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ON HOLOMORPH OF WIP PACC LOOPS

OLUFEMI. O. GEORGE

Abstract. This work investigates the holomorph of a weak inverse property power

associative conjugacy closed (WIP PACC) loop. It is shown that the holomorph

of a WIP PACC loop is WIP PACC. If Q is a WIP PACC loop and A is the

automorphism group of Q, then each θ ∈ A is a nuclear automorphism. The

A(Q) holomorph of a WIP PACC loop is shown to satisfy the doubly weak inverse

property. A necessary and sufficient condition for the holomorph of an arbitrary

loop and its automorphism group to produce a WIP PACC loop is established.

Finally, if Q is a LWPC (RWPC) loop with x ∈ Nµ(Q), then the holomorph of Q

is an extra loop.

1. Introduction

George and Jaiyeola in [8] discovered twelve new loop identities of length five which

they christened loops of second Bol-Moufang type using a generalized and modified

nuclear identification model originally introduced by Drápal and Jedlic̆ka [6].

Coincidentally, two of these loops (Q3 and Q4) have already appeared in literature in

the work of Phillips [15]. Phillips labeled the two identities as LWPC and RWPC and

showed that both identities are equivalent to weak inverse property power associative

conjugacy closed loops.

Over the years, the theory of holomorph of loops has gained considerable attention.

Bruck [2], Robinson [16] and [17], Huthnance [9], Chiboka and Solarin [4], Adeniran

et. al. [1], Isere et. al. [11] and Ilojide et.al. [10] have respectively studied the

holomorphs of inverse property loop, Bol and extra loops, weak inverse property loop,
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conjugacy closed loops, generalized Bol loops, Osborn loops and on holomorphy of

Fenyves BCI-Algebras.

The objectives of this paper is to investigate the holomorph of weak inverse property

power associative conjugacy closed loops.

2. Preliminaries

A loop Q is a set with a binary operation · such that for all a, b ∈ Q, the equations

ax = b and ya = b have unique solutions x and y in Q and there exists e ∈ Q such

that ex = xe = x for any x ∈ Q. The unique solutions are given by x = a \ b and

y = b/a.

For any x ∈ Q, define the right translation map R(x) and left translation map L(x)

of x in (Q, ·) by yR(x) = y · x = yx and yL(x) = x · y = xy, respectively. It is clear

that (Q, ·) is a loop if and only if the left and right translation maps are bijections.

Since the translation maps are bijections, then the inverse maps R−1(x) and L−1(x)

exist and are thus defined by yR−1(x) = y/x and yL−1(x) = x\y.

The reader can consult the books [3, 14] for a general background in loop theory.

In a loop Q with identity 1, for all x ∈ Q there exists a unique right inverse element

xρ and a unique left inverse element xλ such that xxρ = xλx = 1. Note that xρ is not

always equal to xλ in a loop, when they are equal we write xρ = xλ = x−1 and say

the loop has two sided inverse.

A loop Q satisfies the left inverse property (LIP) if xλ · xy = y and the right inverse

property (RIP) if xy · yρ = x. An inverse property loop is a loop that satisfies both

the (LIP) and the (RIP). The left nucleus Nλ, the middle nucleus Nµ and the right

nucleus Nρ of a loop Q are defined by

Nλ(Q) = {a ∈ Q : a · xy = ax · y ∀ x, y ∈ Q},

Nµ(Q) = {a ∈ Q : xa · y = x · ay ∀ x, y ∈ Q},

Nρ(Q) = {a ∈ Q : xy · a = x · ya ∀ x, y ∈ Q}.

The intersection

N(Q) = Nρ(Q) ∩Nλ(Q) ∩Nµ(Q)
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is called the nucleus of Q.

A triple of permutations, (U, V, W ) on a loop Q, is called an autotopism of Q

provided that

(2.1) xU · yV = (xy)W.

for all x, y ∈ Q. The set Atp(Q) of all autotopisms of Q is a group under composition.

