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Abstract: In theoretical chemistry, the topological indices are mostly used to explore/develop QSAR and QSPR analyses of
molecular graphs. The edge variant of the Geometric-Harmonic index is one type of topological indices it is described as
EGH(I') = ¥omsei(r) (dr(e)+dr(t))2 dr(e)'dr(l), where dr(¢) is the degree of a vertex ¢ in I'. In this paper, using several molecular
structural parameters, we establish some new bounds on the the edge variant of Geometric-Harmonic index EGH(I"). Also, we
connect these indices to a number of well-known molecular descriptors.
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1 Introduction

A topological index is a structural descriptor that may be derived from a molecular structure and is useful for
numerically representing the size, shape, cyclicity, and branching of molecules. Relationships between a molecular
compound’s structure and its physicochemical properties or biological activity are frequently found using the topological
indices of molecular structures. Distance-based topological indices, degree-based topological indices, eccentricity based
topological indices, counting-related polynomials, and graph indices are some of the categories into which topological
indices are divided. The significance of degree-based topological indices in chemical graph theory is particularly
noteworthy in the field of chemistry. Let I' = (V,E) be a connected simple graph with order n = |V| vertices and size
m = |E| edges. The degree of a vertex v is denoted as dr-(v). Specifically, the maximum and minimum degree of I" are
denoted by A = A(I") and 6 = §(I"), respectively. Also, an edge e = xy € E(I") is the number of edges incident to e and
dr(e) =dr(x)+dr(y) — 2 represents the degree of edge e. For convenience sake, e ~ ¢ represents edges e, t € E(I") are
adjacent, we have included a list of degree-based topological indices that will be utilised in the next sections. In [15], the
authors define the Geometric-Harmonic index as

ou(ry= Yy Wrt)tdr()Vdr) dr(y)

2

By using above graph index we can define edge variant of Geometric-Harmonic index as

eGur)— Yy Wr@Tdr)vdrie)-drit)

2

. ey

e~1eE(TN)
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Lemma 1./11, 8] The Platt number is the sum of degrees of all its edges of I and is denoted as

Z dr(xy)

xyeE(T)

= Y (dr®+dr(y)-2)

xyeE(T)

= Y dr@(dr(x)-1).

xeV(I')

Lemma 2./2] For any connected graph I" with n > 2,
(i) 2m(6—1)<PIT)<2m(A-1)
(ii) m<PII)<2m(n—2).

In [4], the authors define the first Zagreb index as

=) dr = Y (dr()+dr(y)).
xevV (' xyeE(I")
Lemma 3./1, 3] For any graph I withn > 2, PI(I") = M;(I") — 2m.
Lemma 4./9] If a > 0, by, > 0 for k = 1,2,...,nand;+$ =1 with p > 1, then

n 1% n % n
(£a) (£1) = Lo
=1 =1 =1

With equality holding if and only if Otaf = ﬁbz for k=1,2,....n where a and B are real non-negative constants with
2, R2
o+ B >0.

2 Main Results

In this section, we obtain bounds on edge variant of Geometric-Harmonic index using the graph parameters namely
minimum degree, maximum degree, order, size, first Zagreb index M, (I"), second reformulated Zagreb index EM,(I") and
first reformulated Zagreb index EM; (I"), reformulated Hyper-Zagreb index RHM(I"), Randi¢ edge index, reformulated
second Gourava index, edge variant of Arithmetic-Geometric index and edge variant of Geometric-Arithmetic index.

2.1 Bounds in relation to minimum degree and maximum degree

Theorem 1.If I is any graph of order n, n > 2, size m, maximum degree A and minimum degree 8, then
4m(8 —1)> <EGH(I') < 4m(A —1)2.

Additional equality is possible only in the case when I is regular.

ProofBy inequality (i) of Lemma 2 and the definition of EGH(I"), we have

(dr(e)+dr(t))/dr(e)-dr(t)

4(6-1)72< 5

<4(a-1)? )

The eqn. (2) holds true for ( ) pairs of neighbouring edges, and the sum of those in equalities yields the result.

5—1) <Z e) +dr(t))\/dr(e)-dr(t)

PIT) -2 ;

<PIT)-2-(A—1)? 3)

e~~t

Again, by inequality (i) of Lemma 2 and eqn (3), we have
4m(8 —1)* <EGH(I') <4m(A —1)%

Additional equality is possible only in the case when I" is regular.
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2.2 Bounds in relation to order and size

Theorem 2.If I is any graph of order n, n > 3 and size m, then

<EGH(T") <4m(n—2)>.

|3

Additional equality is possible only in the case when I is regular.
Proof.Using inequality (ii) of Lemma 2, we have

< @ <m(n-2).

|3

Therefore, 1 < +/dr(e)-dr(f) <2(n-2)

(dr(e)+dr(f))y/dr(e)-dr(f)
2

1< <4(n—2)>

The above inequality satiesfies for @ pairs of adjacent edges and sum of those inequalities, we have

PI(T) < Z (dr(e)+dr(t))\/dr(e)-dr(t)
2 - 2

e~t

<PII)-2-(n—2)? “)

By using above expression, we have

<EGH(I') < 4m(n—2)>.

|3

Additional equality is possible only in the case when I" is regular.

