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I'-BE-ALGEBRAS
YOUNG BAE JUN(®, RAVIKUMAR BANDARU(2*) AND JEONG GI KANG?

ABSTRACT. We introduce the concept of I'-BE-algebra as a generalization of a
BE-algebra and study its properties. For a fixed binary operation « in a set I" of
binary operations on a non-empty set X, we introduce the concepts of S-reflexive, (-
transitive, S-antisymmetric, a-transitive, a-left distributive and v-left distributive
I',-BE-algebra and study the relations between them. We introduce the concept
of (-subalgebra and p-filter in a I',-BE-algebra and study the relation between
a-subalgebra, a-filter and [-subalgebra in a I',-BE-algebra.

1. INTRODUCTION

BE-algebras were introduced by H. S. Kim and Y. H. Kim as a generalization of
BCK-algebras(see [1]). Later several authors introduced and studied several sub-
structures of BE-algebras(see [2, 3, 5]). In 1964, N. Nobusawa studied I’-rings(see
[8]). Later, in 1966, Barnes weakened the defining conditions of I'-ring and stud-
ied the resulting structures(see [1]). I'-rings were also studied by T. S. Ravisankar
and U. S. Shukla(see [9]). M. K. Sen and N. K. Saha, studied I'-semigroups and ob-
tained various generalizations and analogues of corresponding results from semigroup
theory(see [10]). Later M. K. Rao introduced the concept of I'-semiring as a general-
ization of I'-ring and studied various types of I'-semirings(see [0, 7]. This motivated
us to introduce the concept of I'-BE-algebra as a generalization of a BE-algebra and

investigate its properties.
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Most algebraic structures are studied in environments where only one binary op-
eration is given, and so is BE-algebra. However, it can be seen that ['-semigroups,
I'-semirings, and [-rings are being studied as algebraic structures with two or more
binary operations. We regard these as generalizations of semigroups, semirings, and
rings, respectively. As one of the generalizations of BE-algebra, the purpose of this
paper is to study BE-algebras with two or more binary operations. We introduce
the concept of transitive I'-BE-algebra and study its properties. For a fixed bi-
nary operation « in a set I' of binary operations on a non-empty set X, we intro-
duce the concepts of [-reflexive, [-transitive, S-antisymmetric, a-transitive, a-left
distributive and v-left distributive I, BE-algebra and study the relations between
them. We introduce the concepts of -subalgebra and S-filter in a [,-BE-algebra
and study the relations between a-subalgebra, a-filter and S-subalgebra in a [,-BE-
algebra. For every x,y € X, we consider the sets F,(z) == {y € X | z <, y} and
EP(z,y) :={2 € X | © <, yBz} in a I,-BE-algebra and we observe that E°(z,y) is
neither an a-filter nor a g-filter of a [,-BE-algebra. We give sufficient conditions for

a subset E°(z,y) to be an a-filter and a S-filter in a I',-BE-algebra.

2. PRELIMINARIES

A BE-algebra, denoted by (X, 1), (see [1]) is defined to be a set X together with

13 7

a binary operation “*” and a special element “1” satisfying the conditions:
(BE1) (Va € X) (axa=1),
(BE2) (Va € X) (ax1=1),
(BE3) (Va € X) (1xa=a),
(BE4) (Va,b,c € X) (a*x (bxc)=bx*(ax*c)).
Every BE-algebra X satisfies the following conditions (see [1]):
(2.1) (Va,be X)(ax(bxa)=1).
(2.2) (Va,be X)(ax((axb)xb)=1).

A subset A of a BE-algebra (X, 1), is called

e a subalgebra of X if it satisfies:

(2.3) (Va,b € A)(axb e A),
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e a filter of X (see [1]) if it satisfies:
(2.4) leA,
(2.5) (Va,be X)(axbe A,ace A = be A).
3. I'-BE-ALGEBRAS

Let X be a nonempty set and let I" be a set of binary operations on X, that is,

every element a € I is given as follows:
(3.1) a: X xX =X, (z,y) = a(z,y).

