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GENERALIZED RIESZ REPRESENTATION THEOREM IN

n-HILBERT SPACE

PRASENJIT GHOSH (1) AND T. K. SAMANTA (2)

Abstract. In respect of b-linear functional, Riesz representation theorem in n-

Hilbert space have been proved.We define b-sesquilinear functional in n-Hilbert

space and establish the polarization identities. A generalized form of the Schwarz

inequality in n-Hilbert space is being discussed. Finally, we develop a generalized

version of Riesz representation theorem with respect to b-sesquilinear functional in

n-Hilbert space.

1. Introduction

The general form of a bounded linear functionals on various Banach spaces is quite

difficult. However, in the special setting of Hilbert spaces, we get a representation

theorem in terms of a fixed vector and the inner product, for any bounded linear

functionals on the space. This theorem is known as the Riesz representation Theo-

rem.From Riesz representation theorem it follows that the dual space H ∗ of a Hilbert

space H is in one-to-one correspondence with the space H . This theorem is quite

important in the theory of operators on Hilbert spaces. In particular, it refers to the

notion of Hilbert-adjoint operator of a bounded linear operator. This theorem is also

used to present a general representation of sesquilinear functional on Hilbert space.

S.Gahler [2] introduced the notion of linear 2-normed space. A geometric survey of

the theory of linear 2-normed space can be found in [1]. The concept of 2-Banach space

is briefly discussed in [8]. H.Gunawan and Mashadi [5] developed the generalization

of a linear 2-normed space for n ≥ 2.The concept of 2-inner product space was first
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introduced by Diminnie et al. in 1970’s [9]. In 1989, A.Misiak [11] developed the

generalization of a 2-inner product space for n ≥ 2. P. Ghosh and T. K. Samanta

studied the Uniform Boundedness Principle and Hahn-Banach Theorem in linear n-

normed space [3]. They also studied the reflexivity of linear n-normed space with

respect to b-linear functional [4].

In this paper, Riesz representation theorem for bounded b-linear functionals in case

of n-Hilbert space is discussed. We present the notion of b-sesquilinear functional in

n-Hilbert space and give some of its properties. The polarization identities associated

with the b-sesquilinear functional in n-Hilbert space are given and a generalized form

of the Schwarz inequality in n-Hilbert space is obtained. Finally, we present a general

representation of bounded b-sesquilinear functional in n-Hilbert spaces.

2. Preliminaries

Definition 2.1. [5] Let H be a linear space over the field K, where K is the real

or complex numbers field with dimH ≥ n, where n is a positive integer. A non-

negative real valued function ‖ · , · · · , · ‖ : H n → R is called an n-norm on X

provided for each x, y, x 1, x 2, · · · , xn ∈ H ,

(i) ‖ ( x 1, x 2, · · · , xn ) ‖ = 0 if and only if x 1, · · · , xn are linearly dependent,

(ii) ‖ ( x 1, x 2, · · · , xn ) ‖ is invariant under permutations of x 1, x 2, · · · , xn,

(iii) ‖ (αx 1, x 2, · · · , xn ) ‖ = |α | ‖ ( x 1, x 2, · · · , xn ) ‖ ∀ α ∈ K,

(iv) ‖ ( x + y, x 2, · · · , xn ) ‖ ≤ ‖ ( x, x 2, · · · , xn ) ‖ + ‖ ( y, x 2, · · · , xn ) ‖.

A linear space H together with a n-norm ‖ ·, · · · , · ‖ on H is called a linear n-

normed space. For particular value n = 2, the space H is said to be a linear 2-

normed space [2].

Definition 2.2. [11] Let n ∈ N and H be a linear space of dimension greater than

or equal to n over the field K. A function 〈 ·, · | ·, · · · , · 〉 : H n+1 → K is called

an n-inner product on H provided for all x, y, x 1, x 2, · · · , xn ∈ H ,

(i) 〈x 1, x 1 | x 2, · · · , xn 〉 ≥ 0 and 〈x 1, x 1 | x 2, · · · , xn 〉 = 0 if and only if

x 1, x 2, · · · , xn are linearly dependent,

(ii) 〈x, y | x 2, · · · , xn 〉 = 〈 x, y | x i 2, · · · , x in 〉 for every permutations ( i 2, · · · , in )

of ( 2, · · · , n ),
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(iii) 〈 x, y | x 2, · · · , xn 〉 = 〈 y, x | x 2, · · · , xn 〉,

(iv) 〈αx, y | x 2, · · · , xn 〉 = α 〈 x, y | x 2, · · · , xn 〉, for α ∈ K,

(v) 〈 x + y, z | x 2, · · · , xn 〉 = 〈 x, z | x 2, · · · , xn 〉 + 〈 y, z | x 2, · · · , xn 〉.

