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GENERALIZED RIESZ REPRESENTATION THEOREM IN
n-HILBERT SPACE

PRASENJIT GHOSH ) AND T. K. SAMANTA @

ABSTRACT. In respect of b-linear functional, Riesz representation theorem in n-
Hilbert space have been proved. We define b-sesquilinear functional in n-Hilbert
space and establish the polarization identities. A generalized form of the Schwarz
inequality in m-Hilbert space is being discussed. Finally, we develop a generalized
version of Riesz representation theorem with respect to b-sesquilinear functional in

n-Hilbert space.

1. INTRODUCTION

The general form of a bounded linear functionals on various Banach spaces is quite
difficult. However, in the special setting of Hilbert spaces, we get a representation
theorem in terms of a fixed vector and the inner product, for any bounded linear
functionals on the space. This theorem is known as the Riesz representation Theo-
rem. From Riesz representation theorem it follows that the dual space H * of a Hilbert
space H is in one-to-one correspondence with the space H.This theorem is quite
important in the theory of operators on Hilbert spaces. In particular, it refers to the
notion of Hilbert-adjoint operator of a bounded linear operator. This theorem is also
used to present a general representation of sesquilinear functional on Hilbert space.

S. Gahler [2] introduced the notion of linear 2-normed space. A geometric survey of
the theory of linear 2-normed space can be found in [1]. The concept of 2-Banach space
is briefly discussed in [8]. H. Gunawan and Mashadi [5] developed the generalization

of a linear 2-normed space for n > 2. The concept of 2-inner product space was first
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introduced by Diminnie et al. in 1970’s [9]. In 1989, A.Misiak [11] developed the
generalization of a 2-inner product space for n > 2.P. Ghosh and T. K. Samanta
studied the Uniform Boundedness Principle and Hahn-Banach Theorem in linear n-
normed space [3]. They also studied the reflexivity of linear n-normed space with
respect to b-linear functional [4].

In this paper, Riesz representation theorem for bounded b-linear functionals in case
of n-Hilbert space is discussed. We present the notion of b-sesquilinear functional in
n-Hilbert space and give some of its properties. The polarization identities associated
with the b-sesquilinear functional in n-Hilbert space are given and a generalized form
of the Schwarz inequality in n-Hilbert space is obtained. Finally, we present a general

representation of bounded b-sesquilinear functional in n-Hilbert spaces.

2. PRELIMINARIES

Definition 2.1. [5] Let H be a linear space over the field K, where K is the real

or complex numbers field with dim H > n, where n is a positive integer. A non-

negative real valued function ||-,---, || : H" — R is called an n-norm on X
provided for each z, y, x1, o, ---, x,, € H,

(i) || (1, ©o, -+, xn) || = 0 if and only if x4, ---, x,, are linearly dependent,
(#) || (z1, ®2, -+, ) || is invariant under permutations of x1, o, -+, T,
(i) |(awy, xo, ooy an) || = [a] [ (21, 22, - z0) | ¥V a €K,

() [ (2 + gy, 2oy xn) | < (2 2oy oo xn) [+ [ (g 22,05 2a) |-
A linear space H together with a n-norm |-, ---, -] on H is called a linear n-
normed space. For particular value n = 2, the space H is said to be a linear 2-

normed space [2].

Definition 2.2. [11] Let n € N and H be a linear space of dimension greater than

or equal to n over the field K. A function (-, |-, ---, ) : H""!1 — K is called
an n-inner product on H provided for all z, y, 1, 2, ---, v, € H,
(i) (x1,x1|x2 -, x,) > 0and (z1, x1|x9 -+, x,) = 0 if and only if
x1, To, -+, T, are linearly dependent,
(i) (z,y|zo, -, xyn) = (x,y|x4,, -+, x;,) forevery permutations (is, ---

of (2,--+,n),

,in)
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(i)  (z, ylwe, - 2n) = (y, ]z, - Ta),
(i) (ax,y|lxe, -+, z,) = a{z,y|lze, -+, x,), for a € K,
() (x 4wy, z|lxe, -, x,) = (2, 2|@o, -+, xn) + (y, 2|xa, -+, T,).
A linear space H together with n-inner product (-, -|-, ---,-) on H is called an

n-inner product space.
Theorem 2.1. (Schwarz inequality)[11] Let H be a n-inner product space. Then

|(x,y\x2,~-~,xn)| < qux%"'vxnn Hyvm?v"'van

hold for all z, y, xo, ---, z,, € H.