In what follows, a(z,y) is denoted by zay, and let (X, 1), be a structure related

to a special element “1” and I

Definition 3.1. For a fixed o € I', a structure (X, 1) is called a I',-BE-algebra if

it satisfies:

(3.2) (Vo € X)(zaz = 1),
(3.3) (Vz € X)(zal = 1),
(3.4) (Vz € X)(laz = z),
(3.5) (Vo,y,z € X)(VB € I')(za(yBz) = yB(zaz)).

Example 3.1. Let X = {0,1,2} be a set and I' = {«, 5,7} be a set of binary

operations on X given in the following tables.

al0 1 2 Blo 1 2 vlo 1 2
0/1 1 1 0/0 1 2 0/2 10
1(0 1 2 1011 2 110 1 2
211 11 200 1 0 202 1 2

Then we can easily verify that (X, 1) is a I',-BE-algebra. But (X,1)p is neither a
I's-BE-algebra nor a I',-BE-algebra since 22 =0 # 1 and 2742 =2 # 1.

From Example 3.1, we know that if a # § in I', then a [',-BE-algebra may not be
a ['s-BE-algebra.

If (X,1)ris a I',-BE-algebra for all a € I', we say that (X, 1)r is a I'-BE-algebra.
That is,
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Definition 3.2. A structure (X, 1)r is called a I'-BE-algebra if it satisfies:

(3.6) (Vz e X)(VB € I')(zfx = 1),
(3.7) (Vz e X)(VB e I') (2Pl = 1),
(3.8) (Vo e X)(VB € I')(18z = x),
(3.9) (Va,y,z € X)(Vo, B € I')(za(ypz) = yB(raz)).

7

For a fixed a € I', we define a binary relation “ <, ” on X as follows:

(3.10) (Vr,y e X)(x <,y & zay=1).
If x <,y is valid for all o € I', we present it as © <r .

Example 3.2. (1) Every BE-algebra (X, 1), is a I'-BE-algebra with I' = {x}.
(2) If |I'| = 2, then evey pseudo BE-algebra (see [3, 2]) is a I'-BE-algebra.

(8) Let X ={0,1,2,3} be a set and I' = {«, 3,7} be a set of binary operations on
X given in the following tables.

al0 1 2 3 g10 1 2 3 (0 1 2 3
0/1 1 0 1 0(1 1 01 0110 3
110 1 2 3 110 1 2 3 110 1 2 3
21111 3 2|1 11 3 2/1 11 3
310 1 2 1 3111 01 311 1 01

Then (X, 1)r is a I'-BE-algebra.

Example 3.3. Let X be the set of all real numbers greater than or equal to 1 and

consider I' := {«, B} which are given as follows:

y if x =1,
a: X xX =X, (z,y) —~
1 otherwise,

and
1 ify=1orzx=y,
f: X xX =X, (r,y)— Y Y

x otherwise,

It is easy to verify that (X,1)r is a I,-BE-algebra. But it is not a I3-BE-algebra
because of 23(355) = 283 =2 # 3 = 352 = 35(255).
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Proposition 3.1. Fvery I,-BE-algebra (X, 1) satisfies:
(3.11) (Ve e X)(x <y z, <, 1).

(3.12) (Vx,y € X)(x <, yazx, r <, (ray)ay).

Proof. (3.11) is induced by (3.2) and (3.3). For every x,y € X and € I', we have
1 = yal = ya(zazx) = za(yar) and za((zay)ay) = (zay)a(ray) = 1. Hence (3.12)
is valid. U

Question 3.1. If (X, 1), is a BE-algebra for all a € I', then is (X,1); a I'-BE-

algebra?
The following example provides a negative answer to Question 3.1.

Example 3.4. Let X = {1,2,3,4} be a set and I' = {a, 3,7} be a set of binary

operations on X given in the following tables.

all 2 3 4 gl1 2 3 4 vl 2 3 4
111 2 3 4 111 2 3 4 111 2 3 4
2111 2 4 2|11 1 3 4 2|11 1 2 2
311 1 1 4 311 2 1 4 311 1 1 2
411 2 3 1 411 2 3 1 411 1 2 1

It is routine to verify that (X,1),, (X,1)s and (X, 1), are BE-algebras. But (X,1)p
is not a I'-BE-algebra since 2a(3v4) = 2a2 =1 # 2 = 3v4 = 3v(2a4).

