev with variable order, another work in this

direction can be found in [32].
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Recently, an always increasing interest has been shown towards non-local problems
involving the fractional p(.)-Laplacian operator with variable order. In [7], R. Biswas-
et-al obtained the multiplicity of weak solutions for a p(.)fractional problem with vari-
able order by using the variational method. In [32], Zuo-et-al proved the existence of
solutions for the Kirchoff type problems involving the fractional p(.)-Laplacian with
variable order, in which the critical mountain pass level, combined with a Brzis and
Lieb-type lemma for fractional Sobolev spaces with variable order and variable ex-
ponent are applied to study this problem. In the case where p(.) = 2, Xiang-et-al
studied in [28] the existence of multiplicity of solutions for variable-order fractional
Kirchhoff equations with nonstandard growth by applying the Nehari manifold ap-
proach.

When p(.) = p and s(.) = s, Sabri-et-al treated in [23] the problem

(=A)s(u—O(u) + afu) = f in Q,
u=0 on 01,

(1.2)

under the following assumptions,

(H{) : «is a continuous function defined on R such that a(x).x > 0 and there exists

a positive constant \; such that |a(z)] < A|z[P~! for all z € R.

(H}) : © is a continuous function from R to R such that for all real numbers z,y,
we have [O(x) — O(y)| < Aoz — y|, where Ay is a real constant such that
0< A <3

(Hz) : f e L>(Q),

They have proved the existence of a weak solution for problem (1.2) by using a special
type of operators called the operator of type (M). This problem has been generalized
in the case where the exponent p is variable (see[24]) .

Motivated by the above works, we study the problem (1.1), we will show that this

problem has a unique weak solution by proving that the operator

T{u} = {u + (=)0 (- 6w) + a(w) - f(z,u)}

satisfies the assertions of Theorem 2.2.

In this paper, we suppose that
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(Hy) : a is a non decreasing continuous real function defined on R, and there exists
a positive constant A, such that |a(2)| < A\;|z|P®~! for all z € R and z € Q.

(H3) : © is a continuous function from R to R such that for all real numbers z,y,
we have |O(x) — O(y)| < Ao|z — y|, where Ay is a real constant such that
0< A < 3.

(Hs) : f: QxR — Ris a Carathéodory function that is nonincreasing with respect

to the second variable, i.e.,
f(z,t1) < f(x,ta) for ae. x € Q and ty,ty € R with ¢; > to,
and there exist functions a € L(p:U)I(Q) and b € L>® (Q) N LYY (Q) such that
(1.3) [f (@, )] < a(z) +b(x)[t[*,

where a(x) € C4(Q) such that o~ < at <p~ —1 and

P:(.)(ff)

for all x € Q.
piy(@) — (a(z) +1)

() =
We first give the definition of weak solutions for problem (1.1).

Definition 1.1. A function u € X is called a weak solution to the problem (1.1) if

and only if

U (e ) |PEY) =298 (g
(1.4) /qudx +/Q i We(z.y) Vel ’y)(v(x)—v(y))dxdy +/a(u)vdaj

|z — y|N+s@yp(zy) Q

= [ f(z,u)vdz,
Q
for all v € Xy, where g (z,y) = u(x) — u(y) — O(u(z)) + O(u(y)) and X, will be
introduced in Section 2

Now we are in a position to state the main result as follows:

Theorem 1.1. Let p(.) and s(.) be two continuous variable exponents satisfying (2.1),
(2.2), (2.3), and (2.4) with s(z,y)p(x,y) < N for all (z,y) € Q x Q. If hypotheses
(Hy), (Hs) and (H3) hold, then, the problem (1.1) has a unique weak solution.
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2. PRELIMINARIES AND NOTATIONS

In this section, we recall some notations and definitions and we will state some
results which will be used in this work.

Let © be a smooth bounded open set in RY, we consider the set
C.()={qeC(Q):1<q <q(x) <qt <ooforall z €},
where

¢~ = inf g(x) and ¢* = sup q(z).
zefd zeQ

For any ¢ € C, (), we define the variable exponent Lebesgue space as

L1O(Q) = {u . function u : Q — R is measurable with / Ju(z) |9 dz < oo} ,
Q

which is endowed with the so-called Luxemburg norm

q(z)
|ullq¢.) = inf {7 >0: / u(@) dx < 1} .
Q

(L1O(Q), || - llq) is a separable reflexive Banach space see, for example [19].

