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Abstract: The Clairaut convolution differential equation, a variant of the more general Clairaut equation, has been a subject of
considerable interest in the realm of mathematical analysis. Based on an infinite dimensional test space of holomorphic functions, the
purposes of this work are to investigate the convolution calculus in white noise theory to introduce and study the solution of the
analogue of the Clairaut equation, called Clairaut convolution differential equation (CCDE). We study the Clairaut convolution
differential equation as a natural counterpart of the classical Clairaut differential equation and give its general and singular solutions.
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1 Introduction

The Clairaut convolution differential equation, a variant of the more general Clairaut equation, has been a subject of
considerable interest in the realm of mathematical analysis. First introduced by the French mathematician Alexis Clairaut
in 1734, this equation takes the form

n=m'+An’), (D

where A is a continuously differentiable non-linear function. Researchers studied various aspects of the Clairaut
convolution differential equation, focusing on analytical methods, the existence, and the uniqueness of solutions,
applications, and recent developments. Differentiate both sides to get

(t+A' ()" =0.

Consequently, either
n"=0 or t+A'(n')=0

Hence, ' = Constant = o which implies that
n(t) =ar+Aa).

In addition,
t+A'(n') =0,

defines a unique solution 1 (¢), known as the singular solution.

Recent research has extended the study of the Clairaut convolution differential equation to explore connections with
other mathematical concepts. Investigations into higher-dimensional versions and applications in emerging scientific
fields demonstrate the ongoing relevance and expanding scope of research in this area. In addition to analytical methods,
numerical techniques play a crucial role in approximating solutions to the Clairaut convolution differential equation.
Researchers explore numerical stability and accuracy, comparing different methods to find effective approaches for
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solving this equation. The Clairaut convolution differential equation finds applications in diverse scientific fields. Its
solutions model phenomena where relationships exhibit both linear and nonlinear characteristics. Applications span from
physics to biology, showcasing the versatility of this mathematical tool in understanding real-world phenomena. It is
noteworthy that a function 7 is considered a singular solution of the differential equation A(z,1,n') = 0 if the
uniqueness of the solution is violated at each point (or at certain points) within the domain of the equation.
Geometrically, this implies that more than one integral curve with a common tangent line passes through each point
(0, Mo)-

The parametric notation for the singular solution is give as (x(p),y(p)), where p = y'(x) ([3,4,7,9,10,15,24,25]).
Thus,

t=-A'(q) : n=tq+A(q):

The purposes of this work are to investigate the convolution calculus in white noise theory to introduce and study the
solution of the analogue of the Clairaut equation, called Clairaut convolution differential equation (CCDE) which is of the
form

¢ =ag(Q)*yn+ flas(@)) ®)

where f 1 Fy — Fy, Yy (x) = (x,n),x € S} and &, € S such that (§,1) = 1.

In analogy with the classical Clairaut differential equation (1), the variable y;, plays the role of x in (1), the convolution
plays the role of the multiplication and the convolution derivative ag plays the role of the usual derivation ([1,2,5,6,8,12,
13,14]) and [36]-[46]. In Section 3, we give the general and the singular solutions of the CCDE (2).

2 Preliminaries

Let .#(R) denote the Schwartz space [30,32], consisting of rapidly decreasing C*functions, and let H = L*(R,dt) be
the Hilbert space with the norm |-|o. Now, we will define projlim,_..#, and indlim,_...”_,. Let {S4,q > 0} be a

sequence of Hilbert spaces the following embedding S;1— > S, is continuous for each g > 0. Consider § = 1 §,
q=0
equipped with the projective limit topology, i.e., the coarsest topology such that the inclusion S C S, is continuous for
every ¢. This topological vector space S is called the projective limit of {S,,¢q > 0} and we write projlim,_...#,. We
define indlim;, o .%_,, by
ind lim ., = ) S_.

n—soo
n=0

The space .#(R) can be reconstructed using the harmonic oscillator A = 1+ — d? /dt and H in a standard way (see
[27]). Specifically, .7 (R) is a nuclear space equipped with Hilbertian norms

IBln=1A"Blo, Be.sR), neR

and we have
Z(R) = projlim ., , S'(R) = indlim .7,
n—o0 Nn—oo
where, for n > 0, .p is the completion of . (IR) with respect to the norm | - |p and .’ —p is the topological dual space
of Zp. ' (R) is the topological dual of .%(R). The canonical Cbilinear form from .#’(R) x .%(R) compatible with the
inner product of H is denoted by (-,-), and .%’(R) is the space of tempered distributions ([20,21,22,23,25,27,28,33]).
The complexification of .”’(R) is denoted by .7 = . (R) +i.”(R), and ¢ , = 7, (R) +i7p(R).
Y(x)

Consider a Young function y : R+ — R+, which is a continuous, convex, increasing function satisfying lim ——= =oo
X—oo X

and y(0) = 0. The polar function associated with ¥, denoted by y*(x), is given by

Y (x) = sup{zx —¥(1)}

>0
and it is also a Young function, with (y*)* = 7.