Definition 3.3. Let (X, 1), be a I',-BE-algebra. The relation “ <g” for f € I' is
said to be

o B-reflexive if xfx =1 for all v € X.

o [-transitive if it satisfies:

(3.13) (Va,y, 2 € X)(yBz <p (xBy)B(x5z)).

e [-antisymmetric if it satisfies:

(3.14) Ve,ye X)(x<pgy,y<pgzx = x=y).
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o «-transitive if it satisfies:
(3.15) (Vz,y,z € X)(yaz <z (vay)a(raz)).

Example 3.5. Let X = {0,1,2,3} be a set and I' = {a, 3,7} be a set of binary

operations on X given in the following tables.

al0 1 2 3 0123 v10 1 2 3
0/1 1 11 0110 3 0/0 1 0 2
110 1 2 3 110 1 0 3 110 1 0 1
211111 2101 1 3 210 1 0 2
31 1 11 310 1 0 1 311 1 20

Then (X,1)r is a I4-BE-algebra. It can be easily verified that the relation <g
is B-reflexive, B-transitive, B-antisymmetric and a-transitive. But the relation <,
is neither ~-reflexive nor y-transitive nor ~y-antisymmetric since 090 = 0 # 1,
(193)7((091)7(043)) = 1y(192) = 170 = 0 # 1, and 173 = 3yl = 1 but 1 # 3,

respectively.

Definition 3.4. Let (X, 1) be a I'-BE-algebra. The relation “ <p ” is said to
be I'-reflexive (resp., I'-transitive and I'-antisymmetric) if the relation “ <g” is /-
reflexive (resp., S-transitive and S-antisymmetric) for all § € I'. In this case, we say

that (X, 1) be a I'-reflezive (resp., I'-transitive and I"-antisymmetric) I'-BE-algebra.

Example 3.6. (1) Let X ={0,1,2,3,4} be a set and I' = {«, 5,7} be a set of binary

operations on X given in the following tables.

al0 1 2 3 4 g10 1 2 3 4 v10 1 2 3 4
0(1 1111 011111 0|1 11 3 4
1101 2 3 4 110 1 2 3 4 110 1 2 3 4
2(01 1 3 4 21011 3 4 2/0 113 4
3101 11 4 3101 1 1 1 310 1 2 1 4
410 1 1 3 1 410 1 1 31 4111 1 11

Then (X,1)r is a I'-BE-algebra. It can be easily verified that the relation <p is

I'-reflexive, I'-transitive and I'-antisymmetric.
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(2) Let X ={0,1,2,3,4} be a set and I' = {«a, 5,7} be a set of binary operations

on X given in the following tables.

al0 1 2 3 4 10 1 2 3 4 v(0 1 2 3 4
0(1 113 4 0111114 0|1 1114
110 1 2 3 4 110 1 2 3 4 110 1 2 3 4
2(01 11 4 2101 1 31 2/0 11 3 4
3111 2 1 4 3101 11 4 3101 11 4
411 11 11 4111 2 11 4111 2 3 1

Then (X,1)r is a I'-BE-algebra. It can be easily verified that the relation <p is

I'-reflexive and I'-antisymmetric. But <p is not I'-transitive since
(0a2)a((3a0)a(3a2)) = la(la2) = 1la2 =2 # 1.

(8) Let X ={0,1,2,3,4} be a set and I" = {a, 8,7} be a set of binary operations

on X given in the following tables.

al0 1 2 3 4 10 1 2 3 4 v(0 1 2 3 4
0(1 113 4 0/(1 10 3 4 01 10 3 4
110 1 2 3 4 110 1 2 3 4 110 1 2 3 4
2111 3 4 2|11 11 3 4 211113 4
301 2 1 4 3111 11 4 3111011
410 1 2 1 1 4111 1 11 411 1 0 3 1

Then (X,1)r is a I'-BE-algebra. It can be easily verified that the relation <p is

I'-reflexive and I'-transitive. But <r is not ['-antisymmetric since
02 =1 and 2a0 =1 but 0 # 2.

