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POSITION VECTORS OF A RELATIVELY NORMAL-SLANT
HELIX IN EUCLIDEAN 3-SPACE

ABDERRAZZAK EL HAIMI ) AND AMINA OUAZZANI CHAHDI®

ABSTRACT. In this paper, we give a new characterization of a relatively normal-
slant helix. Thereafter, we construct a vector differential equation of the third
order to determine the parametric representation of a relatively normal-slant helix
according to standard frame in Euclidean 3-space. Finally, we apply this method

to find the position vector of some special cases.

1. INTRODUCTION

In the local differential geometry, we think of curves as a geometric set of points,
or locus. Intuitively, we are thinking of a curve as the path traced out by a particle
moving in E®. So, the investigating position vectors of the curves in a classical aim
to determine behavior of the particle (curve).

Helix is one of the most fascinating curves in science and nature. Scientist have long
held a fascinating, sometimes bordering on mystical obsession, for helical structures
in nature. We have a lot of special curves such as circular helices, general helices,
slant helices, k-slant helices etc. Characterizations of these special curves are heavily
studied for a long time and are still studies. We can see the applications of helical
structures in nature and mechanic tools. In the field of computer aided design and
computer graphics, helices can be used for the tool path description, the simulation
of kinematic motion or design of highways. Also we can see the helix curve or helical

structure in fractal geometry.
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In a recent paper, Dogan and Yayli [9] study isophote curves and their character-
izations in Euclidean 3-space. An isophote curve is defined as a curve on a surface
whose unit normal field restricted to the curve makes a constant angle with a fixed
direction. They also obtain the axis of an isophote curve. In 2017, Macit and Duldul
[13] have defined a relatively normal-slant helix on a surface by using the Darboux
frame (T,V,U) along the curve whose vector field V makes a constant angle with a
fixed direction.

The determining of the parametric representation of curves defined by a geometric
property using the intrinsic equation £ = k(s) and 7 = 7(s) (where k and 7 are
the curvature and the torsion of the curve, respectively) is a one of important sub-
jects. Recently, the position vector of general helices([8, 12], slant helices, spherical
slant helices and k-slant helices in Euclidean space E* are deduced in [1, 2, 4, 5, 6],
respectively. For more details, see also [10, 11, 14, 15, 16].

In this work, we propose to determine the position vector of relatively normal-slant
helix in the case whose the geodesic torsion 7,, is non-zero (the case 7, = 0, is studied
in [3]).

We first, establish a characterization of relatively normal-slant helix in the case
7, # 0. Thereafter, we construct a vector differential equation of third order to
determine the parametric representation of relatively normal-slant helix according to
standard frame e, e, e3 in Euclidean 3-space. Finally, we apply this method to find

the position vectors of some special cases.

2. DEFINITION AND CHARACTERIZATION OF RELATIVELY NORMAL-SLANT HELIX

In this section, we give the definition and a characterization of relatively normal-
slant helices.

Let M be an regular surface, and ¢ : I C R — M be a regular curve with
arc-length parametrization. If we denote the Darboux frame along the curve ¢ by

(T,V,U), we have the derivative formulae of the Darboux frame as follows:
T = kV + K, U,

(2.1) V= -k, T+ 1,U,
U'=—-k,T—1,V,
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where 7' is the unit tangent vector of the curve ¢, U is the unit normal vector of the
surface restricted to the curve ¢, V' is the unit vector given by V =U x T, and
Kg, Kn, Ty denote the geodesic curvature, normal curvature, geodesic torsion of the
curve ¢, respectively [7]

In classic differential geometry, the non-zero geodesic torsion have limitations in
some theorems e.g. Gauss and Weingarten. However, assume that 7, # 0 and consider

the new parameter t = [ k,ds,, we get the new Darboux equations [13] as follows :

% = 01V + O'QU,

(2.2) & =—oT+U,

au __
e —O'QT—V,

where o; = @, and g9 = @.
Tg Tg
Definition 2.1. [13]Let ¢ be a unit speed curve lying on a regular surface and
(T, V,U) be the Darboux frame along ¢. The curve ¢ is called a relatively normal-
slant helix if the vector field V' of ¢ makes a constant angle with a fixed direction,

i.e. there exists a fixed unit vector W and a constant angle 6 such that
(2.3) (V,W) = cos ().
3. POSITION VECTOR OF A RELATIVELY NORMAL-SLANT HELIX

We start this section by giving a characterization of normal-slant helix.