Theorem 2.2. [11] Let H be a n-inner product space. Then

Hxlax%'”vxnn = \/<$1,$1|$2,"',$n>

defines a n-norm for which

lo +y 22 wall® + 2 =y, 20,0, 20|
=2 (’|$7$2, x|+ |y we, ,xn||2)
hold for all z, y, x1, o, ---, x, € H.
Definition 2.3. [5] Let (H, ||, ---,-||) be a linear n-normed space. A sequence

{zy} in H is said to convergent if there exists an = € H such that

lim ||zy — x,eq, -+, e, =0
k—o0
for every es, ---, e, € H and it is called a Cauchy sequence if
lim ||z — zg, €9, -+, €,] =0
I,k — o0
for every es, ---, e, € H.The space H is said to be complete if every Cauchy

sequence in this space is convergent in H. An n-inner product space is called n-

Hilbert space if it is complete with respect to its induce norm.
Definition 2.4. [7] We define the following open and closed ball in H:
Bieyeny(a,0) ={x € H: ||z —a,eq, -+, e,| <46} and

B{62,“',6n}[a’6] = {'ZE € H: ||Zl§' - aae2>"'a6n” S 6},
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where a, €9, -+, e, € H and ¢ be a positive number.

Definition 2.5. [7] A subset G of H is said to be open in H if for all a« € G,
there exist ey, ---, e, € H and 6 > 0 such that By, .. .,}1(a,0) C G.

Definition 2.6. [7] Let A C H. Then the closure of A is defined as

Z:{x€H|EI{:Ek}€Awithkli_{r;o:zk:a:}.

The set A is said to be closed if A = A.

Definition 2.7. [3] Let W be a subspace of H and bg, b3, ---, b, be fixed el-
ements in H and (b;) denote the subspaces of H generated by b;, for i =
2,3, ---,n.Thenamap T : W X (by) X --- x (b,) — K is called a b-linear
functional on W x (by) X .-+ X (b,), if for every xz,y € W and k € K, the
following conditions hold:

(1) T(x 4+ y,bay, -+, by) =T (2, ba, -+, by) +T(y,ba, -+, by)

() T (kx, by, -+, b,) = kT (x, by -+, 0by).
A b-linear functional is said to be bounded if there exists a real number M > 0 such

that
| T (x, by, -, b)) | <M ||z, bg, -+, b,|| Vo €W

The norm of the bounded b-linear functional T is defined by
|T|| =inf{M > 0: |T(x,by,--,b,)| <M |x by, - ,b,|| Ve € W}.

The norm of T can be expressed by any one of the following equivalent formula:

@) T = sup {|T (@, ba, -+, bu) | ¢ [|&, b2, -+, b < 1}
(i) [T =Sup{\|TT((fU, bbzw-nbg))l‘r @, ba, oo, bn|l =1},
Z, 09, +,0n
i) || T = su | D S s 0.
i) 171 = sup { L2 2l b 2 0
Also, we have
[T (2, by, ooy b )| < T N, b2y o, by | V2 e W

Let Hj denotes the Banach space of all bounded b-linear functional defined on

H x (by) x -+ x (b,) with respect to the above norm.
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3. RIESZ REPRESENTATION THEOREM IN n-HILBERT SPACE

In this section, we explore a relationship between the vectors in the n-Hilbert

space H and the bounded b-linear functionals defined on H x (by) x --+ x (b,).

Definition 3.1. Let S be a subset of a n-Hilbert space H.Two elements x and
y of H are said to be b-orthogonal if (z, y|by, -+, b,) = 0.In symbol, we write
x L y.If z is b-orthogonal to every element of S, then we say that x is b-orthogonal

to S and in symbol we write = L S.