For a complex Banach space (B, |- |), let 7#(B) denote the space of all entire functions on B. For each m > 0, let
Exp(B, y,m) denote the space of all entire functions on B with y-exponential growth of finite type m, defined as

Exp(B.7.m) = {f € H(B): |fllyn = sup| ()| e 7D < oo
Z€B
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The projective system Exp(c,—p,,¥,m);;p € N,: m > 0 yields the space
Fy(SE) =projlim  Exp(Sc,—p, Y, m). 3)
p—roo;m 0 ’
On the other hand, {Exp(“c p,,7,m); p € N ,m > 0} becomes an inductive system of Banach spaces, and we put

9y(Sc)=indlim Exp(SC,p,7,m).
p—rooimloo

It is known from [35] and [4] that every N € .%,(.#{) admits a Taylor expansion of the form

=

nx) =Y " n), x€S,me Yg’". ()

Let Fy(/¢) be the space of all Taylor coefficients 7, as in (4). It is known that
F. = proj li F
() =projlim Fym(Se,p),

where
FynFe.p) = {7 = M)nz0: M € S50, [T lypn = X %0 2m "M < o}
n=0
and
eV
Yo=inf —, n=0,1,2,....
>0 r'

Moreover, equipped with the projective limit topology, F(.#¢) is a nuclear Fréchet space and is isomorphic to .7, (.7(.).
Let
Gy(#¢) =ind lim _Gym (“.—p);

p—rooim—

where .
Grn(Femp) = {T = (Fus: Fu € FE" 0 ¥ (0t w2, < o).

n=0
By definition, Fy(/¢) and Gy(-#{) are dual to each other. For any n € N, we say that n € .7, () belongs to the n-th

chaos if 7 is of the form 7, where n,, € Y(é@’" is a symmetric distribution ([16,17,18,26,29,34]). The following theorem
is useful.

Theorem 1./19] The Laplace transform £ induces a topological isomorphism from F5(S() onto Gy (S), where

gn(g):<<n7e§>>a éeyc (5)
and for any § € S, x € S¢ we have eg (x) = e8),

Originally, a convolution operator on the test space .%y(.#(.) is a continuous linear operator from .%,(.#¢.) into itself that
commutes with all the translation operators, where the translation operator is defined by

To() =@ +y), xyeSL, @ F(IL).
The convolution product of a distribution n € .7 (-#{) with a test function ¢ € .F,(.#¢) is defined by

(N*@)(x) = ((N,79)), xe€.7¢.

The convolution operator is denoted by Cy,. It is noteworthy that the composition Cy, o Cy, is also a convolution operator,
so that there exists a unique element in .7, (L) denoted by 11 % 1 such that

Cny 0Cny = Gy, nhnzey;(yé)- (6)
The distribution 7 * 1, defined in (6) is called the convolution product of 17; and 7;. The convolution product satisfies

ZL(m=*m)=2Z(Mm)Z (),

where . is the Laplace transform, giving

Zn™) =(Zm)", neN.
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3 Clairaut’s convolution differential equation

A convolution derivation, denoted as 7, is a continuous linear map from .7 y(#¢.) to F y(.#{). It is defined as a derivation
with respect to the convolution product. For n,¥ € .F*y(.7(.), it satisfies the following relation:

IM*¥) =) *¥+n*2(¥):
For more details, refer to [9]. If the Young function ¥ meets the condition given by

lim Lzr) < oo, (7

r—+o

then the resulting nuclear Gel’fand triple is
FUFE) C P(X B(S R)), 1) C Fy(SE),

where 1 is the standard Gaussian measure on (. (R)’, (% (R)’)), and its characteristic function is given by

/ 08 du(y) = e—\‘é\%ﬂ’ & c.7R).
Z(R)