Theorem 3.1. Let ¢ (s) be a unit speed curve lying on a reqular surface with 1, # 0.

The curve ¢ is a relatively normal-slant heliz if and only if

0902 4+ 09 + 0
31 (PAER D)0 = 7m
(of +1)2
where t = [ 1,ds 01:@, ngﬁ,m:L n = cos (0), and 0 is the angle
O S M i

g
between the vector V and a fized direction.
Proof. (=) Let W be a unit fixed vector satisfying

(3.2) (VW) =n.
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Differentiating the Eq.(5), with respect to the variable t = [ 7,ds, and using the

derivative formulae (2), we get
(3.3) o (T,W) = (U W).
If we put (T, W) = b, we can write

W =0T +nV + bo,U.
From the unitary of the vector W we get

1 —n?
4 b=+ —.
(3:4) \ 1+0f

Differentiating the Fq.(6), we obtain

bai + 0in + 0109(01b) = —0zb — n.
Then
2 /
(3.5) n=— ("2“1 To2 o) ) b,
1407

and by Eq.(7) and (8), we get the following equation

020% + 09 + 7}
(1+02)2

= Fm,

n

iew
(<) Suppose that

where m =

0203 + 02+ 0]
(1+02)2

(3.6)

and let us consider the vector

r T+mVj:07U)(t).

1 1
= — :l:i
m( V1407 V14 0o?

Differentiating the vector W by using the derivative formulae (2) and Fq.(9),

W(t)

dw  n [(:F o010 +o105(1+07) mal)T—i— (m:t oo(1 4+ 0?) + o (1 + o) — 0,07

dt o m (1+03)2 (1+03)2
:ﬁ{< a0/1+02+0320%—mal>T+<m:tU2+UQU%tall> ]7
m (14 0%)> (14 0%)>

=0.
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Therefore, the vector V' is constant and (V, W) = n, which completes the proof. [

To determine the parametric representation of the position vector of a relatively
normal-slant helix (its vector field V' make a constant angle with a fixed direction),
we firstly establish that for any arbitrary curve, the vector tangent T satisfies a vector

differential equation as follows:

Theorem 3.2. Let ¢ (s) be a unit speed curve lying on a reqular surface with 7, # 0

Then, the vector T satisfies a vector differential equation as follows :

(3.7) T'(t) — o1(t)o2()T'(t) = o1(H)V () + o2()V'(1),
where t = [ T,ds, o = %, and oy = %

Proof. Let ¢ (s) be a curve lying on a regular surface. If we differentiate the first

equation of the new Darboux Fq.(2), we get:
T =0,V + o5U.
We multiply the second equations of (2) by o9, we obtain:
o9V = —090T + o5U.
Therefore
T — o3V = 0,V 4 o901 T.
0

Following theorem 3.1, if we know the vector V' of an arbitrary curve lying on a
regular surface and satisfying 7, # 0, we can determine the tangent vector of this

curve and hence its parametric representation. Hence the theorem:

Theorem 3.3. Let ¢ (s) be a unit speed curve lying on a reqular surface with 7, # 0.
The position vector of this curve can be determined as follows
1 ! —focrdt focrdt focrdt
(3.8) ot)= | —=[( | (a1V + oV )e I 2% qt)el 721% 4 el 7271%dt.
Tg
kg

K

where t = [ 1,ds, oy = =2, and 09 = —". and k as a constant.
T, T,
g g
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Proof. Let ¢ = ¢ (s) be a curve lying on a regular surface. We construct the solution
of Eq.(10) by the method of variation of a constant. Consider the corresponding

homogeneous equation:
T (t) — o1 (t)oa(t)Th(t) = 0

and find its general solution
Ty(t) = ke§oydt, wherek € IR.

Next, we suppose that k is a function of ¢ and substitute the solution T,(t) =

k(t)e°219 into the initial nonhomogeneous equation (10). We can write
(k:,ef"”ldt + k:agalef"z‘”dt) — oyoyel A — 5y o5V,

hence

k= /(01V + 0y V')~ Joendtgy,

As a result, the general solution of the differential equation (10) is given by:
T(t) = (/(01V + Ung)e_f"mdtdt) el o2ondt | pef o2ondt

where k € R.
1
On the other hand, ¢(t) = [ —T'dt, which completes the proof.
Tg

O
Theorem 3.4. Let ¢ = ¢(s) be a unit speed curve lying on a reqular surface with
14 7 0. If ¢ is a relatively normal-slant heliz, then the vector V satisfies a vector

differential equation of the third order as follows:

(3.9)
(—(V’ + 0105V + (0 + l)V)) )+ <0’20’1(Vl + 0201V + (62 + 1)V)
(o} + 09 + 090%) (o) + 09 + 090?)

