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PROPERTIES OF RATIONALIZED TOEPLITZ HANKEL
OPERATORS

RUCHIKA BATRA(VERMA)

ABSTRACT. In this paper, we introduce and study the notion of Rationalized
Toeplitz Hankel Matrix of order (k1,k2) as the two way infinite matrix (a;;) such
that
Qij = Qitky jtk

where k1 and kg are relatively prime non zero integers. It is proved that a bounded
linear operator R on L? is a Rationalized Toeplitz Hankel operator [5] of order
(k1,k2) if and only if its matrix w.r.t. the orthonormal basis {z°:i€ Z} is a
Rationalized Toeplitz Hankel matrix of the same order. Some algebraic properties
of the Rationalized Toeplitz Hankel operator R, like normality, hyponormality and

compactness are also discussed.

1. INTRODUCTION

The study of Toeplitz operators began by O. Toeplitz in 1911. A lot of work
on Toeplitz and Hankel operators has been done by different mathematicians in the
world. Toeplitz operators and Hankel operators became a subject of investigations for
the researchers. Motivated by these, M. C. Ho [7] in the year 1995 introduced slant
Toeplitz operators and later the notion of slant Hankel operators was introduced.
Further, these notions have been generalized [2] to kth order slant Toeplitz and slant
Hankel operators and studied simultaneously.

Motivated by all these, in [5] we introduced Rationalized Toeplitz Hankel operators
which give the rationalization of all kinds of Toeplitz and Hankel operators.
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For ¢ € L™ a Rationalized Toeplitz Hankel operator on the space L? of order (ky, ks)
is defined as
R,:L*— L?
Ry (f) = Wi, MJWE,(f) Vf € L?
2k g is divisible by k

where k1 and ko are non zero integers and W (2") =
0, otherwise

It is proved in [5] that if k1 and ks are relatively prime then a bounded linear operator
R on L? is a Rationalized Toeplitz Hankel operator if and only if M s, R = RM x,.
Therefore if (;;) in the matrix of R, w.r.t the orthonormal basis {z* : ¢ € Z} then if

© = > a;2" is the Fourier expansion of .

;= (Ry27, 2"
= (W M4, 2
= (M, 2R i)
= (ip, Mi=had)
= Qkyi—koj -

That is,

iy tky | O—ky  Q—fy—ky QA—f—2kg----

oy Qo A_fq A_fg e+

coiiQfy + ko Ay Aky —ko Afoy —2kg -+

2. RATIONALIZED TOEPLITZ HANKEL MATRIX

We begin with the following definition :

Definition 2.1. If k; and ks are relatively prime integers then the (ky, k)" order

Rationalized Toeplitz Hankel Matrix is defined as a two way infinite matrix («;;) such
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that

Oy = Qitkeg jtky -

Note: We note that this Rationalized Toeplitz Hankel matrix is the Generalized
Matrix of all kinds of Toeplitz, Hankel matrices. This can be observed with the

following

(1) If ky = ko =1, then R, = M, and so matrix

(aij) = (ai+1,j+1) .

That is,

..Qp | a—1 A_—9 A_3 .....

.. ao a_1 a—9 .....

.9 aq ap a—1 .....

which is the matrix which is constant along diagonals. i.e. two way infinite
Toeplitz matrix .
(2) if ky = —1,ky = 1, then o;; = ;11,;—1 which is a two way infinite Hankel

matrix on L2

...a9 ay Qo a_q....

...y ao a_1 QA_9.....

..y | a1 A_—9 GA_3.....
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(3) If ky = 2,ky = 1, then R, = W5M,, which is the two way infinite slant Toeplitz

matrix Qi = Q41 542

1 | A9 A3 A_4....

..y Qo a_1 a_9....

...as ag ay agp....

(4) If by = —2 and ke = 1, then it would be a two way infinite slant Hankel

matrix

Q5 = Q1,52

...as ag ay agp....

... apg a—1 QA_9....

.1 |2 G_3 Q_4....

Remark 1. If k; and ko are not relatively prime that is if k1 and ke have the greatest
common dwisor as d, i.e. let ky = dn and ke = dm, then also it is proved in [5], that a

bounded operator R on L?, (for a pair of non zero integers ky and k), is Rationalized

Toeplitz Hankel operator if and only if
R| N; = W,, Mz, W, /N

for some @; in L™ and forv=1,2,....d — 1, k; = dn, ko = dm
LzzNo@Nl@....@N;_l, where N():NQ@N:[@ ...... Nm—l
Nl - Nm EB Nm+1 EB ...... Ngm_l

Na-1= Nig-1ym ® Ng—1yms1 ® -oeve- N
N; = The closed linear span of {zF'* .t € Z} fori=0,1,2....... ky—1.

