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SCREEN SEMI SLANT LIGHTLIKE SUBMANIFOLDS OF
GOLDEN SEMI-RIEMANNIAN MANIFOLDS

AKHILESH YADAV ) AND SACHIN KUMAR @

ABSTRACT. In this paper, we introduce the notion of screen semi slant lightlike
submanifold of golden semi-Riemannian manifolds and providing characterization
theorem with some non-trivial examples of such submanifolds. We find necessary
and sufficient conditions for integrability and totally geodesic foliation of distribu-

tions RadTM, D; and Ds.

1. INTRODUCTION

A submanifold of a semi-Riemannian manifold is called a lightlike submanifold
if the induced metric on it is degenerate i.e, there exists a non zero £ € I'(T'M)
such that g(&,2) =0V Z € T'(T'M). The first studied on the geometry of lightlike
submanifolds are given by Duggal-Bejancu [4]. The growing importance of lightlike
in general relativity, particularly in black hole theory, motivated the study of lightlike
submanifolds of semi-Riemannian manifolds equipped with certain structures. The
geometry of invariant, screen real, slant and screen-slant lightlike submanifolds have
been studied in [6]. Many authors have studied on lightlike submanifolds in various
spaces ([6], [14], [15]). In [13], S.S.Shukla and Akhilesh Yadav introduced the notion of
screen semi slant lightlike submanifold of indefinite Sasakian manifolds. In [13], they
also found some equivalent conditions for integrability of distributions and investigate

the geometry of the leaves of distributions.
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Golden proportion 1) is the real positive root of the equation 2> —x — 1 = 0 (thus
Y= % ~ 1.618...). Inspired by the Golden proportion, Crasmareanu and Hretcanu
defined golden structure P which is a tensor field satisfying P2—P—-]=0on M
[3]. Golden structure was inspired by the Golden proportion, which was described by
Kepler (1571-1630). A Riemannian manifold M with a golden structure P is called a
golden Riemannian manifold ([8]). In [8], authors studied invariant submanifolds of a
golden Riemannian manifold. Submanifolds of golden manifolds in semi-Riemannian
geometry were studied by Poyraz and Yasar [11]. In [11], they proved that there is no
radical anti-invariant lightlike hypersurface of a golden semi-Riemannian manifold
and also studied screen semi-invariant and screen conformal screen semi-invariant
lightlike hypersurfaces of a golden semi-Riemannian manifold.

In [12], authors proved that there is no radical anti-invariant lightlike submani-
fold of a golden semi-Riemannian manifolds. In [1], author introduced the notion
of screen pseudo slant of a golden semi-Riemannian manifold and also found some
equivalent conditions for integrability of distributions and investigate the geometry of
the leaves of distributions. In [10], N. Onen Poyraz introduced the notion of golden
GCR-lightlike submanifolds of golden semi-Riemannian manifolds and they found
equivalent conditions for integrability and totally geodesic foliation of distributions.
The purpose of this paper is to study screen semi slant lightlike submanifold of golden
semi-Riemannian manifolds. The paper is arranged as follows. In section 2, some def-
initions and basic results about lightlike submanifolds and golden semi-Riemannian
manifolds are given. In section 3, we study screen semi slant lightlike submanifold
of a golden semi-Riemannian manifold, giving some non-trivial examples and obtain
necessary and sufficient conditions for integrability of distributions. In section 4, we
also study mixed geodesic screen semi slant lightlike submanifold and investigate the

geometry of the leaves of distributions.

2. PRELIMINARIES

Let M be a C=-differentiable manifold. If a (1, 1) type tensor field P on M satisfies

the following equation

(2.1) P2=Py],
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then P is called a golden structure on M, where I is the identity transformation [7].
Let (M,3) be a semi-Riemannian manifold and P be a golden structure on M. If P

satisfies the following equation

then (M, g, P) is called a golden semi-Riemannian manifold [9], also, if P is integrable,

we have [3]

(2.3) Yy PW = PV W.