Definition 3.2. Let S C H.Then the set of all elements of H, b-orthogonal to S
is called the b-orthogonal complement of S and is denoted by S*.

Theorem 3.1. Let H be a n-Hilbert space. Then T' is a bounded b-linear functional

defined on H x (bs) X --- x (b, ) if and only if there exists a unique element z
in H with {z, by, ---, b, } is linearly independent such that

(3.1) T(x, by -+, by) = (x, 2|bg, -+, b,), forall x € H

and moreover ||T'| = ||z, ba, -+, by |-

Proof. Let z be any fixed element in H and define a functional T by
T(x, by, -+, b,) = (x, z|by, -+, b,), forall x € H.

Then

(7) T is a b-linear functional defined on H x (by) X .-+ x (b, );

T(z 4y, ba -, by) = (x+y,2z|bg -+, by)
= (z, z|ba, -+, by) + (y, 2|bay, -+, by)
=T (x, by, -+, by) 4+ T(y, bs, -+, b,), and
T(kx, by, -+, by) = (ka,z|bg, -+, by) =k {x, z|ba, -+, by)

= kT (x, by, -+, by,), forall z, y € H and k € K.
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(73) T is bounded;
|T($,b2,"',bn)|:|<$,Z|b2,"',bn>‘

S ||.f1}', bg,"',an HZ, b27"'7an7

forall z € H.

Since z is fixed, the above calculation shows that 7' is bounded and moreover
| T < |z ba, -+, by|.On the other hand, if z # 6 with {z, by, ---, b, } is

linearly independent then

ITI = sup {IT (2, b3, -+ ba)| = & € H, |2, bsy -, bl < 1}
=sup {|{(x, z|bg, -+, by)| : © € H |z, by, -+, b, <1}
z< ° ,z\b2,~-~,bn>:Hz,bg,~-~,bn]|.
12, by -+, ba |
In case z = 0 or {z, by, -+, b, } is linearly dependent ||T'|| > ||z, ba, ---, b ||
is obvious. Hence || T'|| = || 2, ba, -+, by ||-

Conversely, suppose that T' is a bounded b-linear functional defined on H x (bg ) X

- %X (b, ).If T = 0 then the proof hold if we take z = 6 or {z, by, ---, b, } is
linearly dependent. Let T' # 0.Since T' is bounded b-linear functional, the null space
N (T) is a closed subspace of H.Because T # 0, it follows that N (T') # H.But,
by the projection theorem H = N & N+ with N' = N (T) and therefore N'* #
{6 }. This implies that there exists an element z, € N+ such that 2o # 6. Consider
the set

S={v=20T(x, bg, -+, b,) —xT(z0,bo,-+-,b,):x € H}.
Then S C N, since

T('Ua b27 ) bn)
=T [Z()T(flf, b2a abn) - ZZ'T(Z(), an "'7bn)762a abn]
= T(ZO> bg, abn)T(xa an abn) - T(l’, b2, "'abn)T(ZOa 627 >bn)

=0, forallz € H.
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Therefore, zq L S.This gives

<ZOT('I7 b27 7bn> - ZI}'T(Z(), 627 "'7bn>720‘b27 7bn> =0

:>T(LU, b27"'7bn) HZ(]u b27"'7bn||2 :T(Z(]a b27"'7bn) <.f1}', z0|b27"'7bn>-

This implies that

T(Z07 627 R bn)

T(zab2>"'>bn): <Ia20|62>"'abn>
||ZO7b27”'abn||2
= (x, z|by, -+, b,) forall z € H,
where
T by, -+ b,
Y = (20, 2, ) )220 c H.
’|Z07b27"'7bn||
This proves the existence of z. Let zy, zo € H with {2z — 29, bg, -+, b, } be
linearly independent such that
T(va%”'vbn) = <x7Z1|b27"'7bn>
= (x, z9|bg, -+, by,), forallz € H.
Then
(x, 21 — 2z9|bg, -+, b,) =0 forall x € H.
In particular, for z = z; — 2o,
(z1 — 22,21 — 22]ba, --- ,by) =0
= ||Zl — Z9, bg, ,an2 = 0.

