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ON A ¢-ANALOGUE OF THE RIGHT LOCAL GENERAL
TRUNCATED M-FRACTIONAL DERIVATIVE

RAJENDRAKUMAR B. CHAUHAN(®) AND MEERA H. CHUDASAMA (1:2)

ABSTRACT. We introduce a g-analogue of the right local general truncated M-
fractional derivative for a-differentiable functions. From this newly defined opera-
tor, g-analogues of the standard properties and results of the a-right local general
truncated M-fractional derivative like the Rolle’s theorem, the mean value theo-
rem and its extension, inverse property, the fundamental theorem of calculus and
the theorem of integration by parts are obtained. In context with this g-fractional
derivative operator, a g-analogue of a physical problem, the falling body problem,
is obtained. Also, the g-vertical velocity and the g-distance are obtained from this
problem and the solutions has been compared and shown in the graphs for vari-
ous combination of g-parameter and fractional order o with the classical ordinary

solution.

1. INTRODUCTION

Let 0 < ¢ < 1. A g-analogue of the factorial function
(a)p,=ala+1)(a+2)...(a+n—1)

is defined by [9, Eq.(1.2.15) and (1.2.30), p. 3, 6]

p

1, if n=0

1—a)(1—agq) - (1—ag"?), if nez
(1) (@) = (1—a)1—-agq)---(1—ag"™") . >0
(1—ag )1 —ag?) - (1—aqg™)] ', if n€Zy

| oo if neC,
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where a € C in general, and (a;q)s := [] (1 — ag®).
k=0
For a =q¢* =q,

(Gan=01-q)1~¢) - (1-q")
is a g-analogue of n!.

In the theory of g-calculus [14], a g-number (or basic number) is given by

l—gq
(12) =L
The ¢-Gamma function [9, Eq.(1.10.1), p. 20] is defined by

(1.3) Iy(a) = ((j;_qq’)i (- g

In a view of the g-calculus, the ¢-derivative [1, 5, 12, 13] and the general g-integral

9, 11] of a function are defined as follows :

Definition 1.1. For an arbitrary function f(t) and 0 < ¢ < 1, the g-derivative of
f(t) is given by

f(t) = f(tq)
t(l—q)

Note that, if we take ¢ — 1in (1.4) then D, f(t) = f'(¢).

(1.4) D, f(t) =

Definition 1.2. The general g-integral of f(¢) is defined as

(15) [twdi= [ roap- [ iz
where
(1.6) [0dt=att=a) Y far)a

0

Note that, if f is continuous on [0, a|, then it is easily seen that

q—1

lim / F(t)dgt = / £() dt.

With the aid of the g-derivative, in [15, 16|, the ¢,,-derivative and ¢™-derivative are

defined as follows:
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Definition 1.3. The g,,-derivative of a mapping f : [ry, m] — R is defined as

f(@) = flgz + (1 —q)m)
(1 —¢q)(z —m)

Observe that at x = 7y, D, f(m) = lim ., D,f(z) if it exists and is finite.
T—T]

(1.7) mDef (z) =

,l’#ﬂ'l.

Definition 1.4. The ¢g™-derivative of a mapping f : [r1, ms] — R is defined as

flaz 4+ (1 = q)my) — f(x)
(1 —¢q)(my — =)

Observe that at x = m, ™D, f(me) = lim ™D, f(x) if it exists and is finite.
T—rTQ

(1.8) D, f(x) = , T F .

2. MAIN RESULTS

In this section, we first introduce a g-analogue of the a-RLGT M-fractional derivative

[6]. In view of the ¢,,-derivative [16], we begin with the following definition.

Definition 2.1. Let f : [m,b)) > Rand t < b, b € R. For 0 < o < 1, we define a
g-a-right local general truncated M-fractional derivative of order « of f (¢g-a-RLGT

M-fractional derivative) as

. L (A= 07 — Flab— ) + (1 — g)m)
S O W ESY 06— —m) ‘

Now onwards, for the sake of simplicity, we will denote (b — ¢)* = t,.

Remark 1. From Definition 2.1, if f(t) = ¢, where ¢ is any constant, then
7r1©26,’1€[,b (t) =0.

Remark 2. Form =0, a=1,b=0, 8 =0 or 1, replacing t by —t and then letting
q— 1, (2.1) reduces to hnq 0©1M0f( t)y = f'(t).