Now, from (2.2), we get

(2.4) g(PU, PW) = g(PU,W) +g(U W),

for all U,W € I'(T'M).

A submanifold (M™, ¢g) immersed in a semi-Riemannian manifold (Mm%, g) is called
a lightlike submanifold [4] if the metric ¢ induced from g is degenerate and the
radical distribution RadT M is of rank r, where 1 < r < m. Let S(T'M) be a screen
distribution which is a semi-Riemannian complementary distribution of RadT M in

TM, that is
(2.5) TM = RadT'M ®opy, S(TM),

Consider a screen transversal vector bundle S(T'M™), which is a semi-Riemannian
complementary vector bundle of RadTM in TM=. Since for any local basis {&;} of
RadT M, there exists a local null frame {N;} of sections with values in the orthogonal
complement of S(TM*) in [S(T'M)]* such that g(&;, N;) = d;; and g(N;, N;) = 0, it
follows that there exists a lightlike transversal vector bundle ltr(T M) locally spanned
by {N;}. Let tr(T'M) be complementary (but not orthogonal) vector bundle to T M
in TM|y;. Then

(2.6) tr(TM) = ltr(TM) @open, S(TM™*),
(2.7) TM|y =TM & tr(TM),

(2.8) TM|y = S(TM) @opep, [RadT M @ ltr(TM)] ©oper, S(TM™).
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The Gauss and Weingarten formulae are given as

(2.9) VxY =VxY +h(X,Y),

(2.10) VxV = —-AyX + V4V,

for all XY € I'(TM) and V € I'(tr(T'M)), where VxY, Ay X belong to I'(T'M)
and h(X,Y), V4V belong to I'(¢tr(TM)). V and V' are linear connections on M
and on the vector bundle tr(T' M), respectively. The second fundamental form A is a
symmetric F'(M)-bilinear form on I'(T'M) with values in I'(¢tr(TM)) and the shape
operator Ay is a linear endomorphism of I'(T'M). From (2.9) and (2.10), for any
X, Y € (TM), N € T'(ltr(TM)) and W € ['(S(TM%1)), we have

(2.11) VxY =VxY +h (X,Y)+h* (X,Y),
(2.12) VxN=—-AxyX + V4N + D* (X, N),
(2.13) VxW = —Ap X + V5 W + D' (X, W),

where h'(X,Y) = L (h(X,Y)), h*(X,Y) = S (h(X,Y)), DX, W) = L(V,W),
D*(X,N) = S(V%N). Land S are the projection morphisms of tr(7'M) on ltr(T M)
and S(TM™), respectively. V! and V* are linear connections on ltr(T'M) and
S(TM™) called the lightlike connection and screen transversal connection on M,
respectively.

Also by using (2.9), (2.11)-(2.13) and metric connection V, we obtain

(2'14) g(hs(X> Y)>W) +§(Y> DZ(X> W)) :g(AWX> Y)>

(2.15) G(D*(X,N), W) = G(N, AwX).

Now denote the projection of TM on S(T'M) by S. Then from the decomposition
of the tangent bundle of a lightlike submanifold, for any X,Y € I'(T'M) and £ €
I'(RadT M), we have

(2.16) VxSY = Vi SY + h*(X,SY),

(2.17) Vx€ = —A{X + V¥E.



SCREEN SEMI SLANT LIGHTLIKE SUBMANIFOLDS 827

By using above equations, we obtain

(218> g(h'l(Xv SY)7£> :g(AZXv SY)’
(2.19) G(h*(X, SY), N) = g(Ax X, SY),

It is important to note that in general V is not a metric connection on M. Since V

is metric connection, by using (2.11), we get

forall X,Y,Z e I'(T'M).