It is easy to see that

a ∈ Nλ(Q) ⇔ (L(a), I, L(a)) ∈ Atp(Q)(2.2)

a ∈ Nµ(Q) ⇔ (R−1(a), L(a), I) ∈ Atp(Q)(2.3)

a ∈ Nρ(Q) ⇔ (I, R(a), R(a)) ∈ Atp(Q)(2.4)

Conjugacy closed loops (CC-loop) are loops satisfying the following two identities:

zy · x = zx · x\(yx). (RCC)

x · yz = (xy)/x · xz. (LCC)

A loop (Q, ·) is called an extra loop if it satisfies any of the following for all x, y, z ∈

Q :

xy · xz = x(yx · z).(2.5)

yx · zx = (y · xz)x.(2.6)

A loop is a weak inverse property loop if it satisfies any one of the equivalent identities:

(2.7) x(yx)ρ = yρ or (xy)λx = yλ.

A loop (Q, ·) is power associative if subloops generated by singletons are groups.

This is easily seen to be equivalent to xm+n = xm · xn for every x ∈ Q and for all

m, n ∈ Z.

An identity of length five is said to be of second Bol-Moufang type if:

(1) It has 3 distinct variables with one of them appearing 3 times.

(2) The variables appear in the same order on both sides.
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Definition 2.1. [2] Let A be a group of automorphisms of a loop Q. Let H = A×Q,

define ′◦′ on H by

(2.8) (α, x) ◦ (β, y) = (αβ, xβ · y)

for all (α, x), (β, y) ∈ H, then (H, ◦) is a loop, called the A(Q) holomorph of Q.

Theorem 2.1. [15]. A loop is WIP PACC if and only if it satisfies

(xy · x) · xz = x((yx · x)z). (LWPC)

zx · (x · yx) = (z(x · xy))x. (RWPC)

3. Main Results

Proposition 3.1. Let Q be a LWPC (RWPC) loop. Then xλ = xρ = x−1.

Proof. Put z = 1 and y = xλ in LWPC (RWPC) identity. �

The following lemma gives an autotopism characterization of a WIP PACC loop.

Lemma 3.1. Let (Q, ·) be a loop.

(a) (Q, ·) is a LWPC loop ⇔ A(x) = (R−2(x)L(x)R(x), L(x), L(x)) ∈ AtpQ

(b) (Q, ·) is a RWPC loop ⇔ B(x) = (R(x), L−2(x)R(x)L(x), R(x)) ∈ AtpQ.

Proof. (a) Let Q be a LWPC loop, then Q satisfies the LWPC identity.

Put y = (y/x)/x in the LWPC identity to obtain

(x((y/x)/x))x · xz = x(yz),

⇒ yR−2(x)L(x)R(x) · zL(x) = (yz)L(x).

Thus,

A(x) = (R−2(x)L(x)R(x), L(x), L(x))

is an autotopism of Q.

Conversely, if A(x) = (R−2(x)L(x)R(x), L(x), L(x)) is an autotopism of Q.

Applying this autotopism to the product yz, to obtain

yR−2(x)L(x)R(x) · zL(x) = (yz)L(x),
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put y = yx · x, to obtain the LWPC identity.

(b) Replace y = x\(x\y) in the RWPC identity to obtain

zx · x((x\(x\y))x) = zy · x,

⇒ zR(x) · yL−2(x)R(x)L(x) = (zy)R(x)

Thus, B(x) = (R(x), L−2(x)R(x)L(x), R(x)) is an autotopism of Q.

Conversely, if B(x) = (R(x), L−2(x)R(x)L(x), R(x)) is an autotopism of Q.

Applying this autotopism to the product zy and substitute y = x · xy to get the

RWPC identity. �

Theorem 3.1. Let Q be a LWPC loop. The A(Q) holomorph of (Q, ·) is LWPC if

and only if

(3.1) ((xβ)y · (xα)) · xz = (xβ)((y(xα) · x)z).

Proof. Suppose A(Q) is a LWPC loop. Then by Lemma 3.1 (a), the triple

(R−2(x̄)L(x̄)R(x̄)), L(x̄), L(x̄))

is an autotopism of A(Q) for every x̄ = (α, x) in A(Q).

Let ȳ = (β, y) and z̄ = (δ, z) be in A(Q).

Then we have

(3.2) ȳR−2(x̄)L(x̄)R(x̄) · z̄L(x̄) = (ȳz̄)L(x̄)

We first calculate ȳR−2(x̄).