Now, we will derive a g-analogue of various properties as given in [6] for ¢-a-RLGT

M-fractional derivative.

Theorem 2.1. Let fi, fo : [m1,b] = R be q-a-RLGT M-fractional differentiable at
t,t <b, p1, 0 € R and > 0. Then

(1) 1 @00 fi + paf2) () = p1 D0V o f1(t) + pi2 1 D00, fo(t).
2) m D001 f2)(E) = filtas) m Db f2(t) + falatas(1—a) +71) = Do f1(2).
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o f
® 255 (1) 0
_ feldtap + (1 —g)m) DU f1(t) = filgtay + (1= @)m1) m D00, fa(t)
foltap) fo(qtap + (1 —q)m1)
(4) 7r1©§,71€1,b(]‘7) =0, where k is a constant.
(5) If fi(t) is q-differentiable [10, 12] at fa(t), then

D0 (f10f2)(t) = Dy(fi(foltap)) mDn,fo(t).

Proof. (1) From the Definition 2.1, we have

Dyt i+ o fo)(t)

1 1
T T, B+ 1) (1= q)(tas —m) (1 fi + pafo)tas) — (uifi + pofz)(qtas + (1 — q)m))
1 1

T T, B+ 1) (1= q)(tay —m) (11 f1(tas) + o fo(tas) — o fi(qtas + (1 — q)m)

—p2f2(qlap + (1 = q)m))
_ < 1 (filtap) — mfilgtap + (1 — Q)Wl)))
[y

B+1) (1—-q)(tap —m)
L (uafoltap) — pafolqtap + (1 — q)m))
" (Fq(5+1) (1 —q)(tap —m) )

= [ m@(j’]@,bfl (t) + po wlgz’]@,bfz(t)-

(2) From the Definition 2.1, we have

D (fr e f2)()

1 1
B T3+ 1) (1= q)(tay — m) ((f1- fo)(tap) — (f1- f2)(qtap + (1 —q)m1))
1 1

- L,(B+1)(1—q)(tap—m) (fi(tap) fo(tap) = fi(qtas + (1 —q)m1) fo(qtap + (1 — q)71)

+fi(tap) f2(qtap + (1 = @)m1) — fi(tas) fo(qtas + (1 — q)m1))

1 1
- L, (B+1)(1—q)(tap —m) (f1(tap) (f2(tap) — fa(qtap + (1 = q)m1))

+falqtap + (1 = @)m) (fitas) — fi(gtas + (1 — q)m1)))

= filtas) m DN f2(t) + folatap + (1 — Q)m1) 7 D0, f1(2).
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(3) Again with the aid of Definition 2.1, we have
a,f fl
Wy (1) 0

gt (1) ) () s 0 -am)

_ 1 1 (fl(ta,b) ~ Silgtap+ (1 — Q)Wl))

LyB+1) (1= q)(tap —m) \foltap)  folgtap+ (1 —q)m)

1 1
Fy(B+1) (1= q)(tap —m1)
o Jitap) folatap + (1 —q)m1) — faltap) fr(qtap + (1 — Q)Wl))
fa(tap) f2(qtapy + (1 — q)m1)

! 1
S T(B+1) (1= q)(tap — )

y (fl (tap) fa(qtap + (1 = @)m1) = filgtap + (1 = @)mi) folgtas + (1 — g)m1)

fotap) folqtap + (1 — @)m
_I_fl(qta,b + (1 = ¢)m) fa(qtap + (1 — ¢)m1) — f2(toe,b)f1(ta,bQ))
fo(tap) falqtap + (1 — @)m

B 1 1
LB+ 1) (1= q)(tay —m)

y (f2(qta,b + (1 = @m)(/iltap) — filglap + (1 — g)m))

foltap) folqtap + (1 — @)m
_Nilgtap + (1 = @)m)(f2(tap) — folgtap + (1 — Q)m)))
fo(tap) folqtap + (1 — @)m

_ flgtap+ (A —g)m) ( 1 (Ailtay) = filgtap + (1 — q)m)))

fotap) folqtap + (1 —q)m) \Tg(B+1) (1 —q)(tap — 1)

_ hilgtap+ (1= g)m) < L (faltap) — folgtap + (1 — Q)Wl)))

fotap) fa(qtap + (1 —q)m) \Ty(B+1) (1 —q)(tap — ™)

 falgtas+ (1= @)m) oD, f1(D) = filgtas + (1 — )m) Doy, fa(1)
N fo(tap) fa(qtap + (1 — q)m1) .