Definition 2.1. [2] An equivalence relation on an n-dimensional semi-Riemannian
manifold (M,g) in which the equivalence classes are connected, immersed submani-
folds (called the leaves of the foliation) of a common dimension k, 0 < k < n is called
a foliation on M. If each leaf of a foliation F on a semi-Riemannian manifold (M, 7g)
is totally geodesic submanifold of M, we say that F is a totally geodesic foliation.
Definition 2.2. [5] A lightlike submanifold (M, g) of a semi-Riemannian manifold
(M,q), is said to be totally umbilical in M if there is a smooth transversal vector
field H € I'(tr(T'M)) on M, called the transversal curvature vector field of M, such
that for any X,Y € I'(T'M),

(2.22) h(X,Y) = g(X,Y)H.

In case H = 0, M is called totally geodesic. Using (2.11) and (2.22), we conclude that
M is totally umbilical if and only if there exists smooth vector fields H' € T'(Itr(TM))
and H* € T'(S(TM™')) such that

(2.23) RH(X,Y)=g(X,Y)H', h*(X,Y) = g(X,Y)H*® and D'(X,W) =0,

for any X,Y € I'(TM) and W € T'(S(TM™*)).
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3. SCREEN SEMI SLANT LIGHTLIKE SUBMANIFOLDS

In this section, we introduce the notion of screen semi slant lightlike submanifold
of a golden semi-Rimannian manifolds. At first, we state the following Lemma for

later use:

Lemma 3.1. Let M be a 2¢-lightlike submanifold of a golden semi-Riemannian
manifold M of index 2¢ such that 2¢ < dim(M). Then the screen distribution
S(T'M) of lightlike submanifold M is Riemannian.

Proof. The proof of above Lemma is similar to Lemma 6.8.1 of [6], so we omit it. [

Definition 3.1. Let M be a 2¢- lightlike submanifolds of golden semi-Riemannian
manifold M of index 2q < dim(M). Then we say that M is a screen semi slant
lightlike submanifolds of M if the following conditions are satisfied:

(i) RadT M is invariant with respect to P, i.e. P(RadTM) = RadTM,

(ii) there exist non-degenerate orthogonal distributions D; and Dy on M such that
S(T'M) = D1 ®oren, D2,

(iii) the distribution Dj is an invariant distribution, i.e. PD, = Dy,

(iv) the distribution Dy is slant with angle 6(# 0), i.e. for each x € M and each
non-zero vector X € (D,),, the angle 6 between PX and the vector subspace (Ds),
is a non-zero constant, which is independent of the choice of x € M and X € (Ds),.
This constant angle 6 is called the slant angle of distribution Dy. A screen semi slant
lightlike submanifold is said to be proper if Dy # {0}, Dy # {0} and 6 # 3.

From the above definition, we have the following decomposition.
(3.1) TM = RadT M ©orin D1 @ortn Da.
Now, for any vector field X tangent to M, we put

(3.2) PX = PX + FX,

where PX and FX are tangential and transversal parts of PX, respectively. We
denote the projections on RadT' M, Dy and D, in TM by P;, P, and P; respectively.
Similarly, we denote the projections of tr(T'M) on Itr(T'M) and S(T M=) by Q, and
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Q- respectively. Then for any X € I'(T'M), we get

(3.3) X =PX+PX+PX.

Now applying P to (3.3), we have

(3.4) PX = PP X + PP,X + PP;X,
which gives

(3.5) PX = PP X + PP,X + PP;X + FP;X,

where PP;X (resp. F'P3X) denotes the tangential (resp. transversal) component
of PP;X. Thus we get PPX € T'(RadTM), PP,X € I'D; PP;X € T'D, and
FPX e TS(TM?Y). Also, for any W e T'(tr(TM)), we have

(3.6) W = QW + Q. W.
Applying P to (3.6), we obtain

(3.7) PW = PQ,W + PQ,W,
which gives

(3.8) PW = PQiW + BQsW + CQ,W,

where BQoW (resp. CQ2W') denotes the tangential (resp. transversal) component of
PQ,W. Thus we get PQ,W € T'(Itr(TM)), BQsW € I'Dy and CQ.W € D'S(TM™*).