As a standard example of the convolution derivative, we recall that the holomorphic derivative of @(x) = Yo (x“", @,)
at a point x € .. along the z axis
. o(x+12)— ()
(a;0)(x) == hm#.
t—0 t
It is well-known that

oo

(a:0)(x) = Y (n+ 1) (™", 221 @ur1),
n=0

where z®1 ¢, stands for the contraction of the tensor products. Such a; is called the annihilation operator associated
to z, ( see [11] and [27] for more details). We write a; := a(d;) and call it the standard annihilation operator or Hida’s
differential operator. It is well-known from [31] and [32] that, for any z € ./, the operator a; is a continuous mapping
from .Zy({) to itself. Moreover, for a fixed ¢ € %, (.#(.), the map z — a(@) is also continuous.
Let f be a function in the form
f(@) = o+ @+ e+ + 0™,

where ¢ € F, (), n € Nand a;,00,--- , o, € C. We introduce the CCDE as follows
¢ = ag(@)x ¥y + flag(9)) (®)
where f : Fy — Fy, Yy (x) = (x,M), x € S and §, 1 € S such that (§, 1) = 1.

Theorem 2.The CCDE (8) have a singular solution with a parametric description given as follows:
Setting Ne = ag (@)
{ vn = —(acf)(Me)s ©)
¢ = Nex Yo + f(Ne).

Proof. Applying ag on both sides in equation (8), we obtain
ag(9) = a (az(9)* wy + faz (0)))

- aé(@*ll/n +ag (@) xag(yn) +ag (f(aé((p)))_
But ag (yy) is given by
ag (yn)(x) = lim +16.m) — (o m)

t—0 t
i f(E)
t—0 t
= <5777>
1.
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Then, we obtain
a(9) = a3 (9) x vy +az (9) +ag (f(az (9))).
This gives
a(9) x vy +az (fla(9))) = 0. (10)
Since
ag (f(a(9))) = (azf)(az (@) *aE(9),
Therefore, from (10), we get
a2(9)+ (v + (agf)(az (9))) =0
By applying the Laplace transform .Z, we get
az(@)=0 or yy+(agf)(ag(p))=0. (11)

The singular solution of (8) corresponds to the right equation in (11).
Setting N = ag (@), the right equation in (11) becomes

vn = —(acf)(ne).
Hence the parametric expression of the singular solution of (8) is given by
¥y =—(agf)(Ne) and @ =ne < yy + f(ne),

which is (16). This ends the proof.
Theorem 3.The solution that includes all possibilities for equation (8) is expressed as:

¢(x) = clx,n) + f(c),
where ¢ € C.
Proof.By analogy with the solution that includes all possibilities the classical Clairaut equation (1), setting

¢(x) = cfx,n) + f(c). (12)
Then we get
clx+18,m) + f(c) —cx,n) — f(c)

az (9) (x) = lim

t—0 t
i Sl o8, m) — )
t—0 t

=c(&,m)

=c.
Therefore

ag (@) * Yy + flag(@)) = clem) + f(c) = @ (x).
which means that ¢ given in (12) satisfies the CCDE (8). By uniqueness of solution ¢ given in (12) is the general solution
of (8).

As an application, we will study the following equation:

1
§<p*2 =ag (@) x Yy @+ faz (@) x ). (13)

We put

Then, we get

Then, we obtain

Which leads to Clairaut equation.
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Example 1.Let us study the following equation

*2
@ =2y *ag (@) =3 (ag (@)™ 14
Identifying Eq. (14) with Eq. (8), we can say that Eq. (14) is (CCDE) such that:
{wn,f(m)}
are replaced by
{2y, —31"}.

Then, by Theorem (3.2), we obtain
o (x) =2¢c(x,n) -3¢

as a general solution. Now, using Theorem (3.1), we get a singular solution as follows:

2y = 61
* 1
{(png*%3f(n52) (15
which gives
2y =3¢
* 16
{90:775*%_3f(7752)- (16)

From which we obtain
¢ =0.

4 Conclusion

The Clairaut convolution differential equation, a variant of the more general Clairaut equation, has been a subject of
considerable interest in the realm of mathematical analysis. Based on an infinite dimensional test space of holomorphic
functions, In this work, using an infinite dimensional Gel’fand triple, we studied a new class of convolution differential
equation which was called Clairaut convolution differential equation (CCDE). Its general solution can be applied in
harmonic analysis where the basic background is used in new context. We study the Clairaut convolution differential
equation as a natural counterpart of the classical Clairaut differential equation and give its general and singular solutions.
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