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MONOTONE ITERATIVE TECHNIQUE FOR A COUPLED
SYSTEM OF NONLINEAR CONFORMABLE FRACTIONAL
DYNAMIC EQUATIONS ON TIME SCALES

BOUHARKET BENDOUMA

ABSTRACT. In this paper, we investigate the existence of extremal solutions for
a coupled system of nonlinear conformable fractional dynamic equations on time
scales, by applying the monotone iterative technique combined with the method
of lower and upper solutions. At last, an example is given to illustrate our main

result.

1. INTRODUCTION

Fractional differential equations plays an important role in describing many phe-
nomena and processes in various fields of science such as physics, chemistry, control
systems, population dynamics, etc., see [16, 20, 23]. In [6], Benkhettou et al. intro-
duced a conformable fractional calculus on an arbitrary time scale, which provides a
natural extension of the conformable fractional calculus. The notion of conformable

fractional calculus on an arbitrary time scales was developed in [1, 4, 5, 6, 12, 19, 25].

In [24], G. Wang et al. adopted the method of monotone iteration combined with

the method of upper and lower solutions to consider the following system of nonlinear
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fractional differential equations:

(

Deu(t) = f(t,u(t),v(t), te(0,T],

Deu(t) = g(t,v(t),u(t)), te(0,T],

| u(t) =0 = 20, 17 0(t)|i=0 = Yo,
where 0 < T < o0, f,g € C([0,T] x R x R,R), 29, yo € R and xy < yo, D* is the
standard Riemann-Liouville fractional derivative of order a € (0, 1].

S. Liu et al. in [17], studied the existence of extremal iteration solution to the

following coupled system of conformable nonlinear fractional differential equations:

(

2 (t) = f(t,x(t),y(t), tElab,

(L.1) yO(t) =g(t.y(t),=(t), tE€ab],

z(a) = x5, y(a) = yg,
where, x5, y5 € R, 23 < y5, f,9 € O([a, ] xRxR, R) and 2™, y(®) are the conformable
fractional derivatives with «a € (0, 1].

Motivated by the above works, this paper is concerned with the existence of ex-
tremal solutions for the following coupled system of nonlinear conformable fractional

dynamic equations on time scales:

(

200 = f(ta(t),y°(t), tel=/abr

(1.2) y(t) = g(tyo (), 2°(t), tel=abr,

z(a) = Ao, y(a) = fo.

Here, T is an arbitrary bounded time scale, J = [a, o (b)]r with a,b € T, 0 < a < b,

Aoy Bo ER, Ag < By, f,g: 1 xR xR — R are continuous functions and :z(AO‘), y(AO‘)

\

are the conformable fractional derivatives (on time scales) with a € (0,1]. For this
purpose, we use the monotone iterative technique combined with the method of upper
and lower solutions. For applications of monotone iterative technique combined with

the method of upper and lower solutions, one can refer to literatures [2, 3, 9, 11, 13,

14, 17, 18, 21, 22, 24].
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This paper is organized as follows. In Section 2, we introduce the definition of
conformable fractional calculus on time scales and their important properties. In
Section 3, by use of the monotone iterative technique and the method of upper and
lower solutions, we prove the existence of extremal solutions of problem (1.2). Finally,

an example is given to illustrate our results.

2. PRELIMINARIES

In this section, we present some necessary definitions and results from conformable
fractional calculus on time scales. These definitions and theorems can be found in
the literatures [5, 6, 7, 8, 15, 25].

Let T be a time scale, which is a closed subset of R. For t € T, we define the
forward jump operator ¢ : T — T by o(t) := inf{s € T : s > t}. For a,b € T we
define the closed interval [a, bl :={t € T:a <t < b}.

Definition 2.1. [7] The function f : T — R is called rd-continuous provided it is
continuous at right-dense point in T and has a left-sided limits exist at left-dense

points in T, write f € C,q (T, R).

Definition 2.2. [15] Given a function f : [0,00) — R and a real constant o € (0, 1].

The conformable fractional derivative of f of order « is defined by,

(2.1) FO(t) == lim flt+et'=) = f(t)

e—0 £

for all ¢ > 0. If f(®)(¢) exists and is finite, we say that f is a-differentiable at ¢.