Y

Let p: QxQ — (1,+00) and s : Q x Q — (0, 1) be two continuous functions such

that

(2.1) l<p = min _p(z,y) <plr,y) <p" = max p(z,y) < +00
(z,y)EQXQ (z,y)EQXQ

(2.2) 0<s = min s(z,y) <s(z,y)<st= max s(z,y) <1
(2,y)EQxQ (z,5)€QxQ

(2.3) 0<s <st<l<p <p'

We set

p(z) = p(x,z) and 3(z) = s(z,r) forall z € Q.
We assume that
(2.4)
p and s are symmetric, that is, p(z,y) = p(y, ) and s(z,y) = s(y,x) for all (z,y) € AxQ.

The variable-order fractional Sobolev spaces with variable exponent via the Gagliardo
approach is defined by
X = Wstw»l) (Q)
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)‘p:cy

p(z

{u <t / /Q vp(wy \:c y|N+p(:v DGy dxdy < oo for some v > 0
with the norm ||ul|x = [|ul|s@) + [tls¢)p), Where

[u)s()pey =inf §y >0 uly) P dxdy < 1
7 Sﬂp(wy \x_ Nrp(ea)siy Y

is a Gagliardo seminorm with variable-order and variable exponent. The space X is

a separable reflexive Banach space, see [7]. Next we define the subspace X of X as
Xo =X ") = {ue X :u=0aein Q)
endowed by the norm
lullxo = [ulse)p0)-

The space Xj is a separable reflexive Banach space, see [7]. We define the convex

modular function o’ ( : Xo — R by

|p(xy
//|x—y\N+PW (mydzdy

whose associated norm define by

5()—1nf{7>0 QE)){U}SI},
©) v

which is equivalent to the norm || - || x,-

[l = [l

Proposition 2.1. [7] Let v € X, and {u,} C Xy, then
1) fJullx, < 1(resp. = 1,> 1) <= p°) (u) < 1( resp. =1,> 1),

2) Jlullx, < 1= |ull%, < p5)(u) < ||u||XO,

(un) = 0(0),
(tn —u) = 0.

(1)
(2)
(3) llullx, > 1= ul%, < o) (@) < Jull?,
(4) lim,,_, ||un||XO = 0(00) <= lim,,_,0
(5)

s()
Po()
5) limy, oo ||t — u||XO 0 < lim, ,o p 8
Theorem 2.1. [7] Let  C RY be a smooth bounded domain and let p(.) and s(.)
be two continuous variable exponents satisfying (2.1), (2.2), (2.3), and (2.4) with

s(.)p(.) < N. Assume that r : @ — (1, +00) is a continuous variable exponent such

that

=— 7  sp(x)>r =minr(z)>1 forall z e Q.
—3(z)p(x) (z) 20 (z)
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Then, there exists a positive constant C' = C(N, s, p, r, §2) such that, for any u € X
[ull Loy < Cllullx,-

Thus, the space X is continuously embedded in L™®)(Q) for any r € (1, i) More-

over, this embedding is compact.

Let ¢ € C(Q) be the conjugate exponent of ¢, that is, ﬁjtﬁ =1forall z € Q,

then we have the following Holder-type inequality :

Lemma 2.1. [17](Hé6lder-type inequality). If u € L@ (Q) and v € LY®)(Q),
then

Jouvdz| < (£ + 22) lull @l @) < 20l ooy 10l ooy

Definition 2.1. [20] Let Y be a reflexive Banach space and let P be an operator
from Y to its dual Y. We say that P is monotone if and only if

(Pu— Pv,u—v) >0, Vuvey.

Theorem 2.2. [20] Let Y be a reflexive real Banach space and P : Y — Y’ be a
bounded operator, hemi-continuous, coercive and monotone on space Y. Then, the

equation Pu = h has at least one solution u € Y for each h € Y.
We now recall the basic properties of Nemytsky operators in Lebesgue spaces.

Theorem 2.3. [30] Let Q be a not necessarily bounded domain of RY, pi,py €
[1,400) and let f: QxR — R be a Carathéodory function that satisfies the growth
condition

f(z, )] < a(z) + b(z)|s|2, z€Q, sER,
where a € LP?(€2) and b is a non-negative function in L>(€2). Then the operator
Ny from LP(Q) into LP?(Q2) defined by (Nsu)(x) = f(x,u(z)) is a bounded and

continuous operator.

Lemma 2.2. [1] For &, n € RY and 1 < p < oo, we have
1 1 _
—[EfP — =Inl” < EPP2E(E —n).
p p

Lemma 2.3. Fora>0,b>0 and 1 <p < +00, we have

(a+b)P <2071 (aP + ).
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3. PROOF OF THE MAIN RESULT

In this section, we prove the existence and uniqueness of weak solutions to problem
(1.1). Our method is based on the variational method and the properties of Nemytsky
operators.