Example 3.1. Let (R3? g, P) be a golden semi-Riemannian manifold, where g is of
signature (—, —, +, +,+, +, +, +, +, +, +, +) with respect to the canonical basis
{01, 022, 023, 02", 0°, 025,027, 028, 0%, 0210, Oz, 022} and (x!, 2%, 23, 24, 2P, b,

27,28, 2% 1% 2!t 2'%) be standard coordinate system of R}2.

Taking, P(9z', ..., 02'2) = (0x', 022, 0z pdx*, (1—1)0x5, dxb, Yo, (1—1))0x8,
(1 —)0x°, (1 —)0x'% Yox!t dx!?), where ¢ = % and (1 —) = % are the
roots of equation 2> — x — 1 = 0. Thus, P2=P+Jand Pisa golden structure
on R Suppose M is a submanifold of Ri? given by z' = u! cosh o, 22 = u? cosh v,
2> = ulsinha — u?, 2* = u?sinha +ul, 2° = 2% = o3, 2% = 27 = u?, 2% = Y,
219 = b, 2t = (1 — )u’, 212 = (1 — ¢)ub. The local frame of TM is given by

{21, 25,25, Zs, Zs, Zs }, where
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7, = cosh adz! +sinh adz® + 02*, Zy = cosh adz? — 023 +sinh adz?, Z3 = 02° + 028,
Zy = 028 + 027, Zs = 0z° + (1 — )0z and Zg = v0z® + (1 — ¢)0z'2.

Hence RadTM = span{Zy,Z>} and S(T'M) = span{Zs, Zs, Zs, Zs}.

Now ltr(TM) = span{Nyi, N>}, where, Ny = 3(—coshadz! — sinh adz® + 9a?),
Ny = i(—coshadz? — 92 — sinhadz?) and S(TM™*) = span{W,, Wa, W3, W,},
where W, = 0x° — 028, Wy = 92° — 927, W3 = (1 — ¢)dz" — ¥0xt and W, =
(1 — )0z — poxt2.

It follows that le =7 and pZQ = 175, which implies that RadT M is invariant
i.e., PRadTM = RadTM. On the otherhand, distribution Dy = span{Zs, Z,} such
that PZ; = (1 —)Zs and PZ, = vZ,, which implies that D; is invariant with
respect to P, i.e. PDy = Dy and Dy = span{Zs, Zs} is a slant distribution with slant

angle 6 = arccos(%). Hence M is a screen semi slant 2-lightlike submanifold of Ri2,

Example 3.2. Let (R12, 7, P) be a golden semi-Riemannian manifold, where g is of
signature (—, +, +,+, +, —, +, +, +, +, +, +) with respect to the canonical basis
{0z, 02, 02°, 02, 02°, 02°, 027, 028, 0% 20 O™, 0212} and (2, 22, 23, 2%, 2P, 25, 27,

28, 2% 219 21 2'?) be standard coordinate system of Ri2.

Taking, P(0z',...,02"%) = (oz', (1 — )0x2, oz, oz, hdxd, (1 — )0x8, (1 —
¥)0x", 108, (1 — 1)02°, (1 — )02, (1 — 1p)0x!t pOx'?), where o) = 1+T\/g and (1 —

¥) = 155 are the roots of equation 22 — 2 — 1 = 0. Thus P2 = P+ and P is a

golden structure on R}2. Suppose M is a submanifold of R? given by z! = z° = u!,
P = =t =B 2T = 2 = ud 2 = b, 210 = (1=, 2 = (1— )b,
212 = ¢u®. The local frame of TM is given by {71, Zs, Z3, Z4, Z5, Zs}, where

Zy = 0zt + 02°, Zy = 02* 4+ 02°, Z3 = 0x® + 02, Z, = 02" + 02°, Z5 = 0% + (1 —
)0xtt, Zg = (1 — )02 + ¢ox'2.