A linear space H together with n-inner product 〈 ·, · | ·, · · · , · 〉 on H is called an

n-inner product space.

Theorem 2.1. (Schwarz inequality)[11] Let H be a n-inner product space. Then

| 〈x, y | x 2, · · · , xn 〉 | ≤ ‖x, x 2, · · · , xn ‖ ‖ y, x 2, · · · , xn ‖

hold for all x, y, x 2, · · · , xn ∈ H .

Theorem 2.2. [11] Let H be a n-inner product space. Then

‖ x 1, x 2, · · · , xn ‖ =
√

〈x 1, x 1 | x 2, · · · , xn 〉

defines a n-norm for which

‖ x + y, x 2, · · · , xn ‖
2 + ‖ x − y, x 2, · · · , xn ‖

2

= 2
(

‖ x, x 2, · · · , xn ‖
2 + ‖ y, x 2, · · · , xn ‖

2
)

hold for all x, y, x 1, x 2, · · · , xn ∈ H .

Definition 2.3. [5] Let (H, ‖ ·, · · · , · ‖ ) be a linear n-normed space. A sequence

{ x k } in H is said to convergent if there exists an x ∈ H such that

lim
k→∞

‖ x k − x, e 2, · · · , en ‖ = 0

for every e 2, · · · , en ∈ H and it is called a Cauchy sequence if

lim
l, k→∞

‖xl − x k, e 2, · · · , en ‖ = 0

for every e 2, · · · , en ∈ H . The space H is said to be complete if every Cauchy

sequence in this space is convergent in H . An n-inner product space is called n-

Hilbert space if it is complete with respect to its induce norm.

Definition 2.4. [7] We define the following open and closed ball in H :

B { e 2, ··· , en } ( a, δ ) = {x ∈ H : ‖x − a, e 2, · · · , en ‖ < δ } and

B { e 2, ··· , en } [ a, δ ] = {x ∈ H : ‖x − a, e 2, · · · , en ‖ ≤ δ } ,
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where a, e 2, · · · , en ∈ H and δ be a positive number.

Definition 2.5. [7] A subset G of H is said to be open in H if for all a ∈ G,

there exist e 2, · · · , en ∈ H and δ > 0 such that B { e 2, ··· , en } ( a, δ ) ⊆ G.

Definition 2.6. [7] Let A ⊆ H . Then the closure of A is defined as

A =
{

x ∈ H | ∃ { x k } ∈ A with lim
k→∞

x k = x
}

.

The set A is said to be closed if A = A.

Definition 2.7. [3] Let W be a subspace of H and b 2, b 3, · · · , bn be fixed el-

ements in H and 〈 b i 〉 denote the subspaces of H generated by b i, for i =

2, 3, · · · , n. Then a map T : W × 〈 b 2 〉 × · · · × 〈 bn 〉 → K is called a b-linear

functional on W × 〈 b 2 〉 × · · · × 〈 bn 〉, if for every x, y ∈ W and k ∈ K, the

following conditions hold:

(i) T ( x + y, b 2, · · · , bn ) = T ( x, b 2, · · · , bn ) + T ( y, b 2, · · · , bn )

(ii) T ( k x, b 2, · · · , bn ) = k T ( x, b 2, · · · , bn ).

A b-linear functional is said to be bounded if there exists a real number M > 0 such

that

| T ( x, b 2, · · · , bn ) | ≤ M ‖ x, b 2, · · · , bn ‖ ∀ x ∈ W.

The norm of the bounded b-linear functional T is defined by

‖ T ‖ = inf {M > 0 : | T ( x, b 2, · · · , bn ) | ≤ M ‖x, b 2, · · · , bn ‖ ∀ x ∈ W } .

The norm of T can be expressed by any one of the following equivalent formula:

(i) ‖ T ‖ = sup { | T ( x, b 2, · · · , bn ) | : ‖x, b 2, · · · , bn ‖ ≤ 1 }.

(ii) ‖ T ‖ = sup { | T ( x, b 2, · · · , bn ) | : ‖x, b 2, · · · , bn ‖ = 1 }.

(iii) ‖ T ‖ = sup

{

|T ( x, b 2, · · · , bn ) |

‖ x, b 2, · · · , bn ‖
: ‖x, b 2, · · · , bn ‖ 6= 0

}

.

Also, we have

|T ( x, b 2, · · · , bn ) | ≤ ‖ T ‖ ‖x, b 2, · · · , bn ‖ ∀ x ∈ W.