(4) In this case, the proof is directly follows from Remark 1.
(5) This result is proved in two cases: (I) fs is constant and (II) f5 is non constant.
Case-I: Let fy(t) = ¢, where ¢ is any constant.

Then from Remark 1, we have

D00y (frof2)(t) = m D00y fi(f2(t) = m Dy file) = 0.
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Case-1I: Let f5 be not a constant.
Then by Definition 2.1, we have

nDgas(frof2)(1)
1 1

- T,(B+1)(1—q)(tuy —m) ((frof2)(tap) — (frofe)(qtap + (1 —q)m))
1 1

LB+ (= q)(tay —m)

% fi(fa(tap)) — fi(fogtap + (1 — q)m1)) - e
fo(tap) = fa(qtap + (1 —q)m1) (fao(tap) = fa(gtap + (1 — q)m))

_ Silfa(tan)) = fi(fa(qtap + (1 — ¢)m1))
fo(tap) = fa(qtap + (1 —q)m1)

1 1
: <Fq(ﬁ T T g)tas =) 2ltas) = faldtas + (1= q)m)))
= Dy(fi(fa(tap))) m qufz( ).

O
In the next theorem, a relation between ¢-a-RLGT M-fractional derivative and ¢-

difference operator is obtained.

Theorem 2.2. If f : [0,b] — R has the g-a-RLGT M-fractional derivative at t, t < b
with 8 > 0 and 7 = 0, then

1
2.2 7D tab)-
2.2 D50 = 5y Pl )
Proof. For t < b and m; = 0, from Definition 2.1, we have
Dynnf (1)

_ 1 (f(tap) = f(qtap))
FQ(ﬁ + 1) (1 - Q)ta,b

1

- ml)qf(ta,b)-

O
Now, as a consequence of Theorem 2.2, we have the following ¢-a-RLGT M-fractional

derivatives of various g-analogues of some well-known functions.

Theorem 2.3. Let p € R, >0, a € (0,1] andt <b. Then
( ) quMb( )_O;
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) 605 l) = e

(3) 0D2 0 (eg (1)) = % qpitas):

(4) D25 (Eyit)) = iy Balpatas):

(5) 0D 1y (sing (1)) = % cosy(jitas);

(6) 6D1(co% (1)) = — gy Sinalitas);
(7) 0D p(Sing(t)) = % Cos,(ugtas):
(8) 0Dy p(Cosy(ut)) = —% Sing(Hatas).

T
S
<

(1) The proof is directly follows from Remark 1.
(2) From Theorem 2.2 and g-derivative of ¢ , [12, p. 7], we have

1
Ly(B+1)

— [:u]q tu—l
Ly(B+1) b

09371@,6(15”) - DQ(tZ,b)

(3) Using Theorem 2.2 and g-derivative of e,(utsp) [12, Eq.(9.11), p. 31], we have
D ealn) = T Daleaitas)
o4 GRSV ’

I

= TG+ 1) eq(itap)-

(4) Using Theorem 2.2 and g-derivative of E,(utq5) [12, Eq.(9.11), p. 31}, we get

Dl Eis) = gy D Eulptes)

B+1)

. 2
=T, Celkdtas)

(5) Using Theorem 2.2 and g-derivative of sin,(utsp) [12, Eq.(10.4), p. 34], we

have

1
093,’f4,b(smq(ut)) = me(qu(Mta,b))

_ H
VIS cosq([itap)-
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(6) Using Theorem 2.2 and g¢-derivative of cos,(ptas) [12, Eq.(10.5), p. 34], we

obtain

1
093,’1@@(003[1(%)) = mDQ(COSQ(Mta,b))

=— % sing((itap)-

(7) Using Theorem 2.2 and g¢-derivative of Sin,(utap) [12, Eq.(10.4), p. 34], we

arrive at

oD Sing(1t)) = =gy DalSingpitas))
q

p+1)

_ H
- Fq(/B + 1) COSQ(,thoc,b)'
(8) Using Theorem 2.2 and g-derivative of Cos,(utas) [12, Eq.(10.5), p. 34], we
have
1
%0 (C t) = =————=D,(C ta
0 q,M,b( 0sq(put)) T,(3+1) o(Cosy(ptap))

g
ERVCES) Sing(pgtap).