(4) Let X ={0,1,2,3,4} be a set and I' = {a, 8,7} be a set of binary operations

on X given in the following tables.

al0 1 2 3 g10 1 2 3 10 1 2 3
011 11 011 2 3 0j1 1 2 3
110 1 2 3 110 1 2 3 110 1 2 3
211111 2|1 11 3 211 1 11
3111 2 1 3111 2 1 310 1 11
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Then (X,1)r is a I'-BE-algebra. It can be easily verified that the relation <p is

I'-reflexive. But <p s neither I'-transitive and nor I'-antisymmetric since

(0a2)a((3a0)a(3a2)) = la(la2) = 1la2 =2 # 1

and 0a2 =1, 200 =1 but 0 # 2.

It is clear that if (X, 1), is a I,-BE-algebra, then the relation “ <, ” is a-reflexive
by (3.2). But “ <z ” for f(# «) € I" need not be f-reflexive as seen in the following

example.

Example 3.7. Consider the I',,-BE-algebra (X, 1) in Example 3.1. Then the rela-
tions “ <g 7 and “ <, 7 are not B-reflexive and y-reflexive, respectively because of

282 =01 and 292 =2 # 1.

Question 3.2. If (X, 1), is a [,-BE-algebra, then is the relation “ <, ” a-transitive

or a-antisymmetric?
The following example shows that the answer to Question 3.2 may not be positive.

Example 3.8. Let X = {0,1,2,3} be a set and I' = {«a, 3,7} be a set of binary

operations on X given in the following tables.

al0 1 2 3 g0 1 2 3 v10 1 2 3
011 11 001 01 0j]0 1 01
110 1 2 3 110 1 0 1 1101 0 1
211111 2101 2 3 2|1 1 2 3
311 1 3 1 311 1 3 1 313 1 0 1

It is routine to verify that (X,1)r is a I',-BE-algebra. But the relation “ <, 7 is
not a-transitive since (0a2)a((3a0)a(3a2)) = la(la3d) = 1lad3 = 3 # 1, that is,
002 £, (3a0)a(3a2). Also, it is not a-antisymmetric because of 0 <, 2 and 2 <, 0,
but 0 # 2.
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Proposition 3.2. Let (X,1)r be a I,-BE-algebra. If the relation “ <, 7 is «a-

transitive, then
(3.16) Vee X)(1<,z = x=1),

(3.17) (Vr,y,z € X)(y <4 2 = zay <, raz, zar <, yax).

Proof. Let x € X and 1 <, x. Then z = lax = 1 by (3.4). Let z,y,z € X and

Y <a 2. Then yaz = 1, and so
(zay)a(zaz) = lo((zay)a(zaz)) = (yaz)a((zay)a(zaz)) = 1
and
(zaz)a(yoz) = lo((z0z)a(yoz))
= (yaz)a((zax)a(yax))

= (zax)a((yaz)a(yax)) = 1.

Corollary 3.1. Fvery I'-transitive I'-BE-algebra (X, 1) satisfies:
(3.18) VeeX)(1<pz = x=1),

(3.19) (Vz,y,z€ X)(Va e I')(y <4z = zay <, raz, zar <, yaz).

Definition 3.5. A I',-BE-algebra (X, 1), is said to be

o «-left distributive if it satisfies:

(3.20) (Vx,y,z € X)(V6 € I')(za(ybz) = (xay)B(zaz)).
o v-left distributive for v € I" if it satisfies:

(3.21) (Vo,y,z € X)(Vo € I')(xy(ydz) = (zyy)d(xyz)).

If a I',-BE-algebra (X, 1), is p-left distributive for all § € I', we say it is I'-left

distributive.

Example 3.9. (1) Every self-distributive BE-algebra (X, 1), is a I'-left distributive
I'-BE-algebra with I' = {x}.
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(2) Let X ={0,1,2} be a set and I = {«, 8,7} be a set of binary operations on X

given in the following tables.

al0 1 2 Blo 1 2 vlo 1 2
0/1 1 1 0/0 1 0 0/2 1 1
1(0 1 2 112 11 110 11
211 1 1 2011 0 200 1 2

Then it is routine to verify that (X, 1) is a I',-BE-algebra and it is a-left distributive.
Since 06(070) = 062 = 0 # 2 = 090 = (050)7(080) and 0y(050) = 070 =2 # 0 =
262 = (070)5(070), it is neither 5-left distributive nor y-left distributive.