Hence RadT' M = span{Z, Zs} and S(T M) = span{Zs, Z4, Zs5, Zg}.

Now ltr(TM) = span{Ny, No}, where N; = —1(dz' — 02°), Ny = 1(0x* — 9a5)
and S(TM*) = span{Wy, Wy, W3, Wy}, where Wy = 0x — 0z, Wy = 027 — 029,
W3 = (1 —)02% — ¢0z™ and W, = dx'® — (1 — ¢)dz'2.

It follows that PZ; = ¢Z; and PZy, = (1—1))Z,, which implies that RadT M is invari-
ant i.e., PRadTM = RadT M. On the otherhand, distribution D; = span{Zs, Z}

such that PZ; = Z3 and PZy = (1 — %) Z4, which implies PD, = D, ie., Dy is
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invariant with respect to P and Dy = span{Zs, Zs} is a slant distribution with slant

angle 6 = arccos(ﬁ). Hence M is a screen semi slant 2-lightlike submanifold of R12.

Theorem 3.1. Let M be a 2¢-lightlike submanifold of a golden semi-Riemannian
manifold M. Then M is a screen semi slant lightlike submanifold of M if and only if

(i) itr(TM) and D; are invariant with respect to P,

(ii) there exists a constant A € [0,1) such that P2X = \(PX + X),

for any X € I'(D,), where D; and D, are non-degenerate orthogonal distribution
on M such that S(TM) = Dy @y, Do. Moreover, in this case A = cos? 6 and 6 is
slant agle of Ds.

Proof. Let M be a screen semi slant lightlike submanifold of a golden semi-Riemannian
manifold M. Then distributions Dy and RadT'M are invariant with respect to P.
Now for any N € I'(ltr(TM)) and X € I'(S(T'M)), using (2.2) and (3.5), we ob-
tain g(PN, X) = §(N, PX) = §(N, PP,X + PP;X + FP;X) = 0. Thus PN does
not belong to ['(S(T'M)). For any N € T'(itr(TM)) and W € T'(S(TM%)), from
(2.2) and (3.8) , we have §(PN,W) = G(N, PW) = §(N, BQ.W + CQ,W) = 0.
Hence, we conclude that PN does not belong to I'(S(T'M™')). Now suppose that
PN € I(RadTM). Then P(PN) = P2N = PN + N € T'(Rad(TM) + ltr(TM)),
which contradicts that RadTM is invariant. Thus ltr(T'M) is invariant with respect
to P.

Now for any X € I'Dy we have |[PX| = |PX|cos#, which implies

(3.9) cosf =

|PX|? _ g(PX,PX) _ g(X,P2X)

In view of (3.9), we get cos?§ = PXI? ~ g(PX.PX) — g(X.P?X)’

which gives
(3.10) g(X, P*X) = cos? 0 g(X, P2X).

Since M is a screen semi slant lightlike submanifold, cos® = A(constant) € [0,1)
and therefore from (3.10), we get g(X, P2X) = Ag(X, P2X) = g(X, AP2X), which

implies

(3.11) g(X, (P? = AP?)X) = 0.
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Since (P2 — AP2)X € I'D, and the induced metric g = g|p,xp, is non-degenerate
(positive definite), from (3.11), we have (P2 — AP?)X = 0, which implies

(3.12) P2X = A\P2X = A\(PX + X),

for all X € I'D,. This proves (ii).
Conversely suppose that conditions (i) and (ii) are satisfied. We can show that

RadT M is invariant in similar way that {tr(T'M) is invariant.

g(PX,PX) _ g(X,PPX) _ g(X,P?X) _ yg(X,P2X) _ g(PX,PX)
|PX||PX| ~— |PX||PX| ~ |PX||PX| 7 |PX||PX| 7 |PX||PX|"