Thus for any non zero integers ki and ko we can define the Rationalized Toeplitz
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Hankel matriz of order (ki, ko) as

Qi T Qipkr il

where d = ged(ky, ka).

We proceed with the following result.

Theorem 2.1. A necessary and sufficient condition for a bounded operator R on L?
is a Rationalized Toeplitz Hankel operator of order (ki,ks) is that its matriz w.r.t.
the orthonormal basis {z" : i € Z} is a Rationalized Toeplitz Hankel matriz of order

(k1, k2), where ki and ko are nonzero relatively prime integers.

Proof. Let R be a Rationaliznd Toeplitz Hankel operator of order (ki, ks) and (ov;)

be the matrix of R w.r.t. the orthonormal basis {z : i € Z}

Qij = <szj’ ZZ>
= <Wk1MSDWI;ksz’ Zz>
= <M<le;ngj’ Wl;k1zl>
_ <<,0, Zk1i—k2j>

= OQkyi—koj

= Qky (i+ha)—ka (j+k1)

= Ot ko, jt+ky -

= (a;) is the Rationalized Toeplitz Hankel matrix of order (k1, k).
Conversely, let (a;;) be the Rationalized Toeplitz Hankel operator of order (k, k).
This implies for all ¢, 7,

<RZJ, ZZ> = Oéij
= ik, jtks

— <‘sz-i-k17 Zi+k2> )
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Now
<Mzk2 R, zi> = <sz, 2k >

= <sz+k1, zi>
= <RMzk12j,Zi> .
This is true for all 7, 5
M, RY = RM 2 VjEZ
= M R=RM,, .

Thus by [5] R is a Rationalized Toeplitz Hankel operator of order (ky, k2). This com-
pletes the proof. In view of the above, for p € L™, R, : L? — L? is defined as

o
RSD(ZZ) = Z aklt—kzizt

t=—00

where ¢ = Y a;2" is the Fourier expansion of ¢. The adjoint R, of the operator R,

is defined as

<R:;zj, zi> = <zj, szi>

= <R¢Zi, Zj>

o0
Ri(2) = ) gy jopd -

t=—00

We can see that the adjoint R}, in not a Rationalized Toeplitz Hankel operator. [

3. PROPERTIES OF R,

We begin with the following

Theorem 3.1. Let M, be the Multiplication operator. Then the product M,Ry is
the Rationalized Toeplitz Hankel operator and Mg,y Ry.) = R¢(zk1)w(z).

Proof. M, in the Multiplication operator and R, in the Rationalized Toeplitz Hankel

operator, so consider
M ky (MyRy) = My M ko Ry

— (M,Ry) M, .
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This gives by [5] that M, R, in Rationatized Toeplitz Hankel operator. Moreover
M) Ry(z) = Mp(a) Wiy My Wh,
= Wi My ) My W,
= WklM@(

zk1 )w(z) W]:z

= Ro(kyy(z) -
Thus M, R, is a Rationalized Toeplitz Hankel operater with
Mo Ry = Ry )y sy -

(ii) RyM, = M R, iff ¢ is constant

Wi Moy Wi, My = MW, MW, 6 Wi My iy Wiy = Wo My Wi,
& Y(2)p (272) = )i (2).
As 9(z) is invertible, ¢ — Ry, is one one, thus ¢ = constant. O

1

Theorem 3.2. If for some ¢ in L>=, =" also belongs to L>, then

7 (Boon)) = (B
where o, is the point spectrum.
Proof. Let X\ € o, <R¢(zk2)>
Rw(zkz)f = \Af Let FF=¢f. Then
Roomny P = Wi (M 0y W, ) F
= MAOWlekQ*(pf
— MQOWklM@(Z@)W,;f
= (pR@(sz)f
= @Af
=Apf
=\f.

Since ¢ # 0 i.e. we have I’ = pf ia also non zero = \ € 0,(R,(.m1))-

Conversely, suppose that p € o, (Rw(zkl)) so there exists a non zero function g in L?
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such that Rgo(zkl)g = ug. Let G = 1g

R (2 G = Wiy M, (1) Wi, G
= Wi, (%) Wie™lg
= Wi (2") o7 (M) Wi,y
=W, W9
= Wi, Wipp™'g
= o'W, Wig
= o Wi, 0(z")Wyg
= Sp—lwkle(zkl)W,;g
— gp‘lR@(zkl)g
=9 ng
=pp~'g
=uG .

Since p~'g is also non zero = p € o, (Rw(m) .

Hence o, <R¢(2k1)> = 0p <R¢(Zk2)). [l

Further we will discuss some properties as follows

Theorem 3.3. For any non zero integer k, the Rationalized Toeplitz Hankel operator
R, = Wi M, W} is normal. Moreover R, = WM, W is self adjoint if and only if
Wip = Wio.