Definition 2.3. [6] Let f : T — R, t € T, and « €]0, 1]. For ¢t > 0, we define fgl) (t)
to be the number (provided it exists) with the property that, given any € > 0, there
is a d-neighborhood V; C T (i.e,,V, :=t —6,t +6[NT) of ¢, § > 0, such that

[Flo() = F(s)] 7 = £ @) [o(t) = s]| < elo(t) = s| for all s €V,

We call féa) (t) the conformable fractional derivative of f of order « at t, and we

define the conformable fractional derivative at 0 as £\ (0) = lim F0).
t—0

Remark 1. (1) If a = 1, we have féa) = 2, if a =0, we denote féa) = f.
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(ii) If T = R, then féa) = @ s the conformable fractional derivative of f of

order o introduced in [15].

We introduce the following space:

(I,R) ={f is conformal fractional dif ferentiable of order o on I
and f € Cq(I,R)}.
Theorem 2.1. [15] Assume f,g: T — R are conformable fractional differentiable of

order cc. Then,

(i) the sum f + g is conformable fractional differentiable with ( f +g)(Aa) = fg“’ +

NE
(ii) for any X € R, \f is conformable fractional differentiable with ()\f)(Aa) =
)\f(a).
A

(iii) if f and g are continuous, then the product fg is conformable fractional dif-
ferentiable with (fg)f) = féa)g +(fo U)ggx) = fgx)(g oo)+ fggx),'
(iv) if f and g are continuous, then f/g is conformable fractional differentiable

with

9)s  9lgoo)

valid at all points t € T* for which g(t)g(o(t)) # 0.

( 1) @ g — fol

Now we introduce the a-conformable fractional integral (or a-fractional integral)

on time scales.

Definition 2.4. [6] Let f : T — R be a regulated function. Then the a-fractional
integral of f, 0 < o < 1, is defined by [ f(t)A%t := [ f(t)t*At.

Theorem 2.2. [6] Let o € (0,1], a,b,c € T, A € R, and f,g be two rd-continuous

functions. Then,

() / INF(E) + g(t)]A% = \ / F(nAct+ / gt

11/f DA = — /f DA
(i) /aftAat:/a ftAat+/cbf(t)A°‘t,-
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(iv) if there exist g : T — R with | f(t)| < g(t) for allt € [a, b], then ’f;f(t)Ao‘t <
S a(t)Act;

b
(v) if f(t) >0 forallt € [a, b], then/ f(t)A%t > 0.

Definition 2.5. [25] Let E C T be a A-measurable set and let ¢ : T —R be a
A-measurable function. Say that ¢ belongs to L}L A (E,R) provided that either

/ lp(s)|A%s < +o0.
E

Lemma 2.1. [5] The initial problem

20 ) =t 2(o(t)) = h(t), tel=/a,blg
(2.2)
LU(CL) = >\0,
with —p € Ry, Ao € R, and h € L}, A(I,R), has a unique solution z € C%(J,R),
given by the following expression

(2.3) x(t) == /[ ) e_p(s,t)h(s)A%s + Ne_p(a,t), teJ=la,o(b)r.

As a direct consequence of expression (2.3), we deduce the following comparison

result:

Lemma 2.2. (Comparison principle 1). Let v € C%/(J,R), then the following com-

parison principles hold for every —p € R: :
(i) If

2t = top a(o(t)) >0, tel;

then x > 0 on J.

(i) If

then x <0 on J.
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3. MAIN RESULTS

In this section, we prove the existence of extremal solutions for problem (1.2). We

introduce the concept of coupled lower and upper solutions of this problem as follows.

Definition 3.1. We say that v, § € C%(J,R) is a pair of coupled lower and upper
solutions of the problem (1.2), if v < § in J and the following inequalities hold:

YO(t) < f(t,77(1),8°(t), for t €I, v(a) < Ao,
(3.1)
5ty > g(t,87(t),7° (1)), for t €1, 6(a) > Bo.

We assume the following hypothesis:

(Hy) f,g: 1 xR xR — R are continuous functions.