Now cos 0 =
From above equation, we get

|PX]|
3.13 0= ==
(3.13) oS PX|
Therefore (3.9) and (3.13) give cos® @ = A(constant). Hence M is a screen semi slant

lightlike submanifold. l

Corollary 3.1. Let M be a screen semi slant lightlike submanifold of a golden semi-
Riemannian manifold M with slant angle 6, then for any X,Y € I'D,, we have

(i) g(PX,PY) = cos?0 (g(X,Y) + g(X, PY)),

(ii) g(FX, FY) =sin?0 (9(X,Y) + g(PX,Y)).

Proof. From (2.2), (3.2) and (3.12), we obtain
g(PX,PY) = g(X,\(PY +Y)) = cos?0(g(X,Y) + g(X, PY)).
Moreover, from (2.2), (3.2) and (i) part of corollary (3.1), we get
g(FX,FY)=g(X,Y)+g(PX,Y) — g(PX,PY) =sin*0(g(X,Y) + g(PX,Y)).
Hence, the proof is complete.

O

Theorem 3.2. Let M be a screen semi slant lightlike submanifold of a golden semi-
Riemannian manifold M. Then the following statements are equivalent:
(i) Rad(T'M) is integrable,
(ii) g(VxPY — VyPX, PW) = §(VxPY — VyPX, W) and
G(VxPY -VyPX,PZ)+g(h*(X, PY)—h*(Y,PX),FZ) = §(VxPY -VyPX, Z),
(iii) g(h!(Y, PW) — R(Y, W), PX) = g(hY(X, PW) — hY(X, W), PY) and
g(h' (Y, PZ)—h\(Y, Z)+D Y, FZ), PX) = g(h'(X, PZ)—h'(X, Z)+D'(X,FZ), PY),
for all X, Y € T'Rad(TM), W € I'(D;) and Z € I'(Ds).
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Proof. Let M be a screen semi slant lightlike submanifold of a golden semi-Riemannian
manifold M. Then the distribution Rad(T'M) is integrable if and only if
(3.14) (X, Y], W) =9([X,Y],Z2) =0,

for all X,Y € I'(Rad(TM)), W € I'(D,), and Z € I'(D,).
(i) = (ii) From (2.4), (2.3), (2.11) and (3.14), we get

(3.15) G(VxPY —VyPX, PW)=3G(VxPY — VyPX,W).

From (2.3), (2.4), (2.11), (3.5) and (3.14), we obtain

G(VxPY —VyPX, PZ)+g(h*(X,PY) — h*(Y, PX),FZ) =g(Vx PY —
(310 VyPX,Z).
(ii) = (iii) using (2.11) in (3.15) and taking V is metric connection, we get
(3.17)  —G(PY,VxPW) +G(PX,VyPW) = —G(PY,VxW) +G(PX,VyW),
for all X,Y € I'(Rad(T'M)) and W € I'(Dy). Using (2.11) in (3.17), we obtain
(3.18) g(h(Y, PW) — B(Y, W), PX) = g(h'(X, PW) — hY(X, W), PY).
By using (2.11), (3.5) in (3.16) and taking V is metric connection, we obtain
(3.19) —g(PY,NVxPZ)+§(PX,NyPZ) = —g(PY,VxZ) +§(PX,VyZ),
for all X|Y € I'(Rad(T'M)) and Z € I'(D,). From (2.11), (2.13), (3.5) and (3.19),
we get

g(h'(Y,PZ) — (Y, Z) + D\(Y, FZ), PX) =g(h'(X, PZ) — h'(X, Z)

320 + DY(X,FZ),PY).
(iii) = (i) using (2.11) in (3.18), we get (3.17) and from (2.11), (2.13) and (3.5) in
(3.20), we get (3.19).
Now taking V is metric connection, using (2.3) and (2.4), in (3.17) and (3.19), re-
spectively we obtain (3.14). Hence the proof is completed. O