O

2.1. Generalization of fundamental results of calculus through ¢-a-RLGT
M-fractional derivative. Further, we have observed that a ¢-a-RLGT M-fractional
derivative also has various important theorems similar to the a-RLGT M-fractional
derivative [6]. We have derived the g-analogues of Rolle’s theorem, the mean value
theorem and its extension using this newly defined g-analogue of a fractional deriva-

tive operator in the next three theorems.

Theorem 2.4. Let f : [y, p] — R, where p <b. If

(1) f is continuous on [y, p|,
(2) fis q-a-RLGT M-fractional differentiable on (v, p),
(3) f(v) = F(p).

then there exists c € (v, p) such that 0@2‘7’1@,bf(c) =0, 8>0.

Proof. We will prove this theorem in three cases:

Case-1: When f(z) = k on [y, p|, where k is any constant.
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Then from Remark 1, O’DZ’J@’b (z) =0 for all = € [v, p].

That is, in other words, we can say that there exists ¢ € (v, p) such that

Case-II: Let f be non-constant. In this case, suppose that there is some d € (v, p)
such that f(d) > f(7).

Since f is continuous on [, p], by a g-analogue of the extreme value theorem [13,
Thm. 2.1, p. 172], f(x) has local maximum in [, p|.

Also, as f(v) = f(p) and f(d) > f(7), we have the maximum value of f at some ¢ in
(7. p)-

Here, ¢ occurs in the interior of the interval means that f(x) has relative maximum
at © = ¢ and by the second hypothesis, 09?,’1\@,17 f(z) exists.

Therefore, 0@2‘7’1\% f(c)=0.

Case-III: Let f be non-constant, but in this case, suppose that there is some d €
(7, p) such that f(d) < f(7).

Now, in the similar manner of Case-II, by a g-analogue of the extreme value theorem
(13, Thm. 2.1, p. 172], f(z) has local minimum in [y, p|.

Also, as f(v) = f(p) and f(d) < f(v), we have the minimum value of f at some ¢ in

(7, p)-
Hence, 09;’161,1)f(0) = 0. O

Theorem 2.5. Let f: [y,p] = R, where p <b, 0 & [y,p]. If

(1) f is continuous on [y, p|,

(2) f is g-a-RLGT M-fractional differentiable on (7, p),

then there ezists ¢ € (v, p) such that

f(p) = f(v)
p—"

(2.3) =1y(8+1) 093’161,1) (c).

Proof. For = € [y, p], let

(2.0 g(2) = () — F(7) - (M) (&~ 7).

p—"
Since f is continuous on [p, 7], ¢ is continuous on [p, ] too.

Also, it can be easily verified that g(v) =0 = g(p).



10 RAJENDRAKUMAR B. CHAUHAN AND MEERA H. CHUDASAMA

Therefore, from Theorem 2.1, we can say that g is ¢-a-RLGT M-fractional differen-
tiable on (7, p).
Now, from Theorem 2.4, there exists ¢ € (v, p) such that

(2.5) OQqug( ¢)=0.

Taking 0@2‘7’]@@ on both the sides of (2.4), we get

i89(0) = 3 0) - 95500 - (L2210 ) o o - )
Applying Theorem 2.2 and then Theorem 2.3, we obtain
093,’1\@,&;9@)
ap flp) —f() 1
ifesf @) = finf ) - (LA oDy
)0 f(p)—f(v)) 1

Whence at = = c,

;19(6) = it -

Then using (2.5), we get
it (10 1,

p— B+1)

Therefore,

o flp) = f() 1

oDl (0) = ( p—7 ) Ty(B+1)

Hence,

HOZT0) _pys+1) 03,

L]

Theorem 2.6. Let p < b, 0¢ [v,p] and fi1, fo: [y, p] = R. If

(1) fi, f2 are continuous on [y, p| and fa(y) # fa(p),
(2) fi1, fo is ¢-a-RLGT M-fractional differentiable on (v, p),

then there ezists ¢ € (v, p) such that

093,’1\@,bf1(0) _ hilp) = A1)

- ith .
0Dynpplale)  falp) = f2(7) with >0
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Proof. For z € [y, p|, define

filp) = fi(v)
f2(p) — fa(v)

Since fi, fo are continuous on [p, 7], G is continuous on [p, ] too.