(H3) There exists 7,0 € C%(J,R), a pair of coupled lower and upper solutions of
the problem (1.2).

(Hj) There exist constants p,q € R with —p, —¢ € R} and ¢ < 0 such that
ftzy) — f(£,7,9) >t p(z —T) +tq(y — 9),

g(t>ya f) - g(ta Y, ZE') 2 tl_ap(y - y) + tl_aCJ(f — l’),

where 77 (t) < T <z < 07(t), 77 (t) <y <y < §7(t) for all t € I, and

g(t,y, @) — f(t,z,y) >t ply —x) +t' gz — y),

where 77 (t) < x <y < §7(t) for all t € 1.

To study the nonlinear system (1.2), we first consider the associated linear system:
(
eW(8) = h(t) + t7p a(o(t) + g y(o(t)), forte = la,bly,

(32)  {yl(t) = ho(t) + " p y(o(t)) + t' "¢ x(a(t)), forteI=/a,blr,

\:c(a) = o, y(a) = b,

where a € (0,1], (Ao, Bo) € R*, Ao < Bo, —=p, —q € Ry, ¢ < 0 and hy, hy € C(I,R).
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Lemma 3.1. The linear system (3.2) has a unique solution (z,y) € C%(J,R) x
CY(J,R), with

2(t) = / e_(p+q) (5, 1) (h1 4 ha)(s) A% + (Ao + Bo)e—prq(a,t), t € J,
[avth’

and

w(t) == /[ ; 6_(p_q)(s,t)(h1 — ho)(8)A%s + (Ao — Bo)e_(p_q)(a, t), teJd

Proof. The pair (z,y) € C%4(J,R) x C%/(J,R) is a solution to system (3.2) if and only
if

oty = 2w gy M for every ¢ € J = [a,0(b)]r,

where z(t) and w(t) are the solutions to the following problems:
(1) = (ha(t) + ha(t) + 17 (p + q) 2(0(t), fortel=labr,

z(a) = Ao + Po,

and
Wi () = (ha(t) = ha(t)) + t2(p — q) w(o(t)), fort €I =a,blr,
w(a) = Ao — Bo-

By Lemma 2.1, we have

(3.3)  z(t) := /[ ) e_(prq) (5, 1) (h1 + h2)(s) A% + (Ao + Bo)e—pq(a,t), teEJ,

(3.4)  w(t) = /[ ) e_(p—q)(5,t)(h1 — h2)(8)A% + (Ao — Bo)e—p—q(a,t), teEJ

The proof is finished. l
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Lemma 3.2. (Comparison principle 2). Let (z,y) € C%(J,R) x C%(J,R) satisfy

(2(t) — - w(o(t) + g y(o (1) 2 0, fort €1 =[a,b,

(3.5) y () — t0p y(o(t) + t'q x(o(t)) > 0, fort e = [a,blr,

z(a) 20, y(a) =0,

\

where a € (0,1], —p, —q € R} and ¢ < 0. Then x(t) >0, y(t) > 0 for allt € J.
Proof. Let w(t) = x(t) + y(t), then (3.5) is equivalent to the following:

w () — ' (p — q) w(o(t)) >0, fortel=la,br,
w(a) > 0.

By Lemma 2.2, we know that w(t) > 0, for all t € J, i.e., z(t) + y(t) > 0, for all
teJ,
So.

)
2 =t (p+q) 2(o(t)) >0, fortel=la,blr,

y(t) — " (p+q) y(o(t) >0, forte=][abr,

z(a) >0, y(a) > 0.

\ > >
By Lemma 2.2, we have x(t) > 0 and y(¢) > 0 for all t € J. The proof is completed.
U

The obtained result is the following.