This implies that z; — 29 = 0 = 2z; = z,.This proves the uniqueness of z.

Now, for z = z in (3.1), we have
T(Zv b27 7bn> = <Z,Z|b2, 7bn> = ||Za 627 7bn||2
But, T is bounded, we get

||Za b2a"'abn”2 = |T(Za b2>"'>bn)| < ||T|| ||Za an""bnna
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and so that || z, by, --+, b, || < ||T]]. On the other hand, using Schwartz inequality,
| T (2, by -, b0 ) | = [z, 2]bo, -+, b )|
< e, bo, o ball 12 b2y -5 Ol
= T = sup [ (2, 2[bay - bn) [ < [l 2, b2, -, bl

b2, bn| <1

Hence, || T'|| = || z, ba, -+, by, ||. This completes the proof. O
4. b-SESQUILINEAR FUNCTIONAL IN n-HILBERT SPACE

In this section, we introduce the concept of bounded b-sesquilinear functional
and discuss some of its properties. Finally, we present a general representation of

b-sesquilinear in n-Hilbert spaces.

Definition 4.1. Let H be a linear space over the field K. A b-sesquilinear functional
T defined on H x H x (by) x --- x (b, ) is a mapping

T:Hx HX (by) x -+ x(b,) > K

which satisfies the following conditions:

(1)) T(x + vy, 2, ba, -+, b,) =T(x, 2, by, -+, b))+ T(y, 2z, bay -+, by),
(i) T(ax,y, by, -+, by) = aT (x,y, by -+, by),
(130) T (x,y + 2, ba, -+, by) = T(x,y,bo, -+, by) + T (x, 2, by, -+, by),
(iv) T(x, By, bay -+ bn) = BT (2, y, bay -+, b)),

forall z,y, 2z € H and «a, § € K.

Example 4.1. If H is an n-inner product space and if we define a function 7' :

H x H x (by) x -+ x (b,) — K by
T(z,y, by, -+, b,) = {(x,ylby, -+, by,), foral =,y € H.
Then T is a b-sesquilinear functional.

Example 4.2. Let T : H x H x (by) x -+ x (b,) — K be a b-sesquilinear

functional. We define a functional U as

U(x,y,ba, -+, b,) = T(y,x, by, --,by,), foral z,y € H.

Then U is a b-sesquilinear functional.



GENERALIZED RIESZ REPRESENTATION THEOREM IN n-HILBERT SPACE 107

Example 4.3. If H is a n-inner product space and A : H — H is a linear operator
then
T(z,y, by, -+, b,) = (Ax,y|by, -+, b,), forall z, y € H

is a b-sesquilinear functional.

Definition 4.2. Let T : H x H x (by) x --- x (b,) — K be a b-sesquilinear

functional. Then

(¢) If T(z,y,bo,--+,b,) = T(y,z, by, -+, by), forall z,y € H, then T
is called a symmetric b-sesquilinear functional.
(i) If T (x, x, by, -+, b,) > 0, forall x € H, then T is called positive.
(14i) The map T' : H X (by) X -+ X (b, ) — R defined by

T'(z, by, -+, by) =T (x,2,by, -+, b,), v €H
is called the quadratic form associated with the b-sesquilinear functional 7.
Theorem 4.1. (Polarization identities) If T' is a symmetric b-sesquilinear functional
defined on H x H X (bs) x --+x (b, ) and T’ is the associated quadratic form. Then

we have the followings:

(1) If K = R, then for all z, y € H, we have

1 / /
T(x>y762>"'>bn) = Z [T (x_l_yaan"'abn) - T (z_y7627"'>bn)]~

(17) If K = C, then for all z, y € H, we have

T(LE‘, Y, b27"'7bn)
1
= Z [T/(.TI}'—i—y, b27"'7bn) _T/(x_yvb%'”vbn)]—i_
1
+ Z [ZT,(LU—FZy, b27"'7bn) _ZT/(':C _Zyu b27"'7bn>]’