) (t) = (1 V+02V')(1)

K K

where t = [ 1,ds, o1 = —2. and 09 = .
gds,

Ty T

g
Proof. Differentiating the second equation of the new Darboux formulae (2) and using

the first and the third equations, we have:

(3.10) V(02 + 1)V = (0, + 02)T + 010U,
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from the second equation of (2), we have
alagvl = —agafT + 0109U,
then
(3.11) oo,V = —0902T + 0105U + (0/1 + 09)T — (0,1 + 09)T
Substituting Fq.(14) in Eq.(13), we obtain
V' 40105V 4 (02 4+ 1)V = —(0, + 05 + 090°)T.

Since ¢ is a relatively normal-slant helix, we get

-1

3.12 T=— I’ 1% 24 1)V),

(3.12) (01+02+020%)( + o102V + (o7 + 1)V)

and

(3.13) 02007 = — 27 (V' 40105V + (62 + 1)V).

(0} + 09 + 090%)
Substituting Fq.(16) and the derivative of Fq.(15) in Eq.(10), we get the formula as
desired. 0

Theorem 3.5. Let ¢ = ¢(s) be a unit speed curve lying on a regular surface with
T, # . If ¢ is a relatively normal-slant heliz, then the vector V satisfies a vector

differential equation of the third order as follows:

" " !

(3.14) V"(#) + ARV () + BV () = 0

with
A= -30)0,(c? +1)71.
B = 0105 + 20,05 — 30,0203 (02 + 1)+ 02 4+ 02 + 1,
K K
where t = [ 1,ds, o1 = =L and 09 = —.
Tg Tg
Proof. The curve ¢ is a relatively normal-slant helix lying on a regular surface, 7.e.

satisfied Fq.(4), substituting this equation in Fq.(12), we get

" 30,101 p p roo / / 30/1010102
——V 400V 4010,V 40,00V — ———-"=
(07 +1) o e (03 +1)

—010V — 000V — 0202V — 0901 (0? + 1)V + m(o? + 1) 20V +m(o? + 1)2a,V = 0.

Vi+ @2+ 1)V
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The equation becomes

V') + ARV () + B)V +C{t)V =0,
where
B —30/101
(ot +1)

for B, we have

! ! 3
B =010+ 0,09 — © 21 )—G—O'%—I—l 0102+m(01+1)%
o1 +
then
B = o0, + 20,0 3010302+02+02+1
1¢2 1Y2 (0,%+1) 1 2 )
and
C=0

O

Theorem 3.6. Let ¢ = ¢(s) be a unit speed curve lying on a reqular surface. The
position vector ¢ = (@1, 2, w3) of a relatively normal-slant helix lying on a regular
surface satisfying T, # 0, with respect to standard frame (e1, eq, e3), is computed in

the parametric form as follows:

( B r -
o1(t) = — [ S| [(o1 cos( [ a.dt) — oaasin( [ ov.dt))e=9dt] dt,
m’ T, | i
n .e’f . o]
a(t) = — [ — | [(o1sin([ a.dt) + oracos( [ a.dt))e P dt | dt,
m’ T, | 1
66
es(t) =n [ — {fale_ﬁdt} dt,
\ g
K Ko, 942 A\ 2
where t = [ 71,ds, o1 = T—Z, oy = T—g,ﬁ = [oyoqdt, a = (B—T—E) ,
m = L, where n = cos(0) and 0 is the angle between ez (azis of relatively

Ji-w
normal-slant heliz) and the vector V.
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Proof. The curve ¢ is a relatively normal-slant helix lying on a regular surface, 7.e.
the vector V' makes a constant angle with a fixed direction called axis of helix. Then

the vector V satisfies a vector differential equation:
(3.15) V() + AV () + B(t)V' (t) = 0.

So, without loss of generality, we can take the axis of the relatively normal-slant helix

parallel to e3, where (e, €5, €3) is an orthonormal frame in E3, then
(316) V= ‘/161 + ‘/262 + nes.