Theorem 3.1. Assume that (Hy), (Hy) and (H3) hold. Then (1.2) has an extremal
system of solutions (x*(t),y*(t)) € [y(t),0(t)] x [y(t),d(t)], and there exist two mono-
tone sequences {yn tnen and {z, }nen converging uniformly to z*(t), y*(t), respectively,

where Y (t), 2,(t) € [v(t),0(¢)], such that

Y=Y < < ... <y, < ... <2, < .. <5< 2z:=0, ond forall n€N.
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Proof. Firstly, for all y,, z, € C%(J,R), we consider the linear system:

p

Ynn &) () = F(t,yg (), 25(8)) — tp(ys (t) — YTy (1) — (=5 (1) — 20,4 (1)),
for A-a.e. t € I,
2o () = g(t, 25 (1), Y3 (£)) — £ 7p(25 (1) — 25,1 (1) — ' q(yg(t) — Y. (1),

for A-a.e. t €1,

\yn+1(@) = )‘07 Zn—l—l(a) = 507

(3.6)
Y (8) = (F(&y2(8), 25(6) — £ (pyg (1) + qz5 (1)) + = (pyg 1 (£) + q2g4 (1)),

for A-a.e. t € 1,
Zoni (1) = (g(t 25 (1), y3(£) — = (pzg (t) + qyg (1)) + (P25, (1) + quir (1),

for A-a.e. t € I,

\yn-i-l(a') = Ao, Zn+1(a) = Bo.

By Lemma 3.1, the linear system (3.6) has a unique solution (Y, 41, 2nt1) € C%(J,R) %
@ (J,R), with

oty = O 00 gy el = veryt € = 0,00,

where
v (£) = /[ R OO R CEAORAE)
(4 )W) + ()| A% + (o + fo)eea(at), tE T
and
() = / (5. 8) [ F(5,97(5), 22(5)) — g(s, 27(5), 55(5))
[a,t]T

— s 7P — ) yn(s) — 20(9))| A% + (Ao = Bo)e—p-g(a,1), tEJ
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Secondly, we shall prove that
Yn < Yna1 < Zpa1 < 2n, on J for all n € N.

Letv:i=1y1 —yo =11 —7, w = 29— 21 = 0 — z1. According to (3.6) and (H;)-(H>),

we have

(

UXN) (t) > =t (yo(a(t)) — y1(o(2))) — 1% (20(0(t)) — 21(0(t))), for A-ae. t €1,

v(a) > )\0 )\0 = O

W () > 1 (20(0(t)) — 21 (0 (1)) + £-2q (yo(o(t)) — y1((2))), for A-ae. t €I,

V() > t1opu(o(t)) — t2qu(o(t)), for A-ae. t € I, v(a) >0,
w® () > ' pw(o(t)) — t'=qu(c(t)), for A-ae. t €1, wla)> 0.
Then, by Lemma 3.2, we have v(t) > 0,w(t) > 0, i.e., y1 > yo, 20 > 21-
Let £ := 21 — y;. According to (3.6) and (Hj), we have
L0 =280 - und )
= g(t, 25 (1), yg (1)) — (=5 (1) + qyg (1) + 17 (p27 () + qy7 (1))
— f(ty5 (1), 25 (1) + 7 (pyg (t) + =5 (1)) — '~ (py7 (1) + ¢ (1))

> (] () — w7 (1) — ' a(=7 (1) — y7 (1) =t (p — 9)€7(1).

) > o (p — )€ (t), for A-ae. t € I,
(3.7)

(a) = Bo— Ao > 0.

By Lemma 2.2, we have £(t) > 0, i.e., z1(t) > yi(t) for all t € J.

By mathematical induction, we can prove that

Yn < Yna1 < Zny1 < zn, on J for all n € N.
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Thirdly, the sequences {y, tnen and {z, }nen are monotone and bounded, hence

. 1 X
lim y, = 2%, lim z, =y",
n—oo n—oo

(x*,y*) is an extremal system of solutions to (1.2).

Finally, we prove that (1.2) has at most one extremal system of solutions.