Let H ∗
F denotes the Banach space of all bounded b-linear functional defined on

H × 〈 b 2 〉 × · · · × 〈 bn 〉 with respect to the above norm.
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3. Riesz Representation Theorem in n-Hilbert space

In this section, we explore a relationship between the vectors in the n-Hilbert

space H and the bounded b-linear functionals defined on H × 〈 b 2 〉 × · · · × 〈 bn 〉.

Definition 3.1. Let S be a subset of a n-Hilbert space H . Two elements x and

y of H are said to be b-orthogonal if 〈x, y | b 2, · · · , bn 〉 = 0. In symbol, we write

x ⊥ y. If x is b-orthogonal to every element of S, then we say that x is b-orthogonal

to S and in symbol we write x ⊥ S.

Definition 3.2. Let S ⊆ H . Then the set of all elements of H , b-orthogonal to S

is called the b-orthogonal complement of S and is denoted by S ⊥.

Theorem 3.1. Let H be a n-Hilbert space. Then T is a bounded b-linear functional

defined on H × 〈 b 2 〉 × · · · × 〈 bn 〉 if and only if there exists a unique element z

in H with { z, b 2, · · · , bn } is linearly independent such that

(3.1) T ( x, b 2, · · · , bn ) = 〈 x, z | b 2, · · · , bn 〉 , for all x ∈ H

and moreover ‖ T ‖ = ‖ z, b 2, · · · , bn ‖.

Proof. Let z be any fixed element in H and define a functional T by

T ( x, b 2, · · · , bn ) = 〈x, z | b 2, · · · , bn 〉 , for all x ∈ H.

Then

(i) T is a b-linear functional defined on H × 〈 b 2 〉 × · · · × 〈 bn 〉;

T ( x + y, b 2, · · · , bn ) = 〈x + y, z | b 2, · · · , bn 〉

= 〈x, z | b 2, · · · , bn 〉 + 〈 y, z | b 2, · · · , bn 〉

= T ( x, b 2, · · · , bn ) + T ( y, b 2, · · · , bn ), and

T ( k x, b 2, · · · , bn ) = 〈 k x, z | b 2, · · · , bn 〉 = k 〈x, z | b 2, · · · , bn 〉

= k T ( x, b 2, · · · , bn ), for all x, y ∈ H and k ∈ K.
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(ii) T is bounded;

|T ( x, b 2, · · · , bn ) | = | 〈 x, z | b 2, · · · , bn 〉 |

≤ ‖x, b 2, · · · , bn ‖ ‖ z, b 2, · · · , bn ‖ ,

for all x ∈ H .

Since z is fixed, the above calculation shows that T is bounded and moreover

‖ T ‖ ≤ ‖ z, b 2, · · · , bn ‖. On the other hand, if z 6= θ with { z, b 2, · · · , bn } is

linearly independent then

‖ T ‖ = sup { |T ( x, b 2, · · · , bn ) | : x ∈ H, ‖x, b 2, · · · , bn ‖ ≤ 1 }

= sup { | 〈x, z | b 2, · · · , bn 〉 | : x ∈ H, ‖x, b 2, · · · , bn ‖ ≤ 1 }

≥

〈

z

‖ z, b 2, · · · , bn ‖
, z | b 2, · · · , bn

〉

= ‖ z, b 2, · · · , bn ‖ .

In case z = θ or { z, b 2, · · · , bn } is linearly dependent ‖ T ‖ ≥ ‖ z, b 2, · · · , bn ‖

is obvious.Hence ‖ T ‖ = ‖ z, b 2, · · · , bn ‖.

Conversely, suppose that T is a bounded b-linear functional defined on H × 〈 b 2 〉×

· · · × 〈 bn 〉. If T = 0 then the proof hold if we take z = θ or { z, b 2, · · · , bn } is

linearly dependent. Let T 6= 0. Since T is bounded b-linear functional, the null space

N ( T ) is a closed subspace of H . Because T 6= 0, it follows that N ( T ) 6= H . But,

by the projection theorem H = N ⊕ N ⊥ with N = N ( T ) and therefore N ⊥ 6=

{ θ }. This implies that there exists an element z 0 ∈ N ⊥ such that z 0 6= θ. Consider

the set

S = { v = z 0 T ( x, b 2, · · · , bn ) − xT ( z 0, b 2, · · · , bn ) : x ∈ H } .