Let ȳR−2(x̄) = t̄ = (ǫ, t) for some t ∈ Q and ǫ ∈ A. Then

ȳ = t̄R(x̄)R(x̄) = t̄(x̄)(x̄)

= [(ǫ, t)(α, x)](α, x)

= (ǫα2, (tα2 · xα) · x).

Then

(β, y) = (ǫα2, (tα2 · xα) · x)

implies

ǫ = βα−2,
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and

t = yR−1(x)R−1(xα)α−2.

So that

ȳR−2(x̄) = (βα−2, ((y/x)/(xα))α−2).

Now

ȳR−2(x̄)L(x̄)R(x̄)

= [(α, x)(βα−2, ((y/x)/(xα))α−2)](α, x)

= ((αβα−2, (xβ · ((y/x)/(xα))α−2)(α, x)

= (αβα−1, (xβ · ((y/x)/(xα)))α−1 · x).

z̄L(x̄) = (αδ, xδ · z).

Therefore,

ȳR−2(x̄)L(x̄)R(x̄) · z̄L(x̄)

= (αβα−1, (xβ · ((y/x)/(xα)))α−1 · x)(αδ, xδ · z)

= (αβδ, (xβ · ((y/x)/(xα)))δ · xαδ) · (xδ · z).(3.3)

(ȳz̄)L(x̄) = (α, x)[(β, y)(δ, z)]

= (α, x)(βδ, yδ · z)

= (αβδ, xβδ · (yδ · z)).(3.4)

From equations (3.3) and (3.4), we have

((xβ((y/x)/(xα)))δ · xαδ) · (xδ · z)) = (xβδ · (yδ · z)),

or

((xβ((y/x)/(xα)))xα) · xzδ−1 = (xβ · yzδ−1).

Set y = y(xα) · x and z = zδ so that

((xβ)y · (xα)) · xz = (xβ)((y(xα) · x)z).

�
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Corollary 3.1. Let Q be a LWPC loop. Then the holomorph A(Q) of Q is a LWPC

loop if and only if

(3.5) (R−1(x)R−1(xα)L(xβ)R(xα), L(x), L(xβ))

is an autotopism of Q, for all x, y, z ∈ Q and α, β ∈ A.

Theorem 3.2. Let Q be a RWPC loop. The A(Q) holomorph of (Q, ·) is RWPC if

and only if

(3.6) yx · ((xα) · z(xβ)) = (y(x · (xα)z))(xβ)

Proof. Let Q be a RWPC loop, then from Lemma (3.1) (b),

(R(x̄), L−2(x̄)R(x̄)L(x̄), R(x̄))

is an autotopism of A(Q) for every x̄ = (α, x) in A(Q).

Let ȳ = (β, y) and z̄ = (δ, z) be in A(Q).

Then ȳR(x̄) · z̄L−2(x̄)R(x̄)L(x̄) = (ȳz̄)R(x̄).

ȳR(x̄) = (β, y)(α, x) = (βα, yα · x).

z̄L−2(x̄) = (α−2δ, (xα−2δ)\((xα−1δ)\z)).

z̄L−2(x̄)R(x̄)L(x̄) = (α, x)(α−2δ, ((xα−2δ)\((xα−1δ)\z))(α, x)),

= (α, x)((α−2δα, ((xα−2δ)\((xα−1δ)\z))α · x)),

= (α−1δα, xα−2δα · ((xα−2δ)\((xα−1δ)\z))α · x).

ȳR(x̄) · z̄L−2(x̄)R(x̄)L(x̄)(3.7)

= (βα, yα · x)(α−1δα, xα−2δα · ((xα−2δ)\((xα−1δ)\z))α · x),

= (βδα, (yα · x)α−1δα · (xα−2δα · ((xα−2δ)\((xα−1δ)\z))α · x)),

= (βδα, ((yδ · xα−1δ) · (xα−2δ · (xα−2δ\((xα−1δ)\z))α · xα−1))α).(3.8)

ȳz̄R(x̄) = (βδα, ((yδ · z) · xα−1)α).(3.9)
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Compare equations (3.8) and (3.9) and set y = yδ−1, x = xδ−1α to get

yx · (xδ−1α−1δ)(((xδ−1α−1δ)\(x\z))(xδ−1)) = yz · xδ−1.