2.3 Bounds in relation to first Zagreb index M,(I")

Theorem 3.If I is any graph of order n, n > 3, size m, maximum degree A and minimum degree 0, then

i) M2 < pGh(r) <o, () - 2m)n—2)?

(i) 2(8 — 1)*(My(I") —2m) < EGH(I') < 2(A — 1)*(M{(I") — 2m).
Additional equality is possible only in the case when I is regular.

Proof.The desired result is obtained by applying Lemma 3 on the inequality (4) to get (/) and on the inequality (3) to get

(id).
2.4 Bounds in relation to second reformulated Zagreb index EM,(I") and first reformulated
Zagreb index EM\ (")

The below is a definition of the first and second reformulated Zagreb indices [6]

EM\(')= Y (dr(e)+dr(1)),EMy()= Y (dr(e)-dr(r)). (3)
e~1eE(TT) e~teE(IN)

Theorem 4.If I is any graph of order n and size m, then
EGH(I') > EM,(I').

Additional equality is possible only in the case when I is regular.
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Proof.By using eqn.( 1)

d dr(t))\/d dr(t
EGHI) = ¥ (dr(e) +dr(1))/dr(e) -dr (1)
e~teE(TN)
dr(e)+dr(t
= Var (@) ar()- @) 5 r(t)
df(e)2+df(t)2 (dr(e)+dr(t)) 2dr(e) -dr(t)
> >+/(d -dr(t 6
2 - 2 = V(dr(e)-dr(r) dr(e)+dr(t) ©®
It is clear that
dr(e)+dr(t
Qa5 fare)-ar)
Now,by multiplying both sides by +/(dr(e) - dr(t))
d dr(t d -dr(t
s g, A OVTTE T 4 0 4y
The above inequality satiesfies for @ pairs of adjacent edges and sum of those inequalities, we have
PI(I") (dr(e)+dr(t dr(e)-dr(t PI(I”
EGH(I') > EM,(I').
Additional equality is possible only in the case when I" is regular.
Theorem 5.If I' is any graph of order n, n > 2 and size m, then
26 —1)EM(I') <EGH(I') <2(A - 1)EM;(I').
Additional equality is possible only in the case when I is regular.
Proof.
d -dr(t
2(6—1) < M <2(A-1)
dr(e)-dr(t
25~ 1)(dr(e) +dr (1)) < (dr(e) +dr () VI <00 1) (e)+are)
this inequality satisfies for @ pairs of adjacent edges and sum of those inequalities, to get
dr(e)-dr(t
25~ 1) ¥ (dr(e) + dr(@)) < X () +dr () YO < o4 1) Y (o) + are)
e~t e~t e~t
Thus,
2(6 —1)EM(I') <EGH(I') <2(A - 1)EM;(I').
Additional equality is possible only in the case when I” is regular.
2.5 Bounds in relation to reformulated Hyper-Zagreb index RHM (I")
The below is a definition of the Hyper-Zagreb index [13]
HM(I)= Y (dr(x)+dr(y))*
xy€eE(T)
Using above definition, the edge variant of the Hyper-Zagreb index defined as reformulated Hyper-Zagreb index
RHM(I)= Y (dr(e)+dr(1)*. @)

e~tcE(IN)

©2025 YU
Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



JIMS 18, No. 1, 105-113 (2025) / 109

Theorem 6.If I is any graph of order n and size m, then

\/RHM (') -EM(TN)

EGH(T') 5

Additional equality is possible only in the case when I is regular.

Proof By setting a; = ;dr \dr(e)-dr(t),p=g=2and 1 + ~ =1 in Lemma 4, we get

l 1

i;dr(” dr(e)-dr(r) < (i <%> ) <ZdF )

k=1

Using the definition of EGH(I"), RHM(I") and EM,(I"), we get

\/RHM (') -EM,(TN)

EGH(I')
() 2

Additional equality is possible only in the case when I is regular.

2.6 Bounds in relation to Randic edge index

The below is a definition of the edge variant General Randi¢ index [14]

ERy(I')= Y, (dr(e)-dr(1))*.

e~teE(I)

For o =

ER\(I)= Y (Vdr(e)-dr(1)). (8)

Theorem 7.If I" is any graph of order n, n > 2 and size m, then

1(I).

2(8 — 1)ER, (I') < EGH(I') < 2(A — 1)ER,

N1

Additional equality is possible only in the case when I is regular.

Proof.
o OO s
2(5—1) dr(e)-df(t)gw df(e)-dr(t)§2(A—1) df(e)-dr(t)

( )

this inequality satiesfies for

2(6-1)Y. Vdr(e)-dr(t <ZM dr(e)-dr(t) <2(A—1)Y \/dr(e)-dr(t

e~t e~t e~t

pairs of adjacent edges and sum of those inequalities, to get

Using the definition of ER ! and EGH (I"), we get

2(8 — 1)ER, (') < EGH(I') < 2(A — 1)ER, (I").