Proof. Since we proved that in [5]
WiM Wi = Mw,,
It follows that Ry is normal. It is self adjoint if only if

Wip = Wi =Wip .
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Theorem 3.4. W, M, W*, is self adjoint if and only if Wi = W_,p
Also it is hyponormal if and only if it is normal, ie., if and only if
Wiepl* = [W_rp?
Proof.
As [[Wi|| =1, so
WM W2, = (WM Wi W,
= MWk<PW—1
and (MchpW—l)* = W—lMWk@
== MW,kcﬁW—l .
It follows that My, ,W_; is self adjoint if and only if Wyip = W_;p. We also observe
that (MWkgoW—l) (MWk¢W_1)* = M|Wkgo|2 and

(MWkaDW—l) (MW—WW—l)* = Myw_p -

So the Rationalized Toeplitz Hankel. W) M,WZ*, is hyponormal if and only if
Myw_yp2—wyplz 2 0-

Or equivalenty
(Wil > [W_pepl* .

Therefore, W, M,W*, is hyponormal if and only if
(Wiel* = Wl .

i.e., if only if it is normal. Thus Rationalized Toeplitz Hankel of all of this type is
hyponormal if and only if it is normal. But, we can not get the same result if k; and

ko are two different integers. For this we have the following U

Theorem 3.5. Let ki and ks are non zero integers such that |ki| # |ks|, then
(1) If k1 and ko are relatively prime R, = Wi, MW is normal if and only if
©=0.
(2) If k1 and ky are not relatively prime, then R, = Wy, R,Wy is normal if and

only if Wyp = 0, where d is the greatest common divisor of ky and k.
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Proof. 1) It is given that k; and ko are non zero integers with |ki| # |ko|. Without
loss of generality, we can assume that |k;| < [ka|. Suppose that R, = W, MW} is
normal. If we consider the basis elements z°, 2!, 2%, - zIFI=1 then ||W),, M, W} 2"|| =
|| Wi, MWy 27| | form = 0,1,2, -« [k |—1. Thatis 352 |akirenl’ = S oo [0 baishonl’

where Z[’i_oo a;7" is the Fouriers expansion of ¢. Since k; and ky are relatively prime,

we have
[k1]-1 oo

2
el =D~ D larikl

n=0 i=-o0
ka1 /oo '
2
- ( SN )
n=0 1=—00
This implies that a_jy;ik,n = 0 for n = |ky|, |k1|+1,...|k2|. Again consider the basis

2k |+1]

elements z*1l) k41 Then by similar arguments, we get for some n € Z

A—foitkin = 0.

Continue like this, we get a; = 0 for all . Thus if k; and ko are relatively prime
integer, then the Rationalized Toeplitz Hankel operator R, = W, M,W}, is Normal
if and only if ¢ =0

ii) If £y and ks are not relatively prime and let d be the greatest common divisor of k;
and ko suppose k; = dn and ks = dm, then n and m are relatively prime. Therefore,

Wi, MW, = W (WaM W)W,
=W, My, ,W,, .

So by previous the case, it is normal if and only if Wyp = 0. If |ky| > |ka], then in a

similar way, we can show that R, = Wy, M, W} hyponormal if and only if it is zero

operator. Il

Remark 2. If k1| < |ky|, then Wy, MW} can be hyponormal without being the zero
operater. We have the following example. If

M, = Wi M, WY is always hyponormal

Also Wi, = Wi MWy, is hyponormal, because it is an isometry.
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Theorem 3.6. Given a pair of nonzero integer ki and ko, the Rationalized Toeplitz

Hankel operator R, = Wy, M,W}: is compact if and anly if it is zero operater.

Proof. Let n be a positive integer and i and j be any integers. Then
<Wk1 M¢W§22j+”k1, zi+”k2> = <Wk1 M¢W§2zjzi>
= Qkyi—koj -

where > ° _ a;z" is the Fourier expansion of ¢.

This implies that

|Qhyieag| < Wiy MW 2740

Suppose Wy, MW} is compact. Since Ztkin (0 weakly as k — oo. This implies

that
| [Wiey MWy 2708 | — 0
Therefore for all i,j € Z
|@kyizkyi] =0 .

= ¢ = 0. That is Wy, M,W} = R, = 0. Hence the Rationalized Toeplitz Hankel
operator R, = Wy, M, W} is compact if and only if ¢ = 0. O

CONCLUSION

In this paper, we characterize Rationalized Toeplitz Hankel operators in terms
of their matrix. We have got some conditions under which R, is hyponormal and
normal. It is also proved that the only compact operator R, is the zero operator. In

addition, it is proved that for an invertible symbol ¢ in L*>,

7 (Roon)) = 0 (Ryonn)

where o, is the point spectrum, which will be useful in finding the spectral values of

the operator R,,.
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