Replacing δ−1α−1δ by θ, then δ−1 = δ and z = x · (xθ)z, we have

yx · (xθ · z(xδ)) = (y(x · (xθ)z))xδ.

�

Corollary 3.2. Let Q be a RWPC loop. Then the holomorph A(Q) is a RWPC loop

if and only if

(3.10) (R(x), L−1(x)L−1(xθ)R(xδ)L(xθ), R(xδ))

is an autotopism of Q, for all x, y, z ∈ Q and θ, δ ∈ A.

Corollary 3.3. Let Q be a loop. Then the holomorph A(Q) is WIP PACC if and only

if ((xβ)y · (xα)) ·xz = (xβ)((y(xα) ·x)z) and yx · ((xα) · z(xβ)) = (y(x · (xα)z))(xβ).

Theorem 3.3. Let Q be a loop and let A(Q) be the holomorph of Q. Then:

(i) A(Q) is left conjugacy closed if and only if

(3.11) ((xβ)y)/x · xz = (xβ) · yz for x, y ∈ Q, and β ∈ A.

(ii) A(Q) is right conjugacy closed if and only if

(3.12) yx · x\(z(xβ)) = (yz)(xβ)for x, y ∈ Q, and β ∈ A.

Proof. (i) Let (α, x), (β, y) and (γ, z) be in A(Q). From the definition of holomorph

in (2.8), we see that

(3.13) (α, x)/(β, y) = (αβ−1, (x/y)β−1).
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Now using (2.8) and (3.13) on the right hand side of the LCC:

(((α, x)(β, y))/(α, x)) · (α, x)(γ, z),

= (αβ, xβ · y)/(α, x) · (αγ, xγ · z),

= (β, ((xβ · y)/x · α−1) · (αγ, xγ · z),

= (β, ((xyβ−1)/xβ−1)β · α−1)(αγ, xγ · z),

= (βαγ, (xyβ−1)/xβ−1)β · α−1)αγ) · xγ · z),

= (βαγ, (xyβ−1)/xβ−1)β·)γ) · xγ · z),

= (αβγ, (xyβ−1)/xβ−1)β · (xzγ−1))γ).(3.14)

Using (2.8), the L.H.S of the LCC gives

(αβγ, (xβ · yzγ−1)γ).(3.15)

Comparing (3.14) and (3.15), we have

xβ · yzγ−1 = (xyβ−1)/xβ−1)β · (xzγ−1)),

= (((xβ)y)/x)β−1β · xzγ−1,

= ((xβ · y)/x) · xzγ−1,

xβ · yz = (xβ · y)/x · xz.

(ii) This can be proved in a similar way as 1. �

Corollary 3.4. Let Q be a loop. Then A(Q) holomorph of Q is conjugacy closed if

and only if

(3.16) ((xβ)y)/x · xz = (xβ) · yz,

and

(3.17) yx · x\(z(xβ)) = (yz)(xβ)

for x, y ∈ Q, and β ∈ A.

Lemma 3.2. Let A(Q) be the holomorph of a LWPC loop Q. Then the following

identities hold:

(i) L(xβ)R(xα)R(x) = R(xα)R(x)L(xβ),
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(ii) R−1(xα)L(xβ)R(xα) = R(x)L(xβ)R−1(x),

(iii) L(xβ) = R(xα)R(x)L(xβ)R−1(x)R−1(xα) = R−1(x)R−1(xα)L(xβ)R(xα)R(x).

Lemma 3.3. Let A(Q) be the holomorph of a RWPC loop Q. Then the following

identities hold:

(i) R(xβ)L(xα)L(x) = L(xα)L(x)R(xβ),

(ii) L−1(xα)R(xβ)L(xα) = L(x)R(xβ)L−1(x),

(iii) R(xβ) = L(xα)L(x)R(xβ)L−1(x)R−1(xα) = L−1(x)L−1(xα)R(xβ)L(xα)L(x).

Theorem 3.4. Let Q be a loop and let A(Q) be the holomorph of Q.