(2.6 Gle) = fil) - oly) - ( ) (@) = H(7).

Also, it can be easily seen that G(v) = 0= G(p).
Therefore, from Theorem 2.1, we can say that G is a ¢-a-RLGT M-fractional differ-
entiable function on (v, p).

Now, from Theorem 2.4, there exists ¢ € (v, p) such that

(2.7) 0D ,Gle) = 0.

Taking 0@2‘7’]@’5) on both the sides of (2.6), we get
OQZ,’J@,IJG(?C)

fi(p) —f1(7)>
f2(p) = fo(0) )

Writing the above expression at x = ¢ and then again applying Theorem 2.2 and

= 093,71\@,bf1($) - 0937’f4,bf2(7) - (093,’1@,5; (falz) — f2(7))) (

Remark 1, we have

filp) = f1(7)

f2(p) = f2(7)) 0Dy araf2(¢) = 0,

OQ;}@J)G(C) = 0@3’1@717.]01 (C) —0-— <
which implies from (2.7),

v i (DDA o
D35~ (50 b0 0.

Therefore,
OQZ,’]@[,bfl(c) _ hilp) = A1)

0@3’]@71)]02(0) f2(p) - f2(7) .

O

Next, we will show some results pertaining to the corresponding ¢-integral. For that,

we have defined a corresponding g-analogue of the right M-integral as follows.

Definition 2.2. Let f be a function defined in [¢,b) and o € (0,1]. Then a g-right
M-integral of order « of f is denoted and defined as
b

(2.8) 3 v f () = —Ty(B + 1) / F(2) dyt = —Ty(8 + 1) Lpf(t),

t
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with 8 > 0, where

T (1) = / /b F(z) dy / F() g,

t

and here
b [o¢]
[ @ de=b1-0)> f04) g
0 n=0

In context with the above definition, we have obtained a ¢-analogue of the inverse
property, fundamental theorem of calculus and the theorem of integration by parts

in the upcoming theorems.

Theorem 2.7. Let b € R, o € (0,1] and f be a continuous function such that there
exists JBbe Then

(2.9) 005710 (Fasaf 1)) = f(tas).

with 0 #t < b and 8 > 0.

Proof. From Theorem 2.2, we have
s IO

_ mpq Eamon)

1 b
= me T8+ 1)t/f(56) dgx

= D, /bf(:):)dqa:—/tf(i’f)dqgf

t

/bf(x)dqx - D, /f(x)dqx

0

- [O - f(tmb)]
= f(toc,b)a

as (Dyl,pf)(t) = f(t) from [14, Eq. (11), p. 313]. O
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Theorem 2.8. Let f: [0,b] = R be a continuously differentiable function such that
093,’ﬁ7bf exists and o € (0,1]. Then for all t <,

(2.10) 3 a1 (D500 (1)) = Fltas) = 10,
with 5 > 0.

Proof. From Definition 2.2 and then applying Theorem 2.2, we have

9110 (02510 ()

b

T,6+ 1) / 000 F(2) dga

b
1
—T(B+1) t/ mqu(%,b) dyx

t

:/qu(xa,b) d,x

b

= L],b DIIf(ta,b)

= f(ta,b> - f(b),

by [14, Eq. (11), p. 313). O

It can be easily observed that, if f(b) = 0, then by (2.10) for all ¢ < b,

90 110 (DL (1)) = F(tas).

Now, for the sake of brevity, we denote

b

3q7M,bf(t) = —/f(x) dyp v, where dygx =148+ 1)dx

t

In this notation, we derive a g-analogue of the generalization of the integration by

parts in the following theorem for a g-right M-integral.
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Theorem 2.9. Let fi, fo : [c,d] — R be continuously differentiable and o € (0, 1].
Then

d
/ £1(Tan) 0D, (Folx)) dgp @

d

= [f1(Zap) fo(ap)]d — /fz(qxa,b) 0Dy (fi(@) dys w, B> 0.