Then S ⊂ N , since

T ( v, b 2, · · · , bn )

= T [ z 0 T ( x, b 2, · · · , bn ) − xT ( z 0, b 2, · · · , bn ) , b 2, · · · , bn ]

= T ( z 0, b 2, · · · , bn ) T ( x, b 2, · · · , bn ) − T ( x, b 2, · · · , bn ) T ( z 0, b 2, · · · , bn )

= 0, for all x ∈ H.
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Therefore, z 0 ⊥ S. This gives

〈 z 0 T ( x, b 2, · · · , bn ) − xT ( z 0, b 2, · · · , bn ), z 0 | b 2, · · · , bn 〉 = 0

⇒ T ( x, b 2, · · · , bn ) ‖ z 0, b 2, · · · , bn ‖
2 = T ( z 0, b 2, · · · , bn ) 〈x, z 0 | b 2, · · · , bn 〉 .

This implies that

T ( x, b 2, · · · , bn ) =
T ( z 0, b 2, · · · , bn )

‖ z 0, b 2, · · · , bn ‖
2 〈x, z 0 | b 2, · · · , bn 〉

= 〈 x, z | b 2, · · · , bn 〉 for all x ∈ H,

where

z =
T ( z 0, b 2, · · · , bn ) z 0

‖ z 0, b 2, · · · , bn ‖
2 ∈ H.

This proves the existence of z. Let z 1, z 2 ∈ H with { z 1 − z 2, b 2, · · · , bn } be

linearly independent such that

T ( x, b 2, · · · , bn ) = 〈x, z 1 | b 2, · · · , bn 〉

= 〈x, z 2 | b 2, · · · , bn 〉 , for all x ∈ H.

Then

〈x, z 1 − z 2 | b 2, · · · , bn 〉 = 0 for all x ∈ H.

In particular, for x = z 1 − z 2,

〈 z 1 − z 2, z 1 − z 2 | b 2, · · · , bn 〉 = 0

⇒ ‖ z 1 − z 2, b 2, · · · , bn ‖
2 = 0.

This implies that z 1 − z 2 = 0 ⇒ z 1 = z 2. This proves the uniqueness of z.

Now, for x = z in (3.1), we have

T ( z, b 2, · · · , bn ) = 〈 z, z | b 2, · · · , bn 〉 = ‖ z, b 2, · · · , bn ‖
2
.

But, T is bounded, we get

‖ z, b 2, · · · , bn ‖
2 = |T ( z, b 2, · · · , bn ) | ≤ ‖ T ‖ ‖ z, b 2, · · · , bn ‖ ,
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and so that ‖ z, b 2, · · · , bn ‖ ≤ ‖ T ‖. On the other hand, using Schwartz inequality,

|T ( x, b 2, · · · , bn ) | = | 〈x, z | b 2, · · · , bn 〉 |

≤ ‖ x, b 2, · · · , bn ‖ ‖ z, b 2, · · · , bn ‖ ,

⇒ ‖ T ‖ = sup
‖x, b 2, ··· , bn ‖≤ 1

| 〈 x, z | b 2, · · · , bn 〉 | ≤ ‖ z, b 2, · · · , bn ‖ .

Hence, ‖ T ‖ = ‖ z, b 2, · · · , bn ‖. This completes the proof. �

4. b-sesquilinear functional in n-Hilbert space

In this section, we introduce the concept of bounded b-sesquilinear functional

and discuss some of its properties. Finally, we present a general representation of

b-sesquilinear in n-Hilbert spaces.

Definition 4.1. Let H be a linear space over the field K. A b-sesquilinear functional

T defined on H × H × 〈 b 2 〉 × · · · × 〈 bn 〉 is a mapping

T : H × H × 〈 b 2 〉 × · · · × 〈 bn 〉 → K

which satisfies the following conditions:

(i) T ( x + y, z, b 2, · · · , bn ) = T ( x, z, b 2, · · · , bn ) + T ( y, z, b 2, · · · , bn ),

(ii) T (αx, y, b 2, · · · , bn ) = αT ( x, y, b 2, · · · , bn ),

(iii) T ( x, y + z, b 2, · · · , bn ) = T ( x, y, b 2, · · · , bn ) + T ( x, z, b 2, · · · , bn ),

(iv) T ( x, β y, b 2, · · · , bn ) = β T ( x, y, b 2, · · · , bn ),

for all x, y, z ∈ H and α, β ∈ K.

Example 4.1. If H is an n-inner product space and if we define a function T :

H × H × 〈 b 2 〉 × · · · × 〈 bn 〉 → K by

T ( x, y, b 2, · · · , bn ) = 〈x, y | b 2, · · · , bn 〉 , for all x, y ∈ H.

Then T is a b-sesquilinear functional.

Example 4.2. Let T : H × H × 〈 b 2 〉 × · · · × 〈 bn 〉 → K be a b-sesquilinear

functional.We define a functional U as

U ( x, y, b 2, · · · , bn ) = T ( y, x, b 2, · · · , bn ), for all x, y ∈ H.