Proof. For every x, y € H, we have

T'(z +y,ba, -+, by) —T'(z — 1y, by, -+, by,)
:T($+y,l’+y,b2,,bn) _T(z_y>x_yab2>"'abn)
— 9 [T(m, Y, ba, - b)) + T (@, b2,~-~,bn)]

= 4R6T(ZL', Y, b2> ) bn)
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If the scalar field is the set of complex numbers, then for every z, y € H, we have
T'(x + iy, by, -+, by) —T'(x — iy, by, -+, by)
=4ImT (x, y, ba, -+, by ).
Thus, if K = C, then adding the above two equalities, we get (iz) and if K = R,
then we have
T (@, yboy o bn) = - (T2 +y,ba oo b)) =T (2 =y, bay -, b))

are called polarization identities associated with the b-

= =

The relations (i) and (i

sesquilinear functional. O

Theorem 4.2. Let T be a b-sesquilinear functional and T’ be its associated qua-

dratic form. Then T is symmetric if and only if 7" is real-valued.

Proof. Suppose T is symmetric and so

T(z,y,by, -+, b,) =T(y,x by, -+, by,), foral =,y € H.

Then, for all x € H, we have

T/(va%”'vbn) :T(LU,ZZ:, b27"'7bn) :T(xvva%'”abn)

= T/(ZI}', 627 7bn)

This shows that T is real-valued.

Conversely, suppose that T is real-valued and let

U(x,y,ba, -+, b,) =T(y,x, by, -+, b,), foral z,y € H.

Then, for all x € H, we have

U/(va%'”vbn) = U(LU,:Z:, b27"'7bn) :T(xvva%'”abn)

_ T/(SC, b2’ ’bn) = T/(SL’, b2, 7bn>

Now, using Theorem (4.1), it follows that U = T i.e.,

T(x,y, by -+, b,) =T(y,x, by, -+, b,), foral z,y € H.

So, T is symmetric. This proves the theorem. U



GENERALIZED RIESZ REPRESENTATION THEOREM IN n-HILBERT SPACE 109

Definition 4.3. Let 7' : H x H x (by) x --- x (b,) — K be a b-sesquilinear

functional and T’ be its associated quadratic form. Then

(i) T is said to be bounded if there exists M > 0 such that
|T(ZI§', Y, an >bn)| <M ||$a an >bn|| ||y? 627 abn||> \V/Iay € H.

The infimum of all such M, is called the norm of 7" and is denoted by || 7T||.
(17) T' is said to be bounded if there exists M > 0 such that

| T (z, by, -, by)| < M ||z, by -+, by ||, foral z € H.
The infimum of all such M, is called the norm of 7" and is denoted by || 7" ||.

Remark 1. According to the definition (2.7), we can write

(Z) ‘T(SL’, Y, b27 T bn)‘ < HTH ||SL’, b27 T bn“ ||y7 b27 T an,
for all z, y € H.

(ZZ) ||T||: sup |T(x7y7b27”'7bn)|7

||557b27"'7bn||:1:||y7b2,"',bn”
T by, - b,

(i) | 7| = sup RBCEN L L -
|z,b2,,bnl|#0,||y,ba,,bnl|#0 ||£L', b2a Tty bn || ||y> b2> Tty bn ||

() [T (x, bo, -+, b)) | < T ||z, b, ---,bn||2, forallz € H.

() 1T = sup | T (x, ba, -+, by) .

ll2,ba, - bnl=1

Theorem 4.3. A b-sesquilinear functional 7" is bounded if and only if 7" is bounded.

Moreover, [|[T| < [T < 2[T"].

Proof. First we suppose that T is bounded. Then for all x € H, we have

\T/(x,bQ,-~-,bn)|:|T(x,x,b2,~-~,bn)|
S||T|| Hva?v"'van ||va27"'7bn||
= ||| ||z, ba, -, bu [|*.