[

Proof. In the stated notations,

d
/ Fi(0n) 000 (Fo(2) dys @

d

- / f1 (o) 0Dy, (Fal@)) Ty(B + 1) dya

C

d

_ / Fi(as) (mpq (f2(xa,b))) Ty(8+ 1) dy

C

by Theorem 2.2.
Now, applying the formula for g-integration by parts [14, p. 313], we get

/f1 008, () dys

/fl Tap) Dy (f2(Tap)) dgz

d

= [y (200) folzan) — / Fo(@0s) Dy f1 (£0)) dy

[

= i) et = [ Fla0s) Dyt iGoan)) (55575 ) oo

— 11 (F00) folan)] — / Fo(ran) 6025, (Fi(2)) dys 2,

[

by again using Theorem 2.2. O
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3. APPLICATION

In this section, we have derived a g-analogue of the falling body problem [2] using
the ¢-a-RLGT M-fractional derivative.

Consider the falling of an object of mass m on the earth gravitational field through
the air from a height A with initial velocity vy. The classical equation of motion for
the particle is given by [7, §]

dv

(3.1) m-

= —mg — mkv,

where k is a positive constant and ¢ is the gravitational force. The initial conditions

are given as
v(0) = vy, 2(0)=h,
dz(t)

where z(t) is the vertical distance of the particle at aritrary time ¢ and e v(t).

It can be easily observe that the solution of (3.1) for the velocity and distance are

obtained as

A
(3.2) v="9_ Zem, where A #0
k k

and

A .
3.3 =—e m
(3.3) 2= e
respectively.

A g-analogue of (3.1) using the ¢-a-RLGT M-fractional derivative is
(3.4) 093,’1@,5;% =—g—kv,, qe€(0,1),

with v,(0) =0, 2z,(0) = h.

Using Theorem 2.2, the above equation becomes

(3.5) Dyvy(tap) = —g — ku,.

1
[(B+1)

In order to solve (3.5), we assume the solution in the series form

(3.6) Vg(tap) = Zan,q ab-
n=0
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Therefore,
E :anq = ! Eoo:[n]q Qn,q tz_bl
6+ 1) Le(B+1) =

1 o

:72 nl, ay tZ , where [0], =0,

Fq(/8+1) nZI[ ]q »q b [ ]q

1 - .

= F (/6 + 1) § :[n + 1]!1 an+1,q toc,b’

q

3
Il
o

Now, from (3.5), we have

ﬁ+1 Zn‘|‘1 Uni1g boap = —9 — kZanq ab

n=

which gives

gk
ay,q = w Ff](ﬁ—i_ 1)7
[1]q
—kay, 4
(3'7) Unt1,9 ’ Fq(ﬁ + 1)7 n > 1.

[n+ 1],
From this comparison, the n-term coefficient can be expressed as

(3.8) g = (_1)nkn_1[i]+! Uk IR(B+1), n>1.

Therefore, the instantaneous ¢g-a-RLGT velocity is obtained as

o0
VUg(tap) = aoq + Z an,glap

nk,nl + kna
—aoq+z< g () O’qFZ(5+1)) b

[7]!

(L (—ktap)" + (—ktay)"
:ao,q+z<'f( o) (ko) "o FZ(BJrl))

[n],!

= ag, + (% + ao,q) > % (8 +1).
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For v,(0) = 0, we have

Vgltay) = % g% F"(6+1)>
- 1S rse)
- HE R )
o)
(3.9) = Irae- %ij W?S!ﬁﬂ) (b— 1),

The vertical distance z,(t,,) in quantum calculus is governed by

(3.10)  Dyzg(tas) = —2 T (B + 1)(b—t)

o
?T‘IQ

s “ww+w
e

Taking g-right M-integral on both the sides of (3.10), we get

quMb (Dyzq(tas))
=30 <_% T, (8+1)(b— 1) + %Z:l (—k)"[l;gj!ﬁ +1) (b— t)“") .