Existence part. Let the operator 7' : Xy — (X, (where (X, is the dual space of
X and let

T=A+1,

where for all u,v € X

U (o p(z,y)—2,/u T
(Au,v) = /Q g Ve (r.y) Vel ’y)(v(x)—v(y))dxdy—i-/oz(u)vd:c

|z — y|N+s(zyp(y) Q

= (Aju,v) + (A, v)

and
(Lu,v) /f T, u vd:)s+/uvdx (Liu,v) + (Lou,v).
0

The proof of existence part of Theorem 1.1 is divided into several Lemmas.
Lemma 3.1. The operator T is bounded.

Proof. On the one hand, we use Holder-type inequality, hypothesis (H3) and Lemma

2.3, we have for any u,v € X,

z,y)|PEy)-
) < [ [ LB ) — o)l dedy

x_y|N+sxyp(xy

) 2,,” uy) PO [O(u()) — Oulp)PP Y
= |:£— |N+s(xy) p(z,y) |g;_y|N+8(:v7y)p(x,y)
lv(x) |dxdy
—_ (w7y)_1
Ju(z) — u(y)]? -
< Py / T ey @) — vl dzdy
p(z,y)—1
|p(xy p(a,y)
< af [ H wrdr)
(Lt o)
< Collul 8 vl x,
-1 -1
< Comax (|Julffe, ™ llull%, ™) ollxo
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Since 0 < Xy < 1, we have Cj = 2p+_1()\1§+_1 + 1) . This implies that A; is bounded.
On the other hand, using again Holder-type inequality, hypothesis (H;) and Theorem
2.1, we get

[{(Azu, v)]

IN

)\1/ |uP@ 10| da
0

n(x)—1
2u[ull%5) [0l

IA

IN

plx)—1
2>\10102||U||11>)<(0) vl

IN

+_ -—
204 C1Cymae ([l ™ [ull%, ™) ol

where C',Cy are two constants of the compact embedding given by Theorem 2.1.
Then A, is bounded. This allows us to deduce that A is bounded. It remains to show

that L is bounded, indeed, we have

HLl(u)HX() = ”81”1p [(L1(u),v)| = |51”1p /f x, u)vdz
v||=1 v 1
< s [ Ifalolde < sw [ (o) + b)) olds
lvl=1JQ lvl=1J
< sup Ha” (P2 (@) HU Pr (@) E(A)(””)HbH Py )@ HU Py (@)
llvll=1 a(z) Pi @@=
< Cy A+ CaM by @),

where C3,C, are two constants of the compact embedding given by Theorem 2.1
and M > 0 such that |ju||x, < M. Thus, L, is bounded. Finally, by Hélder-type
inequality, we get immediately the boundedness of L,. This allows us to say that L
is bounded. Hence, T is bounded. O

Lemma 3.2. The operator T is hemi-continuous.

Proof. Let {u,}nen € Xo and u € X; such that u, converges strongly to u in Xj.

Firstly, we will prove that A; is continuous on X, indeed
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(Aju, — Aju,v)
[0 (2 )" 208 (0, y) — [08 (@, " 28 ()
|z — y|NFs@yply)
( ))dzdy
|<N+s<x,y> p(z y))% r y| (N+s( ,y)p(x,y))m(%l
) - v(y))
LEXEwTE) dx dy.
|£L’ — y| p(x,y)
Let us set
p(z,y)—2,/,Un /
Fen(JT y) W (SL’ y)| % (SL’,y) c IP (x’y)(Q y Q),

p(zy)—1
‘N+s zy)p(@.y) 55

lz —y

u p(z,y)—2,/u ,
Fe)(l’,y) W}@(I y)| ¢®(Iay) c P (m,y)(Q % 9)7

(N+s(zy)p(z,y)) Pl =L
z —yl'

p(z,y)

oo y) = @ =W e « ),

N+s(z,y)p(z,y)
|$ — y| p(w,y)

where —L—~ +

PIeam] =1, forall z,y € Q x Q.

p( Y)
Then, we have by Holder-type inequality

(Arun, — Ayu, v) < 2[|Fy, — FGHLP'(%?J)(QXQ)||UHLP(zvy)(Q><Q)'
This implies that

A, — Al = swp [Aun — Ay, )] < 20 Fo — Foll e o)