(a) A(Q) is a LWPC loop ⇔ A(Q) is a LCC loop and ((xβ)y ·xα)x = (xβ)(y(xα) ·x).

(b) A(Q)is a RWPC loop ⇔ A(Q) is a RCC loop and x((xα)·y(xβ)) = (x·(xα)y)(xβ).

Proof. (a) Let A(Q) be a LWPC loop, then by Lemma 3.2 (i), A(Q) satisfies

((xβ)y · xα)x = (xβ)(y(xα) · x)

or

y(xα) · x = (xβ)\(((xβ)y · xα)x),

using this, A(Q) in (3.1) becomes

((xβ)y · xα) · xz = xβ(((xβ)\(((xβ)y · xα)x))z) ⇒

y · xz = xβ(((xβ)\(yx))z) ⇒

((xβ)y)/x · xz = xβ(yz).

For the converse, suppose A(Q) is an LCC-loop and ((xβ)y · xα)x = (xβ)(y(xα) · x).

From (3.11), we have

y · xz = xβ(((xβ)\(yx))z) ⇒

((xβ)y · xα) · xz = xβ(((xβ)\(((xβ)y · xα)x))z.

This last identity becomes LWPC since A(Q) also satisfies ((xβ)y·xα)x = (xβ)((y(xα)·

x).

(b) We can mirror the prove in (a) above. �
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Corollary 3.5. The loop A(Q) is a WIP PACC-loop if and only if A(Q) is a CC-loop

and both ((xβ)y · xα)x = (xβ)(y(xα) · x) and x(xα · y(xβ)) = ((x · (xα)y))xβ are

satisfied.

Definition 3.1. A loop Q is said to have the doubly weak inverse property if it

satisfies the following equivalent identities

(3.18) (xy)ρ[(xρ)ρ] = yρ, (xλ)λ · (yx)λ = yλ.

Theorem 3.5. Let Q be a doubly weak inverse property loop and let A be the auto-

morphisms group of Q. Then the holomorph A(Q) is a doubly weak inverse property

loop.

Proof. Let (α, x), (β, y) ∈ A(Q).

First note that (α, x)ρ = (α−1, xρα−1).

Now

[(α, x)(β, y)]ρ[(α, x)ρ]ρ = (αβ, xβ · y)ρ(α−1, xρα−1)ρ

= (β−1α−1, (xβ · y)ρβ−1α−1)(α, (xρ)ρ)

= (β−1α−1, (xα−1 · yβ−1α−1)ρ)(α, (xρ)ρ)

= (β−1α−1, (x · yβ−1)ρα−1)(α, (xρ)ρ)

= (β−1, (x · yβ−1)ρ · (xρ)ρ), (since Q is doubly weak inverse)

= (β−1, (yβ−1)ρ)

= (β−1, yρβ−1)

= (β, y)ρ.

�

In a loop A(Q) with identity element (i, 1), for all (α, x) ∈ A(Q) there exist a unique

left inverse (α, x)λ and a unique right inverse (α, x)ρ such that (α, x)(α x)ρ =

(α, x)λ(α, x) = (i, 1).

The following lemma is obvious from definition.

Lemma 3.4. Let Q be a loop and let A(Q) be the holomorph of Q. Then Q is a loop

with two sided inverse if and only if A(Q) is a loop with two sided inverse.
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Proposition 3.2. Let A(Q) be the holomorph of a loop with two sided inverse. Then

A(Q) is a weak inverse property loop if and only if A(Q) is a doubly weak inverse

property loop.

Proof. Suppose A(Q) is a WIP loop, then

[(α, x)(β, y)]λ(α, x) = (β, y)λ,

[(α, x)(β, y)]λ[(α, x)λ]ρ = (β, y)λ,(3.19)

then replace (β, y)λ with (β, y)ρ for every (β, y)λ ∈ A(Q), then

[(α, x)(β, y)]ρ[(α, x)ρ]ρ = (β, y)ρ.

Thus, A(Q) has the doubly weak inverse property.

Conversely, suppose A(Q) has the doubly weak inverse property, i.e,

[(α, x)(β, y)]ρ[(α, x)ρ]ρ = (β, y)ρ,(3.20)

set (β, y)ρ = (β, y)λ for every (β, y)ρ ∈ A(Q),

[(α, x)(β, y)]λ[(α, x)λ]ρ = (β, y)λ,

[(α, x)(β, y)]λ(α, x) = (β, y)λ.