So, T is bounded and || T < || T
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Conversely, suppose that 7" is bounded. By Theorem (4.1) and using (v) of remark
(1), for all =, y € H, we obtain

|T($aya62a"'abn)|
1 ! 2 2
< EHT I (llz 4+ y, 0oy - bn I+ |2 =y, boy -+, b [|7)
1 , .
+ ZHT/H (HZIZ’ + 1Y, 627 >bn||2 + ||'I — 1Y, 627 >bn||2)
1
= ZHT/H (4 |z, ba, ---,bn||2 + 4 |y, bo, ---,bn||2) [ by Parallelogram law ]
= ||T/|| (HZIZ’, b2> abn||2 + ||ya b2a abn||2)
= sup |T(Iaya62a"'abn)| S2”7—‘/”
||1',b2,“‘,bn||:1:|Iy,b27"'7bn||
Therefore, T is bounded and ||T"|| < 2||7"||. This completes the proof. O

Theorem 4.4. If T is a bounded and symmetric b-sesquilinear functional, then

I = .

Proof. By Theorem (4.3), T" is bounded and ||T"| < ||T||-So, we need to prove
that || 7| < ||T"||.By Theorem (4.2), we note that T’ is real-valued.So from

Theorem (4.1), we obtain
|R,6T(ZL', Y, an abn)|
1 / /

Using the boundedness of T and the Parallelogram law, we obtain

|ReT($a Y, b2a abn)|
1 ! 2 2
1
= 71771 (201, bay -+ bal* + 2 1y, bay -, b ||?)
So, if ||z, bo, -+, bu|| = 1, ||y, ba, -+, by || = 1, we have
(4.1) |ReT (z, y, ba, -+, by )| < [T
Writing T (z, y, bo, - -+, b, ) in the form re’® and letting o = e~ 'Y, we obtain

(4.2) aT(x,y,ba, -, b,) =7 =|T(x,y,ba, -+, b,)]|.
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Form (4.1) and (4.2),

| T"|| > |ReT (az, y, ba, -+, b,)| = |ReaT (x,y, by, -+, by)|
= |T(z,y, bz, ba)l,
whenever ||z, ba, ---, b, || = 1, ||y, ba, --+, b, || = 1.So0,
1T = sup [T (2, g, bay o b)) | < [T

2,62, bnll=1=y,b2,,bn

This proves the theorem. O

Now, we shall make use of the polarization identities to obtain a generalized form

of the Schwarz inequality.

Theorem 4.5. (Generalized Schwarz inequality) Let 7' be a positive bounded b-
sesquilinear functional defined on H x H x (by) X -+- x (b,) and T’ be its

associated quadratic form. Then
(T (2, y,ba, -+, b )|? < T/ (2, b9y -+, b)) T (Y, bay -+, by) Y,y € H.
Proof. We first note that if 7' is positive then we can write
T'(x, by, -+, b,) =T(x,z,by, -+, b,) >0, forallz € H

i.e., T is real-valued and so by Theorem (4.2), T' is symmetric, i.e.,

T(z,y,by, -+, by) = T(y,x,bg, ---,by), forallz, y € H.
If T(x,y,bs --+,b,) = 0 then the inequality is clear.So we assume that 0 #
T(x,y, by, -+, by, ). For arbitrary scalars a, § we obtain
0<T'(ax+ By, ba, -+ ,b,) =T (ax+ By, ax + By, by, -, by)
= aaT' (x, by, -+, b,) +aBT(x,y, by, -+, b,)
+aB T (y,a ba oy by) + BBT (Y, bay oo, by)
= aaT (z,by, -+, by) + aBT(z,y,ba -, by,)

(43) ‘l’aﬁ T(ZIZ’, Y, 627 R bn) + ﬁBT,(?% b2> ) bn)
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, b))
b )|
BT(I’, Y, b27”'abn) = |T(ZI§', Y, an abn)| and 53 = 1.