”v”Lp(cv,y) (%) Sl

Now, we denote

6 (. y) .
Z€7n(x7y> = N+.s(ac y)p(z,y) S Lp( 7y) (Q X Q)
|1’ — y| p(z,y)
Vel y .
Zo(x,y) = @N(W,E)p(x,y) € LV (Q x Q).

|gj — y| p(e.y)

Since u,, converges to u strongly in X, then

Zol,y) — Zola,y) in DPED(Q x Q).
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Hence, for a subsequence of Zy,(z,y), we get Zy,(x,y) — Zp(z,y) in Q x Q and
there exists an h € LP@¥)(Q x Q) such that | Zy, (v, y)| < h(x,y).
So, we have
Fyn(z,y) — Fp(z,y) a.e in Q x Q
and

Fon(@,9)| = 1 Zo.u(ey) POV < (R, y) P07

Then, by Dominated Convergence Theorem, we deduce that
Fyn(z,y) — Fy(z,y) in LF@V(Qx Q).

Consequently

Au, — Aju in X(l).
This implies that the operator A; is continuous on Xy. Secondly, by application
of hypothesis (H;), we get immediately the continuity of operator A;. Now, we will
prove that L is strongly continuous. For that, we show that L, is strongly continuous.
Let (un)neny be a sequence such that u, — w in Xy, so (u,)nen is bounded in X.
Define, for k£ > 0, the set

B ={x€Q:|z| <k}

and Q = Q\ Bg. From (1.3), Holder inequality and Theorem 2.1, we have

/Q ((f(x,un) — f(x,u))vdx

< |(f (@, un)|[oldz + [ |(f(2,u)|]v]dz

Qk Qk
< / (a(@) + (@) [ua @) leld + / (a(2) + (@) [ul*@) [olda

Qp Q
< 2[al (PE(A)(QC))’||UHPZ(A)(~’U)+|H“”‘a(x) p:(,()()’”>]|b||7(x)“v Pi()(®)
e 1o ol o

a(zx)

< 2G5 lallgg, oy olxa + Cs (nl Iz o + ez 0 ) bl 10l

a(x) a(zx)
where Cj is the constant of compact embedding given by Theorem 2.1. Then, for k

sufficiently large, we get

(3.1) /Q (f (x,up,) — f(x,u))vdx| — 0 as n — oo.
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By using Theorem 2.1, we obtain the compact embedding
Xo(By) = L™ "0 (By)
* — * ! * (m) @ - * —
(because Piy(@) —a (ps(.)(:c)) = py)(2) <W) and py ) (z) — (@ +1) >

)
p;‘(')(x) —p- > 0), and then u, — u in L% ®0®) (By). Holder-type inequality and

Theorem 2.3 allows us to deduce that

f () = fCu() in LP0@(By).

So
/B () = Saa)ode| < ) = F@n)l oo g 900,
< Coll(flun) = £ )l o, o 0550
As a result
(3.2) /B (f (2, 1) — F(z,u)) vde — 0, as n — oco.

Therefore, from (3.1) and (3.2), we obtain

/ (f (z,u,) — f(z,u))vde = 0, as n — oo.
Q

Consequently, L; is strongly continuous. Hence 7' is hemi-continuous on Xj. U
Lemma 3.3. The operator T is coercive.

Proof. For any u € X, we have

(Tu, u)
U (o p(z,y)—2,/u T

|z — y|Nt+s(@yp@y)

+ /Qa(u)udx —/Qf(x,u)ud:c

e (@, y) [P 208 (2, y)
/Q Q |z — y|Nt+s(@yp@y) (u(z) — u(y)) du dy

+ /Q a(u)uds — /Q f (@, wu de.

Firstly we deal with A, on the one hand, by application of hypothesis (H;), we have

/Q a(w)udz > 0,
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On the other hand, using Lemma 2.2, we obtain

(Aju, u)
_ [ [y,

\x— ‘N+S(xy)( z,y)

—u(y)) drdy

u(z) — uly u(zr)) — O(u P@y) — 10 (u(z)) — O(u p@y)
> [ [ et ) - Ol - OO —[Oste)) - O

p(z, y)|z — y[Nrs@vr@y

And Lemma 2.3 allows us to deduce that

1 plz,y
S u(@) — u(y)
= Q,i_l [u(z) = uly) — (O(u(x)) - O(u(y))) + (O(u(x)) — Oy)) =
< Juz) = uly) - (Ou(x)) — O +6(u(x)) — O (u(y)) "
Then
= () ) P~ [O(u()) O u(y)) P < Ju(z) —uly) ~(O(u(x) - Ol
Consequently
(Aju, u)
[u(@) —u(@)Pe? 2O (u(x)) — O(u(y))|"=)
= / / (z,y) [219* Uz — y[Nrs@upy) [z — y[Nrs@upey) du dy
L Ju@) — ()@ 2057 Ju(a) — u(y)|"?)
Z // .CL’ y 2p+—1 |LE _ ‘N—i—s(z,y)p(x,y) B p(flf,y) |LE _ y‘N+S(1‘,y)p(x7y) dx dy
> -0 e
1 1 S o+ -
> (e — 24" min ([l )