Using Theorem 2.8 and Definition 2.2, we obtain

Zg(tap) — 24(D)

g -
—krmm1>Guﬁ+n/w—w dﬂ)

o0 nrn
—i—% ( (B+1) /; n]qq('ﬁ_l—l)(bx)o‘"dqx)

_ 9 (b)Y
S ){ o L
¢ (R T B A1) [ (b — a)ent ]
+E nz:; [n]y! [_ [an + 1], ]b
_ 92 (b—t)t g N (=k)" T (B +1) (b — t)ont!
= Fq(ﬁ +1) m T nl,! an 41,

n=1

(b— t)om,

17
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With z,(b) = h, we have

- (b—ﬁ)o‘+1 7
zq(ta,b)_m%rq(ﬁﬂ)[ . zE

The comparison of the solutions through Newton derivative and traditional ¢g-derivative

F”“(ﬁ £1) (b= ot
[an + 1],

q

with the ¢-a-RLGT M-fractional derivative are shown in Figures 1 and 2 for various
values of o and ¢. It can be seen from the graphs that we can control the ¢-distance

by choosing suitable parameters of the ¢-a-RLGT M-fractional derivative operator.

«10'7!

301
0 x10 — 0 [—
2 f

25

12
-0 838 -E98 697 H88 £05 694 803 HD2 B9 60 44 48 48 50 52 54 56 58

FIGURE 1. Newton derivative and traditional g-derivative (a = 1)
solutions for the ¢-distance
10™ AL
0 p— e 0 ——
P e —— —p
,/’/ F4 ——q=04 4=0.4
2 / q=0.6 as=0.6
/ —a=07 i |——a=04]
=3 |I
-2 II
|
W f I'l ~ II
!r: -3 |I
Bt/ |
|
| = I
10 i
A3 5
; 44 48 ] 50 52 54 56 58 B{ 44 48 48 50 52 5 58 58 ]
t

FIGURE 2. Solutions of (3.4) for the g-distance for & = 0.2 and o = 0.6
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Figures 3 and 4 show the comparison of the solutions through Newton derivative
and traditional g-derivative with the ¢-a-RLGT M-fractional derivative for various
values of o and ¢. It can be seen from the graphs that we can control the g-velocity

by choosing suitable parameters of the g-a-RLGT M-fractional derivative operator.

e

z 210 : g o0t
—q=02
—— =04
m & ——q=0.6
L :"|
8 af
|
> 8 > 3|
|
21
|
2 1 |
™ 1
"-TU -&éﬂ fo8 Ha7 -ﬁgﬁ_ £85 -H84 683 -BRZ 691 6B ”40 4z i 48 48 50 52 54 56 58 80
t !
FIGURE 3. Newton derivative and traditional ¢-derivative (a = 1)
solutions of (3.4) for the g-vertical velocity
o 10 . i3 104
q=0.4 — =04
10 —qel6 25 — =06
— =]
. |
> g > 15 Il.
I|
1 1
2 0.5
0- — 0=

FIGURE 4. Solutions of (3.4) for the g-vertical velocity for o = 0.2 and
a=0.6

4. CONCLUSION

We have established a g-analogue of the a-right local general truncated M-fractional
derivative [6] and a ¢-right M-integral. Additionally, we could find the associa-
tions between the ¢-o-RLGT M-fractional derivative and ¢-right M-integral. The
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g-analogues of the well known results like the Rolle’s theorem, the mean value theo-
rem, the fundamental theorem of calculus and the theorem containing integration by
parts are also obtained for our newly defined ¢-fractional derivative operator.

Also, using the proved results in the previous sections, we have obtained the exact
solutions for the g-vertical velocity and the g-distance of a g-analogue of the well
known physical problem, the falling body problem, by our newly defined ¢-a-RLGT
M-fractional derivative operator. With the use of MATLAB software, we have com-
pared the solutions of g-falling body problem for the g-vertical velocity and the g¢-
distance for various fractional order v and an integer order by considering different
values of ¢q. Also, these solutions are compared with with the Newton derivative and
the traditional g-derivative.

As a future perspective, one can define and study the results of ¢g-a-left local general
truncated M-fractional derivative which is defined as follows:

Let f :[a,m] - Rand t < m, a € R. For 0 < a < 1, we define a g-a-left local

general truncated M -fractional derivative of order o of f as

s L (= ) = Flalt— ) + (1 )
(WD Bl )= C—alt—ar—m) ‘

Also, one can work on the possible open problems by analyzing and studying the re-
sults and inequalities proved in [16, 17] for our newly defined ¢-a-RLGT M-fractional

derivative.
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