Theorem 3.1. If a I',-BE-algebra (X, 1) is a-left distributive, then the relation <,

18 transitive.

Proof. Let x,y,z € X be such that z <, y and y <, z. Then zay = 1 and yaz = 1.
It follows from (3.20) that

zaz = la(raz) = (ray)a(raz) = za(yaz) = zal = 1.
Hence = <, z, and therefore <, is transitive. OJ

In the following example, we show that if a I,-BE-algebra (X, 1), is S-left dis-

tributive, then the relation <z may not be S-transitive.

Example 3.10. Let X = {0,1,2,3} be a set and I' = {«, 5,7} be a set of binary

operations on X given in the following tables.

al0 1 2 3 012 3 v10 1 2 3
01 11 3 001 11 0/j0 1 1 3
110 1 2 3 110 1 2 3 1101 2 1
2(01 11 2101 21 2|0 11 3
3101 2 1 310 1 2 3 310 1 2 3

It is routine to verify that (X, 1) is a I',-BE-algebra which is B-left distributive. But
the relation <g is not S-transitive since (050)B((050)5(080)) = 08(080) = 050 =
0#1.
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Proposition 3.3. For a fired o € I', every a-left distributive I',-BE-algebra (X, 1)

satisfies:
(3.22) (Vz,y,ze X)(VB e I')(x <gy = zax <g zay).
Proof. Let z,y,2 € X and 8 € I" be such that  <g y. Then 28y = 1 and so
1 =zal = za(xPy) = (zax)B(zay),
that is, zax <g zay by (3.3) and (3.20). O
Corollary 3.2. Fvery I'-left distributive I'-BE-algebra (X, 1) satisfies:
(3.23) (Ve,y,z€e X)(VB e IN(x <ry = zpx <r z0y).
Theorem 3.2. If a I'-BE-algebra (X, 1) is I'-left distributive, then it is I'-transitive.

Proof. Let (X,1)r be a I'-left distributive I'-BE-algebra. Then (X, 1) is S—left
distributive for all 5 € I'. Let x,y,z € X and 8 € I'. Then

(yB2)B((xBy)B(xf2)) = (yB2)B(xB(yBz))
= ((yB2)Bx)B((yB=z)B(yB2))
= ((yB2)px)p1

=1.

Therefore (yfz) < ((zBy)B(xBz)) which is true for all § € I'. Hence <p is
I'—transitive. Thus (X, 1) is [-transitive. O

Let (X,1)r be a I,-BE-algebra. For every z,y € X, we consider the sets
B (z):={ye X |z <,y}and E°(z,y) = {2 € X |2 <, yBz}.

Lemma 3.1. If (X,1)r is a I,-BE-algebra, then 51 = 1 and xa(yfz) = 1 for all
r,ye€ X and p €I

Proof. For every z,y € X and § € I', we have

xfl = zB((zf1)al) = (xB1)a(xpfl) =1

and za(ypzx) = yB(rax) = ypl = 1. O
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It is clear that 1,z € E,(x)NEf (z,y) and Ef(z,y) = E§(y, ). In general, however,

y does not belong to E°(z,y) as seen in the following example.

Example 3.11. In Ezample 5.10, we can observe that E°(1,0) = {1,2,3} but 0 ¢
EF(1,0).

If (X,1)r is both a I',-BE-algebra and a I's-BE-algebra, then y € Ef(x,y) for all
z,y € X.

Proposition 3.4. If (X, 1)y is a I,-BE-algebra, then E,(x) C EP(x,y) for allz,y €
X.

Proof. Let z € E,(x). Then x <, z, that is, zaz = 1. It follows from (3.5) and
Lemma 3.1 that

ra(ypz) = yBraz) = yBl =1,

that is, x <, yBz. Hence z € EP(z,y). O

Proposition 3.5. If (X, 1)y is a [,-BE-algebra, then E,(z) = () E?(x,y).

yeX
Proof. 1t is clear that E,(z) C () E?(z,y) by Proposition 3.4. Let z € () Ef(x,y).
Then z € Ef(x,y) for all y € XE/,E; particular, z € E(z,1). Hence x Sjel);z, which
implies from (3.4) that 1 = za(18z2) = zaz, that is, z € E,(x). Thus ﬂXEg(:c,y) -
yE

E,(z). O
The combination of Propositions 3.4 and 3.5 leads to the following corollary.