So, the choice of constant Ao in (Hj) gives the existence of a positive constant Cg

such that
(3.3) (Aru,u) > Collull,,
where
pm if flullx, > 1
pt o if ||ul|x, < 1.
Secondly, we have

(Lyu,u) = /Q F(@, uw)u da
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From (1.3), Holder- type inequality and Theorem 2.1, we have

(3.4) —/Qf(x,u)ud:v > —/Q(a(x)|u|+b(:E)|u|°‘(w)|u|)d:B

+1
(3.5) > ~llallg, @ llullyr @) = lullye” G bl

alxz)+1
(3.6) > wllelxo = CsllullSe 1] )
(3.7) > oyl xo — Csllwl 5 10l )
where

a” if ||u||X0 >1
atif lullx, < 1.
Then, from (3.3) and (3.7) we get

1
(Tu,u) > Collullk, — Cr wllullxo = Csllulli 18]l o).

Since a~ < at <p~ — 1 then u+ 1 < . Consequently

(T'u, u)
[l xo

Hence, the operator T is coercive.

— +o0 as ||u||x, = +oc.

Lemma 3.4. The operator T’ is monotone.
Proof. We prove that
(Tu —Tv,u—v) >0 forall u,ve X.
Firstly, we have
(Lyu — Lyv,u —v) = /Q (f(z,u) = f(z,v))(u—v)dz.
As f is a nonincreasing function with respect to the second variable, then
/Q (f(:c,u) — f(x,v))(u —v)dx < 0.
Therefore

(3.8) (Lyu — Lyv,u—v) <0 for all u,v € Xj.
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Now, we prove that A is monotone. Firstly ,we have by application of hypothesis

(Hl) that
(Agu — Asv,u —v) = / (a(u) - a(v))(u —v)dxr >0 forall u,ve X.
Q
It remains to show that (Aju — Ayv,u —v) > 0 . Indeed, we have

(Aju — Ayo,u —v) = (A, u) + (Ao, v) — (Aju,v) — (Ao, u)

v

C@jl(u, U) — Cojg(u, U)
> min(Cy, Cs)(J1(u,v) — Ja(u,v)),

where Cy and Cg are the two constants getting in the proof of boundedness and

coerciveness of the operator 1" and

T (u,v) = [Jul[iEY + o] i,

T, 0) = [l 55~ ol + ol [u]l x,-
This implies that
(3.9)
(Ayu = Ayv,u = v) = min(Co, Co) | (IullF~" = o5 ) (lullx, = o)
> 0.
This implies that A; is monotone. Therefore T' is monotone. U

Hence, the existence of weak solution for problem (1.1) follows from Theorem 2.2.
Uniqueness part. Let u and w be two weak solutions of problem (1.1). As a test
function for the solution u, we take v = u—w in the equality (1.4) and for the solution

w we take v = w — u as a test function in (1.4), we have

/Qu(u —w)dx —l—/ 8, )P0 (. ) (u(zz) —u(y) — (w(z) — w(y))) dx dy

aJao |£L’ - y|N+s(m,y)p(ac,y)

+/Qa(u)(u—w)d:)3:/Qf(a:,u)(u—w)dat

and

|08 (, y) [P g (2, y)
/Qw(w—u)d:)s +/ ®|I _yy|N+s(x,y)p(®x,y) Y (w(x) —w(y) — (u(z) —u(y))) dx dy

QJQ

+ [ atw)w=wdr = [ few)w— .
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By summing up the two above equalities, we get

(3.10)
/Q(u—w)2dx +{Ayu—Ayw, u—w) +/

i <a(u)—a(w)> (u—w) dx = (Lyu—Lyw, u—w).

On the one hand, we have by application of hypothesis (H;) that

/ (a(u) - a(w))(u —w)dxr > 0.
Q
On the other hand, by using (3.9), we deduce that

(Aju — Ayw,u —w) > 0.

And by (3.8) we get
(Lyu — Lyw,u —w) < 0.

Therefore, the equality (3.10) becomes

/Q (1 — w)2dz < 0.

This implies that

u=w a.ein {2
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