Thus, A(Q) has WIP. �

Corollary 3.6. Let A(Q) be the holomorph of a WIP PACC loop Q. Then A(Q) has

the doubly weak inverse property.

Definition 3.2. An automorphism θ of a loop Q is nuclear if and only if xθ ·x−1 ∈ N

or x−1 · xθ ∈ N.

We now show that the set of automorphisms of a WIP PACC loop is nuclear.

Theorem 3.6. Let Q be an LWPC loop and let A be the the group of automorphisms

of Q. Then A(Q) is left nuclear.

Proof. Let Q be an LWPC loop, then from Lemma 3.1,

A(x) = (R−2(x)L(x)R(x), L(x), L(x))
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is an autotopism of Q.

Also, from Corollary 3.1,

(R−1(x)R−1(xα)L(xβ)R(xα), L(x), L(xβ))

is an autotopism of Q.

Since the set of autotopisms of a loop forms a group under componentwise multipli-

cation, then

(R−2(x)L(x)R(x), L(x), L(x))−1(R−1(x)R−1(xα)L(xβ)R(xα), L(x), L(xβ))

= (R−1(x)L−1(x)R(x)R−1(xα)L(xβ)R(xα), I, L−1(x)L(xβ)).(3.21)

Let U = R−1(x)L−1(x)R(x)R−1(xα)L(xβ)R(xα), then the autotopism in (3.21) be-

comes

(U, I, L−1(x)L(xβ)).(3.22)

Applying the autotopism in (3.22) to the product ab,

aU · b = (ab)L−1(x)L(xβ),

with b = 1, we see that U = L−1(x)L(xβ), so that the autotopism in (3.22) becomes

(3.23) (L−1(x)L(xβ), I, L−1(x)L(xβ))

for all x ∈ Q and all β ∈ A.

Then

yL−1(x)L(xβ) · z = (yz)L−1(x)L(xβ),

for all y, z ∈ Q.

In particular, for y = 1, we have

zL((xβ) · xρ) = zL−1(x)L(xβ)

zL(xβ · x−1) = zL−1(x)L(xβ)

Then the autotopism

(L−1(x)L(xβ), I, L−1(x)L(xβ))

becomes

(L(xβ · x−1), I, L(xβ · x−1)).
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Thus, A(Q) is left nuclear. �

Theorem 3.7. Let Q be an RWPC loop and let A be the the group of automorphisms

of Q. Then A(Q) is right nuclear.

Proof. Let Q be an RWPC loop, then from Lemma 3.1 and Corollary 3.2, we have

(R(x), L−2(x)R(x)L(x), R(x))−1(R(x), L−1(x)L−1(xθ)R(xδ)L(xθ), R(xδ))

= (I, L−1(x)R−1(x)L(x)L−1(xθ)R(xδ)L(xθ), R−1(x)R(xδ))

= (I, R−1(x)R(xδ), R−1(x)R(xδ)).

Applying this autotopism on the product yz and setting z = 1 shows that x−1 · xδ ∈

Nρ.

Thus, A(Q) is right nuclear. �

Corollary 3.7. Let Q be a WIP PACC loop and let A(Q) be the holomorph of Q.

Then A(Q) is nuclear.

Theorem 3.8. Let Q be a loop and let A be the automorphism group of Q. Then the

A(Q) holomorph of Q is a WIP PACC loop if and only if

(3.24) ((xβ)((y/x)/(xα)))xα = (xβ)/(xyρ)

and

(3.25) xα(((xα)\(x\z))(xβ)) = (zλx)\(xβ)

for x, y ∈ Q, α, β ∈ A.

Proof. Suppose the holomorph A(Q) of Q is WIP PACC, then Q satisfies equation

(3.1), set y = (y/x)/(xα), and then z = yρ in (3.1) to get

((xβ)((y/x)/(xα)))xα · (xyρ) = (xβ)

or

((xβ)((y/x)/(xα)))xα = (xβ)/(xyρ).
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Also, set z = (xα) \ (x \ z) and y = zλ in equation (3.6) to get

xα(((xα)\(x\z))(xβ)) = (zλx)\(xβ).