[N
[N]

Additional equality is possible only in the case when I is regular.
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2.7 Bounds in relation to reformulated second Gourava index

The below is a definition of the second Gourava index [5]

GOy(I) = Y (dr(x)+dr(y)(dr(x)-dr(y)).
xyeE(I")

Using above definition, the edge variant of the second Gourava index defined as

EGOy(I')= ), (dr(e)+dr(1)(dr(e)-dr(r))). ©)
e~teE(IN)

Theorem 8.If I is any graph of order n and size m, then

EGO,(I)
Wa-n

EGO,(I')

gEGHUUg—ﬂngT.

Additional equality is possible only in the case when I is regular.

Proof.Since

_ (dr(e)+dr(t))/dr(e)-dr(t)

2
_ (dr(e) +dr(t))(dr(e) -dr (1))
2 df (e) . dr(t)

and by the inequality

1 1 1

AA—1) 7 2\/dr(e)-dr(r) ~ 4(6 1)

we deduce

(dr(e) +dr(1))(dr(¢) -dr (1)) _ (dr(e) +dr())(dr(e) dr(t)) _ (dr(e) +dr()(dr(e)-dr(r))
Ha-1) =T 2arear 4(5-1)

this inequality satiesfies for @ pairs of adjacent edges and sum of those inequalities, to get

EGO,(I')
Ery—y

EGO,(I")

gEGHawg-agtTy.

Additional equality is possible only in the case when I" is regular.

2.8 Bounds in relation to edge variant of Arithmetic-Geometric index
The below is a definition of the Arithmetic-Geometri index

AG(F) _ Z dF(x>+dF(y>

werr) 2V/dr(x)-dr ()

Using above definition, the edge variant of the Arithmetic-Geometric index defined as

y (o) rdr() (10

EAG(I') =
e~tcE(I) 2y/dr(e)-dr(t)
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Theorem 9.If I is any graph of order n and size m, then

4(8 —1)’EAG(I") < EGH(T") < 4(A —1)?EAG(T").

Additional equality is possible only in the case when I is regular.

Proof.Since

and by the inequality

we deduce

45—

this inequality satiesfies for

1)2
>2

( )

_ (dr(e)+dr(t))/dr(e)-dr(t)

)
2
_ (dr(e )+dr(f))(dr(e) dr(t))

(dr(€)+d1"([)) § d]"(e) 'dr(t) §4(A o 1)2 (dr(€>+dr(l)>

dr (e) -dr (t) 2.\/dr (e) : dr(t)

pairs of adjacent edges and sum of those inequalities, to get

405 1) (dr(e)+dr(t)) (dr(e) +dr(t)(dr(e)-dr(t) _, | (dr(e) +dr(t))
( )Nezé(mz dr(e)-dr(t) Swezé(r) 2+/dr(e)-dr(t) = )e~z§z'(r)2 dr(e)-dr(t)

4(8 —1)’EAG(I") < EGH(I') < 4(A — 1)*EAG(I").

Additional equality is possible only in the case when I" is regular.

2.9 Bounds in relation to edge variant of Geometric-Arithmetic index

The below is a definition of edge variant of Geometric-Arithmetic index [10].

B 2y/dr(e)-dr(r)
EGA(I') = N;m dr(e)+dr(t)

Theorem 10.If I" is any graph of order n and size m, then

4(8 —1)’EGA(I') < EGH(I") < 4(A — 1)?EGA(I).

Additional equality is possible only in the case when I is regular.

Proof.Since
_ (dr(e)+dr(t))\/dr(e)-dr(t)
2
_ 2y/dr(e) dr(r) ((dr(e)+dr(n))?
(dr(e)+dr(r) 4
and by the inequality
4(6-1)72< M <4(A—-1)?
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we deduce

4(57122\/dr(e df(l e)+dr(t 22\/d1* )-dr(t <4(A- 22 dr(e)-dr(t)

dr(e) +dr(t) = 4 (dr()+dr() B (dr(e) +dr (1)

this inequality satiesfies for ( )

2 2+/dr(e)-dr(r) (dr(e) +dr(1))* 2+/dr(e) -dr(t) 2 2+/dr(e)-dr(r)
46 -1) eNIGZE(F) (dr(e)+dr(t) Sewtg;’(m 4 (dr(e)+dr(t) s4(Aa-1) ewzeZE(F) (dr(e)+dr(t)

pairs of adjacent edges and sum of those inequalities, to get

4(8 —1)’EGA(I") < EGH(I') < 4(A — 1)*EGA(T).

Additional equality is possible only in the case when I" is regular.

3 Conclusion

In this article, we found some bounds in terms of order, size, degree and well-known molecular descriptors. Additionally,
when considering comparative advantages, applications, and mathematical perspectives, numerous questions arise.
According to this study’s findings, some recommendations include the following.

1.Determine the values of edge variant of Geometric-Harmonic index for each type of chemical graph and then contrast
them with other topological indices based on edge degree. Additionally, investigate certain findings related to QSPR /
QSAR.

2.Characterize the extremal properties of edge variant of Geometric-Harmonic index.

3.Find the edge variant of Geometric-Harmonic index of Transformation graphs.
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