T(l’, Y, b2>
|T(LU, Y, b27

Let a = t bereal and g = . Then clearly,

So, from (4.3), for all real ¢, we have
0 < t>T'(w, by, -+, by) +2t|T(2,y, by, -, bp)| + T (y,bay -+, by).
So, the discriminant
41T (2,4, by, - o) |2 = 4T (2, ba, -+ b)) T' (y, by, -, by)
cannot be positive. This proves the theorem. O

Definition 4.4. A linear operator S : H — H is said to be b-bounded if there
exists M > 0 such that

| Sz, bay -+, byl < M|z by -+, by, foral z € H.
The norm of S is defined as
|S|| =inf {M >0:|Sx, by, --+,b,|| < M]|zx by --,b,|| Ve € H}.

By applying Theorem (3.1), we finally give a general representation of b-sesquilinear

functional in n-Hilbert space.

Theorem 4.6. Let T" be a bounded b-sesquilinear functional defined on H x H X
(bg) x --+ x (b,) and for each z € H, the set {z, by, -+, b, } be linearly

independent. Then 7T has a representation
(4.4) T(x,y, by, -+, b,) = (Sx,y|ba, -+, by,), forallz, y € H,

where S : H — H is a b-bounded linear operator which is uniquely determined by
T and || S = [T

Proof. The functional T (x, y, by, - -+, b, ) islinear in y because of the bar. Keeping

x fixed, we apply Theorem (3.1), and obtain the representation

T(x>y>b2>"'>bn) - <y,z|b2,---,bn>,
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where y is variable with {z, bg, -+, b, } is linearly independent. So,

(4.5) T(x,y, by, -+, by) = (z,y|ba, -+, bpn).
Here z € H is unique but depends on z.So, we can write z = Sax for some
operator S : H — H.In (4.5), replacing z by S, we obtain

T(x,y,bo, -+, b,) = (Sx,y|lba, -+, by).

We now show that S is linear. For a, § € K, we have

(S (axy + Bxa),ylba -+, by)
=T (axy + fxa y, bay -+, by)
=aT(zy,y,bay -, b))+ BT (22, y,bay -+, by)
=a(Szy,ylby -, by) + B (Sxa, ylba -+, by)

= (aSzy+ Sxe, y|by---,b,) Yy € H.

= S (azy + fzry) = aSx, + fSz,.

We now verify that S is b-bounded.If S = 0, there is nothing to prove.So, we

assume that S # 0.From remark (1) (zi7) and equation (4.4), we obtain
|<S$’y|b2a T bn>|

bn | #0 ||£L', an Tty bn || ||y, b2> ) bn”
| (Sx, Sx|bg, -+, bp)]

1T = sup
”"E7b27'"7bn ||7é07 ||y7b27"

= sup
l2,baye b | 20, [y,bas b |20 || T5 b2y oo b || [[ Sz, bay oo+ by ||
— sup stvb%aan
[[z,b2,,bnl|#0 ||,’,U, b27 T bn ||
So,
| Sx, b, -+, byl < ||T] ||z, ba, -+, by, forallz € H.

Thus, it follows that S is b-bounded and moreover || S| < ||T||. We have also by

Schwarz inequality
|<SIa y|627 ) bn>|

1T = sup
lzbas e b 20, [[g.ba,— ba |20 1T Doy o b (| [y, Doy -, by ]
Sa, by, -, b by, -+ b
< sup || Z, 02 ) n” Hy 2 n” _ HSH
||Z’,b2,"',bn” ||y>b2>>bn||

l#,b2,bn||#0, [y, b2, ,bn || #0
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and so || S|| = ||T||. Now we show that S is unique. If possible suppose that there

exists a linear operator U : H — H such that

T(zaya b2a"'abn) = <S$ay|b2aabn>
= (Ux,y|by, -+, by,), forall x, y € H.

= (Sz — Uz, y|by,---,b,) =0, forall x, y € H.

In particular for y = S+ — Uz,

(Sz —Ux, Sz —Ux|by,--+,b,) =0, forallz € H.
= |[|Sz — Uz, by, -+, by]|*> =0, forallz € H.
Since for each x € H, the set {x, by, -+, b, } is linearly independent, Sz = Ux

for all x and so S = U. This proves the theorem.
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