�

The next theorem shows how the holomorph of an arbitrary loop and its automor-

phism group produces a WIP PACC loop.

Theorem 3.9. Let A be the group of automorphisms of a loop Q and let x ∈ Nµ(Q).

Then the A(Q) holomorph of Q is WIP PACC loop if and only if the following con-

ditions hold:

(1) (xα · x)xρ = xα and xλ(x · xα) = xα,

(2) L(xβ)R(xα) = R(xα)L(xβ),

(3) each α ∈ A is nuclear for x ∈ Q, and α, β ∈ A.

Proof. Suppose A(Q) is a WIP PACC loop, we show that (1), (2) and (3) hold in

A(Q).

Since A(Q) is WIP PACC, then A(Q) satisfies (3.1) and (3.6) by Corollary 3.3. Set

z = xρ, y = 1 in (3.1), and y = xλ, z = 1 in (3.6), to get (1).

Again, suppose A(Q) is WIP PACC, then it is LWPC and by Theorem 3.1, then

(R−1(x)R−1(xα)L(xβ)R(xα), L(x), L(xβ))

is an autotopism of A(Q).

Now since x ∈ Nµ, then

(R(x), L−1(x), I)(R−1(x)R−1(xα)L(xβ)R(xα), L(x), L(xβ))

= (R−1(xα)L(xβ)R(xα), I, L(xβ)).

Applying the autotopism to the product yz and set y = y(xα) and z = 1 gives (2)

The same result can be obtained using the RWPC autotopism and the fact that

x ∈ Nµ.

(3) follows from Theorems 3.6 and 3.7 .
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Conversely, suppose (1), (2), and (3) hold in A(Q), we show that A(Q) is WIP PACC.

Now

(xα) = (xα · x)xρ,

y(xα) = y((xα · x)xρ),

(xβ) · y(xα) = (xβ)(y((xα · x)xρ)),

yR(xα)L(xβ) = (xβ)yR((xα · x)xρ)(3.26)

Using (2) on the left side of equation (3.26) and (3) on the right side of equation

(3.26), we have

(xβ)y · xα = (xβ)((y(xα) · x)xρ),

((xβ)y · xα) · xxρ = (xβ)((y(xα) · x)xρ),

set xρ = z, to get

((xβ)y · xα) · xz = (xβ)((y(xα) · x)z).

Also, if xλ(x · xα) = xα,

(xλ(x · xα))y = (xα)y,

(3.27) ((xλ(x · xα)y)(xβ) = ((xα)y) · (xβ).

Using (2) and (3) respectively on the right and left side of equation (3.27),

(xα) · y(xβ) = (xλ(x · (xα)y))(xβ),

xλx · ((xα) · y(xβ)) = (xλ(x · (xα)y))(xβ),

and with xλ = z, we have

zx · ((xα) · y(xβ)) = (z(x · (xα)y))(xβ).

�

Corollary 3.8. Let Q be an LWPC (RWPC) loop with x ∈ Nµ(Q) and let A(Q) be

holomorph of Q, then A(Q) is an extra loop.
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Let Q and R be abelian groups and f : Q × Q → R be a mapping. We call f zero

preserving if f(x, 0) = 0 = f(0, x) for all x ∈ Q. Say that f is additive on the right

if f(x, y+ z) = f(x, y) + f(x, z) for all x, y, z ∈ Q. Say that f is additive if it is both

right and left additive. Define the radical Rad(f) as the set of all x ∈ Q such that

f(x, y) = 0 = f(y, x) for all y ∈ Q.

Theorem 3.10. Let Q be an abelian group and R a subgroup of Q. Let f : Q×Q → R

be such that Rad(f) ≤ R, f is zero preserving and right additive. Then the operation

defined by

(3.28) x · y = x+ y + f(x, y)

is an LWPC loop if and only if

f(2x+ y, x) = 2f(x, x) + f(y, x) for all x, y ∈ Q.

The operation is an RWPC loop if and only if

f(y, x) + f(z, x) + f(y + x, z) = f(x, z) + f(y, z) + f(y + z, x) for all x, y, z ∈ Q

and

3f(x, x) + f(y, x) = f(x, x) + f(2x+ y, x) for all x, y ∈ Q.