Then U is a b-sesquilinear functional.
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Example 4.3. If H is a n-inner product space and A : H → H is a linear operator

then

T ( x, y, b 2, · · · , bn ) = 〈Ax, y | b 2, · · · , bn 〉 , for all x, y ∈ H

is a b-sesquilinear functional.

Definition 4.2. Let T : H × H × 〈 b 2 〉 × · · · × 〈 bn 〉 → K be a b-sesquilinear

functional. Then

(i) If T ( x, y, b 2, · · · , bn ) = T ( y, x, b 2, · · · , bn ), for all x, y ∈ H , then T

is called a symmetric b-sesquilinear functional.

(ii) If T ( x, x, b 2, · · · , bn ) ≥ 0, for all x ∈ H , then T is called positive.

(iii) The map T ′ : H × 〈 b 2 〉 × · · · × 〈 bn 〉 → R defined by

T ′ ( x, b 2, · · · , bn ) = T ( x, x, b 2, · · · , bn ), x ∈ H

is called the quadratic form associated with the b-sesquilinear functional T .

Theorem 4.1. (Polarization identities) If T is a symmetric b-sesquilinear functional

defined on H ×H × 〈 b 2 〉× · · ·× 〈 bn 〉 and T ′ is the associated quadratic form.Then

we have the followings:

(i) If K = R, then for all x, y ∈ H , we have

T ( x, y, b 2, · · · , bn ) =
1

4
[T ′ ( x + y, b 2, · · · , bn ) − T ′ ( x − y, b 2, · · · , bn ) ] .

(ii) If K = C, then for all x, y ∈ H , we have

T ( x, y, b 2, · · · , bn )

=
1

4
[T ′ ( x + y, b 2, · · · , bn ) − T ′ ( x − y, b 2, · · · , bn ) ] +

+
1

4
[ i T ′ ( x + i y, b 2, · · · , bn ) − i T ′ ( x − i y, b 2, · · · , bn ) ] .

Proof. For every x, y ∈ H , we have

T ′ ( x + y, b 2, · · · , bn ) − T ′ ( x − y, b 2, · · · , bn )

= T ( x + y, x + y, b 2, · · · , bn ) − T ( x − y, x − y, b 2, · · · , bn )

= 2
[

T ( x, y, b 2, · · · , bn ) + T ( x, y, b 2, · · · , bn )
]

= 4ReT ( x, y, b 2, · · · , bn ).
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If the scalar field is the set of complex numbers, then for every x, y ∈ H , we have

T ′ ( x + i y, b 2, · · · , bn ) − T ′ ( x − i y, b 2, · · · , bn )

= 4 ImT ( x, y, b 2, · · · , bn ).

Thus, if K = C, then adding the above two equalities, we get (ii) and if K = R,

then we have

T ( x, y, b 2, · · · , bn ) =
1

4
(T ′ ( x + y, b 2, · · · , bn ) − T ′ ( x − y, b 2, · · · , bn ) ) .

The relations (i) and (ii) are called polarization identities associated with the b-

sesquilinear functional. �

Theorem 4.2. Let T be a b-sesquilinear functional and T ′ be its associated qua-

dratic form.Then T is symmetric if and only if T ′ is real-valued.

Proof. Suppose T is symmetric and so

T ( x, y, b 2, · · · , bn ) = T ( y, x, b 2, · · · , bn ), for all x, y ∈ H.

Then, for all x ∈ H , we have

T ′ ( x, b 2, · · · , bn ) = T ( x, x, b 2, · · · , bn ) = T ( x, x, b 2, · · · , bn )

= T ′ ( x, b 2, · · · , bn ).

This shows that T ′ is real-valued.

Conversely, suppose that T ′ is real-valued and let

U ( x, y, b 2, · · · , bn ) = T ( y, x, b 2, · · · , bn ), for all x, y ∈ H.

Then, for all x ∈ H , we have

U ′ ( x, b 2, · · · , bn ) = U ( x, x, b 2, · · · , bn ) = T ( x, x, b 2, · · · , bn )

= T ′ ( x, b 2, · · · , bn ) = T ′ ( x, b 2, · · · , bn ).

Now, using Theorem (4.1), it follows that U = T i. e.,

T ( x, y, b 2, · · · , bn ) = T ( y, x, b 2, · · · , bn ), for all x, y ∈ H.