Assume that (z,y) € [y = Yo, = 20] X [yo, 20| is the system of solutions to (1.2), then
Yo=7<z, y<z =0
For some k € N, assume that the following relation holds
yr(t) < z(t), y(t) < (1), teJ

Let u(t) = z(t) —yr41(t), U(t) = zk41(t) —y(t). According to (3.6) and (Hj), we have

= f(t.27(t),y7 (1) — F(t,u" (1), 27 (8) + 1Py () — year” (1)
+ 727 (1) — 2en7 (1)

> £7p(@ (8) =y (1) + 1 a(y7 (1) — 27 (1) + 7Py (1) — g (1)
+ 727 (1) — 27 (1))

= t170p(a7 () — yer (1) + (Y7 (1) — 217 (1)),
and

I (1) = 2 (1) — 80 (1)
= g, %7 (1), y” (1) — (L, 57 (£), 27 (8) — 7 p(217 () — 2027 (1))
— "%y (t) — yrra? (1))
> 11 70p(a” () — y7 (1)) + (e (1) — 27 (1)) — ' p(27 (1) — 21 (1)
— (g (t) — yrra” (1))

= 17z (1) = y7(1) = #7927 (1) = s (1)),
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we can get
WO (1) > tepu(o(t)) — tqi(o(t)), for A-ae. t €1, u(a) >0,
9O (1) > topd(o(t)) — ' qu(c(t)), for A-ae. t €1, 9(a) > 0.

Then, by Lemma 3.2, we have u(t) > 0, 9(t) > 0, ie., yps1(t) < z(t), y(t) <
zr1(t), t € J,

By the induction arguments, the following relation holds
yn(t) < x(t), y(t) < zo(t), t € J.

Taking the limit as n — oo, we get that z* < x, y < y* on J. Hence, (z*,y*) €

[7, 0] X [7, 6] is the extremal system of solutions to (1.2). So the proof is finished. [J

4. EXAMPLE

In this section, we present an example where we apply Theorem 3.1.

Example 4.1. Consider the system of nonlinear conformable fractional dynamic

equations:
Dy 12 I(U%)z 00 r_ g
(A1) 1) = 32— yo®) — ia2(o(t), tel=[12r
(1) =0, y(1) =05,

2 — )% — o2
#andg(t,y,x)z 52—y -

t — t
It is clear that f,g are continuous functions. Take y(t) = 0 < §(t) = 2 for t €
1,02, then

where o = %, flt,x,y) =

1

VB =0 < St (1), 5°(0)) = 2D

\3/27:

forte|l,2]r, v(1)=0<0,

and

58 (8) = 0 > g(t,67(6),77($)) = 0 for t € [1,2}s, 8(1) =2 > 05,
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then assumptions (Hy) and (Hs) holds.
Let x,7,y,y € R, then we have:

f(t>$ay) - f(tja?) = tl_% ((2 - ZL’)2 - (2 - f)2> - _(y2 - y2)

1

> ¢1-3

~—

—4(z =) + 2° - T%)

1

—4t'75 (x — 7)

v

Vv

1265 (x — T) + 0.3 (y — 7),

96,7, 7) — gt y,2) =5 (2 =7)° — (2 —y)®) —t 5 (@ — 2°)
> 15 (47 —y) + 20 — v*) — (T — %))

1 1

> —12t175 (g — y) + 04173 (T — 1),
with v7(t) <T < ax < 07(t), v (t) <y <7y < 087(t) for all t € I, and we have

g(t,y,x) - f(t>$ay) =13 ((2 - y)3 - (2 - ZL’)2) + t_%(y2 - lQ)
> 15 (—4(y —2) + (4 — 2" + 29°) — °))

> 1265 (y — x) + 0.8 5 (2 — y).

with v7(t) < x <y < §9(t), forallt € 1.

Hence the assumption (Hsz) holds with p = —12 and ¢ = 0. By Theorem 3.1,
the nonlinear system (4.1) has the extremal solution (z*,y*) € Céd([l,a(Q)]T) X
Céd([1,0(2)]']r), such that (x*,y*) € [y,0] x [y,0] on [1,0(2)]r, which can be obtained
by taking limits from the iterative sequences:

i () = /[1 t] sFen(s, 1) {“2_%(“(’52% ~ Yalo(®) +12(:g;;(s))] As,

teJ=[L0o2)

W

() = 05ena(1t) + [ sFeralot) |12 = (o)’ — 32 (0(0) + 12055(5)] A,

[17th’

teJ,
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CONCLUSION

In this paper, we have considered the existence of extremal solutions for a coupled

system of nonlinear conformable fractional dynamic equations on time scales. This

result will be obtained by using the monotone iterative technique combined with the

method of lower and upper solutions.
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