Corollary 3.3. If (X, 1) is a I,-BE-algebra, then E,(z) = E°(x,1) = (| Ef(x,y)

yeX
forallz € X.

Proposition 3.6. If (X,1)r is a [,-BE-algebra and z € X, the following are equiv-

alent to each other.
(3.24) (Vo € X)(z <, ).
(3.25) X = E,(2).

(3.26) (Vo € X)(X = Ef(z,2)).
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Proof. 1t is straightforward to check that (3.24) and (3.25) are equivalent to each
other. Suppose that (3.25) is valid. Then X = E,(z) C Ef(z,2) C X by Proposition
3.4, and so X = EP(z,x). The combination of Corollary 3.3 and (3.26) induces
X = Ef(2,1) = E,(2). O

4. FILTERS OF [-BE-ALGEBRAS

Definition 4.1. A subset F of a I,-BE-algebra (X, 1) is called

e a (-subalgebra of (X, 1) for g € I''if 20y € F for all x,y € F.
e a (-filter of (X, 1)y for 5 € I' if it satisfies:

(4.1) leF,
(4.2) Vx,ye X)(x € F,zpye F = yeF).

Example 4.1. (1) Let X = {0,1,2} be a set and I' = {a, 3,7} be a set of binary

operations on X given in the following tables.

al0 1 2 gl10 1 2 v10 1 2
01 10 010 1 2 0j]0 1 2
110 1 2 111 10 110 1 2
211 11 210 1 2 211 10

Then (X,1)r is a [4-BE-algebra. Clearly the set F' = {0,1} is a-subalgebra of
(X, Dr.

(2) Let X ={0,1,2,3} be a set and I' = {«, 5,7} be a set of binary operations on
X given in the following tables.

al0 1 2 3 g0 1 2 3 v10 1 2 3
0(1 1 11 0(0 1 01 00 1 0 1
110 1 2 3 111 1 11 1101 0 1
211111 2101 01 210 1 0 1
3101 01 3111 11 310 1 01

Then (X,1)r is a I,-BE-algebra. Clearly the set F' = {0,2} is B-subalgebra of
(X, 1)r, but F is not a -filter of (X, 1) since 1 ¢ F.

(8) From Example 4.1(2), we can observe that the set Fy = {1,3} is an a-filter of
(X, 1)r.
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(4) Let X = {0,1,2} be a set and I' = {«, 5,7} be a set of binary operations on
X given in the following tables.

a0 1 2 gl10 1 2 v10 1 2
0(1 11 010 1 2 012 1 2
110 1 2 171 1 2 112 1 2
211 11 21210 211 1 2

Then (X, 1) is a I',-BE-algebra. Clearly the set F' = {0, 1} is B-filter of (X, 1)r.

Theorem 4.1. If (X, 1)r is a I,-BE-algebra, then every a-filter is a [-subalgebra
forall 5 eI

Proof. Let F be an a-filter of (X, 1), and let z,y € F. Since 51 =1 for all x € X
and § € I' by Lemma 3.1, we have ya(zfy) = zf(yay) = 281 = 1 € F, and so
xfy € F. Hence F is a (B-subalgebra of (X, 1)r. O

Corollary 4.1. In a I',-BE-algebra (X, 1)r, every a-filter is an a-subalgebra.
The following example shows that the converse of Corollary 4.1 may not be true.

Example 4.2. In Example J.1(1), we can observe that the a-subalgebra F = {0, 1}
is not an a-filter of (X, 1) since 0 € F and 0a2=0¢€ F but2 ¢ F.

In the example below, we show that the set E°(z,y) is neither an a-filter nor a

p-filter of a I',-BE-algebra (X, 1) .

Example 4.3. (1) From Example J.1(4), we can observe that E°(1,1) = {0,1}. But
EB(1,1) is not an a-filter of (X,1)r since 0 € E?(1,1) and 002 = 1 € EZ(1,1) but
2¢ E°(1,1).