So, T is symmetric. This proves the theorem. �
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Definition 4.3. Let T : H × H × 〈 b 2 〉 × · · · × 〈 bn 〉 → K be a b-sesquilinear

functional and T ′ be its associated quadratic form.Then

(i) T is said to be bounded if there exists M > 0 such that

|T ( x, y, b 2, · · · , bn ) | ≤ M ‖x, b 2, · · · , bn ‖ ‖ y, b 2, · · · , bn ‖ , ∀ x, y ∈ H.

The infimum of all such M , is called the norm of T and is denoted by ‖ T ‖.

(ii) T ′ is said to be bounded if there exists M > 0 such that

|T ′ ( x, b 2, · · · , bn ) | ≤ M ‖x, b 2, · · · , bn ‖
2
, for all x ∈ H.

The infimum of all such M , is called the norm of T ′ and is denoted by ‖ T ′ ‖.

Remark 1. According to the definition (2.7), we can write

(i) |T ( x, y, b 2, · · · , bn ) | ≤ ‖ T ‖ ‖x, b 2, · · · , bn ‖ ‖ y, b 2, · · · , bn ‖ ,

for all x, y ∈ H .

(ii) ‖ T ‖ = sup
‖x, b 2, ··· , bn ‖=1= ‖ y, b 2, ··· , bn ‖

|T ( x, y, b 2, · · · , bn ) |,

(iii) ‖ T ‖ = sup
‖x, b 2, ··· , bn ‖ 6=0, ‖ y, b 2, ··· , bn ‖ 6=0

|T ( x, y, b 2, · · · , bn ) |

‖ x, b 2, · · · , bn ‖ ‖ y, b 2, · · · , bn ‖
,

(iv) |T ′ ( x, b 2, · · · , bn ) | ≤ ‖ T ′ ‖ ‖ x, b 2, · · · , bn ‖
2
, for all x ∈ H .

(v) ‖ T ′ ‖ = sup
‖x, b 2, ··· , bn ‖=1

|T ′ ( x, b 2, · · · , bn ) |.

Theorem 4.3. A b-sesquilinear functional T is bounded if and only if T ′ is bounded.

Moreover, ‖ T ′ ‖ ≤ ‖ T ‖ ≤ 2 ‖ T ′ ‖.

Proof. First we suppose that T is bounded.Then for all x ∈ H , we have

|T ′ ( x, b 2, · · · , bn ) | = |T ( x, x, b 2, · · · , bn ) |

≤ ‖ T ‖ ‖ x, b 2, · · · , bn ‖ ‖x, b 2, · · · , bn ‖

= ‖ T ‖ ‖x, b 2, · · · , bn ‖
2
.

So, T ′ is bounded and ‖ T ′ ‖ ≤ ‖ T ‖.
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Conversely, suppose that T ′ is bounded.By Theorem (4.1) and using (v) of remark

(1), for all x, y ∈ H , we obtain

|T ( x, y, b 2, · · · , bn ) |

≤
1

4
‖ T ′ ‖

(

‖x + y, b 2, · · · , bn ‖
2 + ‖ x − y, b 2, · · · , bn ‖

2 )

+
1

4
‖ T ′ ‖

(

‖x + i y, b 2, · · · , bn ‖
2 + ‖ x − i y, b 2, · · · , bn ‖

2 )

=
1

4
‖ T ′ ‖

(

4 ‖x, b 2, · · · , bn ‖
2 + 4 ‖ y, b 2, · · · , bn ‖

2 ) [ by Parallelogram law ]

= ‖ T ′ ‖
(

‖x, b 2, · · · , bn ‖
2 + ‖ y, b 2, · · · , bn ‖

2 )

⇒ sup
‖x, b 2, ··· , bn ‖=1= ‖ y, b 2, ··· , bn ‖

|T ( x, y, b 2, · · · , bn ) | ≤ 2 ‖ T ′ ‖.

Therefore, T is bounded and ‖ T ‖ ≤ 2 ‖ T ′ ‖. This completes the proof. �

Theorem 4.4. If T is a bounded and symmetric b-sesquilinear functional, then

‖ T ‖ = ‖ T ′ ‖.

Proof. By Theorem (4.3), T ′ is bounded and ‖ T ′ ‖ ≤ ‖ T ‖. So, we need to prove

that ‖ T ‖ ≤ ‖ T ′ ‖. By Theorem (4.2), we note that T ′ is real-valued. So from

Theorem (4.1), we obtain

|ReT ( x, y, b 2, · · · , bn ) |

≤
1

4
( |T ′ (x + y, b 2, · · · , bn ) | + | T ′ ( x − y, b 2, · · · , bn ) | ) .