From the unitary of the vector V, we get
2

n
(3.17) V12+V22=1—n2zm,

The solution of Eq.(20) is given as follows:

Vi(t) = - cos(A(1).

Va(t) = — sin(A(1)).

where A is an arbitrary function of ¢. Every component of the vector V' satisfies the
Eq.(18). So, substituting the components V;(t) and V5(t) in the Fq.(19), we have the

following differential equations of the function \(t)

(%n()\m sin(A) + A" A cos(A) + 22"\ cos(A) — A sin(A)))
+A(%‘(A” sin(\) + A2 cos(\))) + B(%‘

N (t) sin()\(t))) —0,

<ﬁ()\m cos(A) — A X sin(A) — 2X" X sin(\) — \® cos(A)))

+A(%(AN cos(A\) — X%sin(\))) + B(%X(t) cos(A(t))) =0.

It is easy to prove that the above two equations lead to the following two equations:

(3.18) —3NA = \2A =0,

(3.19) NN N"A-NB=o.
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Eq.(21), gives the following equation:

(3.20) N = —?X.

Substituting Fq.(23) and its derivative in Eq.(22), then solving the differtial equation
that we get , we obtain the following condition:

i

o= [ (522 = [aa

242 A'\? :
where a = | B — 5 "3 ) Now, the vector V' take the following form:
(Vi) =2 d
t) = — .dt
1( ) m COS(fCY )a
(3.21) Va(t) = %sin(foz.dt)),
| V3(t) =n.
If we substitute the Fq.(24) in the Fq.(11), which completes the proof. O
, 242 A" . .
Remark 1. if B < o "3 it means there does not exist a relatively normal-slant

heliz.

4. APPLICATIONS

In this section, we determine the position vectors of special curves by applying

theorem3.5. We first recall this result.

Lemma 4.1. Let ¢ be a curve lying on a regular surface M:

If kg = 0, then, ¢ is relatively normal-slant helix on M if and only if ¢ is a general
heliz [13].

If k, = 0, then, ¢ is relatively normal-slant heliz on M if and only if ¢ is a slant

heliz [13].

Example 4.1. The position vector of a relatively normal-slant heliz with kg = 0

(general heliz) and 7, # 2, is expressed in the natural representation form, with
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respect to standard frame (eq, e, e3) by :

01(s) = Fn [ cos(v/1T + m? [ 7,ds)ds,
02(s) = Fn [sin(v/1+ m2 [ 7,ds)ds,
p3(s) = ncs,

or in the parametric form :

(

1
o1(t)=Fn [ — cos < 1+ mzt) dt,

g

a(t) =Fn [ 1 sin ( 1+ mzt) dt,

17'9
@s3(t) =nc [ T—dt,

\ g

where t = ngds and ¢ as constant.

Example 4.2. The position vector of a relatively normal-slant helix with k, = 0
(slant heliz) and T, #, is expressed in the natural representation form, with respect

to standard frame (e, eq,€3) by :

e1(s) =Fn [ ( I \/1 _Tg nfzz}djgdsy cos (% arcsin(m [ ngs)) ds) ds.

p

74 [ Tyds

J \/1 — m?( [ T,ds)?

pa(s) =Fn [ ( sin (1 arcsin(m [ ngs)) ds) ds.

n

| #als) = +— \/1 - mz(ngds)2ds.

or in the parametric form :

sm(ﬂzxnf(%fﬁ

(

1
oS <E arcsin(mt)) dt) dt.

t

a(t) = Fn [ (Tig J msin (% arcsin(mt))dt) dt.

1
os(t) = i% [ =VI=—medt,

Tg

\

where t = T,ds.
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Example 4.3. The position vector of a relatively normal-slant heliz with Kk, = K, =

Ty 7, 15 expressed in the natural representation form, with respect to standard frame

(617 €9, 63) by ;

p

p1(s) =

S

a(s) = % [(sin(v/3 [ 7,ds) — V3 cos(V3 [ 1,ds))ds

[ @3(s) = —ns,

or in the parametric form :

(

\

where t = T,ds.

The data used to support the findings of this study are available from the cor-
responding author upon request. The articles used to support the findings of this

study are included within the article and are cited at relevant places within the text

as references.

o (t) = flg(fsm(ft) + cos(v/3t))dt.

oa(t) = L [ i(sm(\f 51) — /3 cos(v/31) )t

Tg

Si-

1
o3(t)=—n[ T—dt,
g
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