(2) Let X ={0,1,2,3} be a set and I' = {«, 3,7} be a set of binary operations on
X given in the following tables.

al0 1 2 3 g10 1 2 3 (0 1 2 3
011 11 001 00 0/0 1 0 3
110 1 2 3 1711 11 110 1 0 3
211111 2101 00 2/01 30
3111 11 3101 2 3 313 1 2 3
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Then (X, 1)r is a I'y-BE-algebra and EP(1,3) = {1}. We can observe that E°(1,3) is
not a B-filter of (X,1)p since 1 € E#(1,3) and 152 =1 € EP(1,3) but 2 ¢ EP(1,3).

Theorem 4.2. If a [,-BE-algebra (X, 1) is both a-left distributive and [-left dis-
tributive, then the set EP(xz,y) is an a-filter of (X, 1)p.

Proof. We know that 1 € Ef(x,y). Let u,v € X be such that uav € E°(x,y) and
u € ES(x,y). Then za(yB(uav)) =1 and za(yfu) = 1. Hence

1 = za(yf(uaw)) = ra((yfu)alyfv))
= (za(ypu))a(za(ypv)) = la(za(ypv))
= za(ypv),
and so v € EP(x,y). Therefore E(z,y) is an a-filter of (X, 1) 0

The following example shows that if a I,-BE-algebra (X, 1), is both a-left dis-
tributive and S-left distributive, then the set E°(x,y) is not necessarily a S-filter of
(Xa ]-)F

Example 4.4. From Example J.3(2), we can observe that the I',-BE-algebra (X, 1)
is both a-left distributive and [-left distributive. But the set EP(1,3) = {1} is not a
B-filter of (X,1)r since 1 € EZ(1,3) and 132 =1¢€ EA(1,3) but 2 ¢ EA(1,3).

The following theorem is obtained in the same way as the proof in Theorem 4.2.

Theorem 4.3. If a [3-BE-algebra (X, 1) is both a-left distributive and B-left dis-
tributive, then the set E°(xz,y) is a B-filter of (X, 1)r.

Question 4.1. If F' is an a-filter of a I',-BE-algebra (X, 1), then does F' contain
the set Ef(z,y) for all z,y € X and 8 € I'?

The answer to Question 4.1 is negative as seen in the following example.

Example 4.5. In Ezample 3.10, we can observe that F' = {1,3} is an a-filter of a
I,-BE-algebra (X,1)p. But F does not contain the set E°(1,0) = {1,2,3}.

Theorem 4.4. Let F be a subset of a I',,-BE-algebra (X, 1)p. If F' is both an a-filter
and a B-filter of (X,1)r, then EP(x,y) C F for allz,y € F and B € I.
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Proof. Assume that F' is both an o-filter and a S-filter of (X, 1)r. Let 8 € I' and
z,y € F, such that z € E’(z,y) for some z € X. Then za(yfz) = 1 € F. Hence
yBz € F and so z € F. Therefore EZ(z,y) C F. O

Corollary 4.2. Let F be a subset of a I',-BE-algebra (X, 1)p. If F is both an a-filter
and a B-filter of (X,1)r, then |J E’(z,y) C F.

z,yeF

Theorem 4.5. Let F be a subset of a I'y-BE-algebra (X, 1) and 8 € I'. If E?(z,y) C
F, for all x,y € F, then F is a B-filter of (X,1)r.

Proof. Let 3 € I' and assume that E°(z,y) C F, for all z,y € F. Since za(yB1) =
ral = 1, that is, z <, yB1, we get 1 € Ef(z,y) C F. Let u,v € X be such that
u € F and ufv € F. Then Since (ufv)a(ufv) = 1, that is, ufv <, ufv, we get
v € Ef(ufv,u) C F. Thus F is a B-filter of (X, 1). O

CONCLUSION

We have introduced the concept of I'-BE-algebra as a generalization of a BE-
algebra and studied its properties. For a fixed binary operation « in a set I of binary
operations on a non-empty set X, we have introduced the concepts of [S-reflexive,
[-transitive, f-antisymmetric, a-transitive, a-left distributive and ~-left distributive
I',-BE-algebra and studied the relations between them. We have introduced the
concept of [-subalgebra and [-filter in a [,-BE-algebra and studied the relation
between a-subalgebra, a-filter and -subalgebra in a I',-BE-algebra.
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