Using the boundedness of T ′ and the Parallelogram law, we obtain

|ReT ( x, y, b 2, · · · , bn ) |

≤
1

4
‖ T ′ ‖

(

‖ x + y, b 2, · · · , bn ‖
2 + ‖x − y, b 2, · · · , bn ‖

2 )

=
1

4
‖ T ′ ‖

(

2 ‖ x, b 2, · · · , bn ‖
2 + 2 ‖ y, b 2, · · · , bn ‖

2 )
.

So, if ‖ x, b 2, · · · , bn ‖ = 1, ‖ y, b 2, · · · , bn ‖ = 1, we have

(4.1) |ReT ( x, y, b 2, · · · , bn ) | ≤ ‖ T ′ ‖.

Writing T ( x, y, b 2, · · · , bn ) in the form r e i v and letting α = e− i v, we obtain

(4.2) α T ( x, y, b 2, · · · , bn ) = r = |T ( x, y, b 2, · · · , bn ) | .
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Form (4.1) and (4.2),

‖ T ′ ‖ ≥ |ReT (αx, y, b 2, · · · , bn ) | = |ReαT ( x, y, b 2, · · · , bn ) |

= | T ( x, y, b 2, · · · , bn ) | ,

whenever ‖x, b 2, · · · , bn ‖ = 1, ‖ y, b 2, · · · , bn ‖ = 1. So,

‖ T ‖ = sup
‖x, b 2, ··· , bn ‖=1= ‖ y, b 2, ··· , bn ‖

| T ( x, y, b 2, · · · , bn ) | ≤ ‖ T ′ ‖.

This proves the theorem. �

Now, we shall make use of the polarization identities to obtain a generalized form

of the Schwarz inequality.

Theorem 4.5. (Generalized Schwarz inequality) Let T be a positive bounded b-

sesquilinear functional defined on H × H × 〈 b 2 〉 × · · · × 〈 bn 〉 and T ′ be its

associated quadratic form.Then

| T ( x, y, b 2, · · · , bn ) |
2 ≤ T ′ ( x, b 2, · · · , bn ) T

′ ( y, b 2, · · · , bn ) ∀ x, y ∈ H.

Proof. We first note that if T is positive then we can write

T ′ ( x, b 2, · · · , bn ) = T ( x, x, b 2, · · · , bn ) ≥ 0, for all x ∈ H

i. e., T ′ is real-valued and so by Theorem (4.2), T is symmetric, i. e.,

T ( x, y, b 2, · · · , bn ) = T ( y, x, b 2, · · · , bn ), for all x, y ∈ H.

If T ( x, y, b 2, · · · , bn ) = 0 then the inequality is clear. So we assume that 0 6=

T ( x, y, b 2, · · · , bn ). For arbitrary scalars α, β we obtain

0 ≤ T ′ (αx + β y, b 2, · · · , bn ) = T (αx + β y, α x + β y, b 2, · · · , bn )

= αα T ′ ( x, b 2, · · · , bn ) + αβ T ( x, y, b 2, · · · , bn )

+αβ T ( y, x, b 2, · · · , bn ) + β β T ′ ( y, b 2, · · · , bn )

= αα T ′ ( x, b 2, · · · , bn ) + αβ T ( x, y, b 2, · · · , bn )

(4.3) +αβ T ( x, y, b 2, · · · , bn ) + β β T ′ ( y, b 2, · · · , bn ).
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Let α = t be real and β =
T ( x, y, b 2, · · · , bn )

|T ( x, y, b 2, · · · , bn ) |
. Then clearly,

β T ( x, y, b 2, · · · , bn ) = |T ( x, y, b 2, · · · , bn ) | and β β = 1.

So, from (4.3), for all real t, we have

0 ≤ t 2 T ′ ( x, b 2, · · · , bn ) + 2 t | T ( x, y, b 2, · · · , bn ) | + T ′ ( y, b 2, · · · , bn ).

So, the discriminant

4 | T ( x, y, b 2, · · · , bn ) |
2 − 4 T ′ ( x, b 2, · · · , bn ) T

′ ( y, b 2, · · · , bn )

cannot be positive. This proves the theorem. �

Definition 4.4. A linear operator S : H → H is said to be b-bounded if there

exists M > 0 such that

‖S x, b 2, · · · , bn ‖ ≤ M ‖ x, b 2, · · · , bn ‖ , for all x ∈ H.

The norm of S is defined as

‖S ‖ = inf {M > 0 : ‖S x, b 2, · · · , bn ‖ ≤ M ‖x, b 2, · · · , bn ‖ ∀ x ∈ H } .

By applying Theorem (3.1), we finally give a general representation of b-sesquilinear

functional in n-Hilbert space.