Proof. By Theorem 3.4 (a), a loop is LWPC if and only if it is LCC and satisfies

(xy · x)x = x(yx · x) with α, β = I.

Q is LCC by [5, Theorem 2.1] and satisfies (xy · x)x = x(yx · x) follows from [7,

Theorem 3.1].

Also, by Theorem 3.4 (b), a loop is RWPC if and only if it is RCC and satisfies

x(x · yx) = (x · xy)x.

Now, using (3.28),

yz · x = y + z + f(y, z) + x+ f(y + z, x),

yx · x\(zx) = y + x+ f(y, x) + z + f(z, x)− f(x, z) + f(y + x, z).
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Thus, Q is an RCC if and only if f(y, x)+f(z, x)+f(y+x, z) = f(x z)+f(y, z)+

f(y + z, x).

Lastly, x(x·yx) = (x·xy)x if and only if 3f(x, x)+f(y, x) = f(x, x)+f(2x+y, x). �

Corollary 3.9. The loop (Q, ·) is WIP PACC if and only if

(i) f(2x+ y, x) = 2f(x, x) + f(y, x) for all x, y ∈ Q,

(ii) f(y, x)+f(z, x)+f(y+x, z) = f(x, z)+f(y, z)+f(y+z, x) for all x, y, z ∈ Q

and

(iii) 3f(x, x) + f(y, x) = f(x, x) + f(2x+ y, x) for all x, y ∈ Q.

.

Example 3.1. Here is a WIP PACC loop of order 16 with N(Q) = {1, 2, 3, 4}.

Table 1. A WIP PACC loop of order 16.

⋆ 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

2 2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15

3 3 4 1 2 8 7 6 5 12 11 10 9 15 16 13 14

4 4 3 2 1 7 8 5 6 11 12 9 10 16 15 14 13

5 5 6 7 8 1 2 3 4 15 16 13 14 12 11 10 9

6 6 5 8 7 2 1 4 3 16 15 14 13 11 12 9 10

7 7 8 5 6 4 3 2 1 14 13 16 15 10 9 12 11

8 8 7 6 5 3 4 1 2 13 14 15 16 9 10 11 12

9 9 10 11 12 13 14 15 16 1 2 3 4 6 5 8 7

10 10 9 12 11 14 13 16 15 2 1 4 3 5 6 7 8

11 11 12 9 10 16 15 14 13 4 3 2 1 8 7 6 5

12 12 11 10 9 15 16 13 14 3 4 1 2 7 8 5 6

13 13 14 15 16 10 9 12 11 7 8 5 6 4 3 2 1

14 14 13 16 15 9 10 11 12 8 7 6 5 3 4 1 2

15 15 16 13 14 11 12 9 10 6 5 8 7 2 1 4 3

16 16 15 14 13 12 11 10 9 5 6 7 8 1 2 3 4
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This example has been verified using the Groups, Algorithms, Programming (GAP

Package) [13] and Library of GAP-LOOPS Package [12].
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[12] Nagy G. P. and Vojtěchovský, P., The LOOPS Package, Computing with quasigroups and loops

in GAP 3.4.1, https://www.gap-system.org/Manuals/pkg/loops/doc/manual.pdf.

[13] The GAP Group, GAPS - Groups, Algorithms, Programming, Version 4.11.0, http://www.gap-

system.org.

[14] H. O. Pflugfelder, Quasigroups and loops: Introduction, Sigma Series in Pure Math., 7, Hel-

dermann Verlag, Berlin, 1990.



482 OLUFEMI. O. GEORGE

[15] J. D. Phillips, A short basis for the variety of WIP PACC- loops, Quasigroups and Related

Systems, 14 (2006), 259-271.

[16] D. A. Robinson, Bol Loops,Ph.D. thesis, University of Wisconsin, Madison, 1964.

[17] D. A. Robinson, Holomorphic theory of Extra loops, Publ. Math. Debrecen, 18 (1971), 59-64.

Department of Mathematics, University of Lagos, Akoka, Nigeria.

Email address : oogeorge@unilag.edu.ng