Theorem 4.6. Let T be a bounded b-sesquilinear functional defined on H × H ×

〈 b 2 〉 × · · · × 〈 bn 〉 and for each x ∈ H , the set {x, b 2, · · · , bn } be linearly

independent. Then T has a representation

(4.4) T ( x, y, b 2, · · · , bn ) = 〈S x, y | b 2, · · · , bn 〉 , for all x, y ∈ H,

where S : H → H is a b-bounded linear operator which is uniquely determined by

T and ‖S ‖ = ‖ T ‖.

Proof. The functional T ( x, y, b 2, · · · , bn ) is linear in y because of the bar.Keeping

x fixed, we apply Theorem (3.1), and obtain the representation

T ( x, y, b 2, · · · , bn ) = 〈 y, z | b 2, · · · , bn 〉 ,
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where y is variable with { z, b 2, · · · , bn } is linearly independent. So,

(4.5) T ( x, y, b 2, · · · , bn ) = 〈 z, y | b 2, · · · , bn 〉 .

Here z ∈ H is unique but depends on x. So, we can write z = S x for some

operator S : H → H . In (4.5), replacing z by S x, we obtain

T ( x, y, b 2, · · · , bn ) = 〈S x, y | b 2, · · · , bn 〉 .

We now show that S is linear. For α, β ∈ K, we have

〈S (αx 1 + β x 2 ) , y | b 2, · · · , bn 〉

= T (αx 1 + β x 2, y, b 2, · · · , bn )

= αT ( x 1, y, b 2, · · · , bn ) + β T ( x 2, y, b 2, · · · , bn )

= α 〈S x 1, y | b 2, · · · , bn 〉 + β 〈S x 2, y | b 2, · · · , bn 〉

= 〈αS x 1 + β S x 2, y | b 2, · · · , bn 〉 ∀ y ∈ H.

⇒ S (αx 1 + β x 2 ) = αS x 1 + β S x 2.

We now verify that S is b-bounded. If S = 0, there is nothing to prove. So, we

assume that S 6= 0.From remark (1) (iii) and equation (4.4), we obtain

‖ T ‖ = sup
‖x, b 2, ··· , bn ‖ 6=0, ‖ y, b 2, ··· , bn ‖ 6=0

| 〈S x, y | b 2, · · · , bn 〉 |

‖ x, b 2, · · · , bn ‖ ‖ y, b 2, · · · , bn ‖

= sup
‖x, b 2, ··· , bn ‖ 6=0, ‖ y, b 2, ··· , bn ‖ 6=0

| 〈S x, S x | b 2, · · · , bn 〉 |

‖x, b 2, · · · , bn ‖ ‖S x, b 2, · · · , bn ‖

= sup
‖x, b 2, ··· , bn ‖ 6=0

‖S x, b 2, · · · , bn ‖

‖ x, b 2, · · · , bn ‖
.

So,

‖S x, b 2, · · · , bn ‖ ≤ ‖ T ‖ ‖ x, b 2, · · · , bn ‖ , for all x ∈ H.

Thus, it follows that S is b-bounded and moreover ‖S ‖ ≤ ‖ T ‖.We have also by

Schwarz inequality

‖ T ‖ = sup
‖x, b 2, ··· , bn ‖ 6=0, ‖ y, b 2, ··· , bn ‖ 6=0

| 〈S x, y | b 2, · · · , bn 〉 |

‖x, b 2, · · · , bn ‖ ‖ y, b 2, · · · , bn ‖

≤ sup
‖x, b 2, ··· , bn ‖ 6=0, ‖ y, b 2, ··· , bn ‖ 6=0

‖S x, b 2, · · · , bn ‖ ‖ y, b 2, · · · , bn ‖

‖x, b 2, · · · , bn ‖ ‖ y, b 2, · · · , bn ‖
= ‖S ‖
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and so ‖S ‖ = ‖ T ‖. Now we show that S is unique. If possible suppose that there

exists a linear operator U : H → H such that

T ( x, y, b 2, · · · , bn ) = 〈S x, y | b 2, · · · , bn 〉

= 〈U x, y | b 2, · · · , bn 〉 , for all x, y ∈ H.

⇒ 〈S x − U x, y | b 2, · · · , bn 〉 = 0, for all x, y ∈ H.

In particular for y = S x − U x,

〈S x − U x, S x − U x | b 2, · · · , bn 〉 = 0, for all x ∈ H.

⇒ ‖S x − U x, b 2, · · · , bn ‖
2 = 0, for all x ∈ H.

Since for each x ∈ H , the set { x, b 2, · · · , bn } is linearly independent, S x = U x

for all x and so S = U . This proves the theorem. �
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