Theorem 3.3. Let M be a screen semi slant lightlike submanifold of a golden semi-
Riemannian manifold M. Then the following statements are equivalent:

(i) Dy is integrable,
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(i) g(Vx PY =Vy PX, PZ)+g(h*(X, PY)—h*(Y, PX),FZ) = §(Nx PY =Vy PX, Z)
and §g(VxPY — VyPX,PN) = G(VxPY —VyPX,N),

(iii) §(VyPZ — VyZ — ApyY, PX) = G(VxPZ —VxZ — Apz X, PY) and
J(ApnY — ANY, PX) = g(Apy X — AN X, PY),

forall X, Y € I'(Dy), Z € I'(Ds) and N € I'(ltr(TM)).

Proof. Let M be a screen semi slant lightlike submanifold of a golden semi-Riemannian

manifold M. Then the distribution D, is integrable if and only if
(3.21) 9((X. Y], Z2) =g([X,Y],N) =0,

for all X, Y € I'(Dy), Z € I'(D3), and N € I'(ltr(T'M)).
(i) = (ii) From (2.4), (2.3), (2.11), (3.5) and (3.21), we get

G(VxPY —VyPX, PZ)+g(h*(X,PY) - h*(Y,PX),FZ) =g(VxPY —
(3.22) )
VyPX, 7).

From (2.3), (2.4) and (2.11), we obtain

(3.23) G(VxPY —VyPX,PN) =g(VxPY — VyPX,N).

(ii) = (iii) using (2.11) and (3.5) in (3.22) and taking V is metric connection, we get
(3.24)  —g(PY,VxPZ)+g(PX,VyPZ) = —g(PY,VxZ) + 9(PX,VyZ),

for all X, Y € I'(D;) and Z € I'(Ds). Using (2.11), (2.13), (3.5) in (3.24), we obtain
(3.25) G(VyPZ —NyZ — ApyY,PX) =G(VxPZ —VxZ — Apz X, PY).

By using (2.11) in (3.23) and taking V is metric connection, we obtain

(3.26)  —g(PY,VxPN)+g(PX,VyPN) = —g(PY,VxN)+g(PX,VyN),

for all X, Y € I'(Dy) and N € I'(itr(T'M)). Using (2.12) in (3.26), we get

(3.27) G(ApyY — ANY, PX) = G(Apy X — AyX, PY).

(iii) = (i) using (2.11), (2.13) and (3.5) in (3.25), we get (3.24) and from (2.12) in
(3.27), we get (3.26).

Now taking V is metric connection, using (2.3) and (2.4), in (3.24) and (3.26), re-
spectively we obtain (3.21). Hence the proof is completed.



SCREEN SEMI SLANT LIGHTLIKE SUBMANIFOLDS 835

U

Theorem 3.4. Let M be a screen semi slant lightlike submanifolds of a golden semi-
Riemannian manifold M. Then the following statements are equivalent:

(i) D, is integrable,

(i) G(VxPY — VyPX — Apy X 4+ ApxY, PZ) = G(VxPY — VyPX — Apy X +
ApxY,Z) and G(VxPY — VyPX — Apy X + ApxY, PN) = §(VxPY — VyPX —
Apy X + ApxY, N),

(ii)) §(Vy PZ—Vy Z, PX)+g(Vx Z—V x PZ,PY) = g(h*(Y, Z)—h*(Y, PZ), FX )+
G(h*(X,PZ) — h*(X, Z), FY) and G(ANY — Ap\Y, PX) +G(Apy X — AyX, PY) =
G(D*(Y, N) — D*(Y, PN), FX) + g(D%(X, PN) — D*(X, N), FY),

for all X, Y € I'(Dy), Z € I'(Dy) and N € I'(itr (T M)).

Proof. Let M be a screen semi slant lightlike submanifold of a golden semi-Riemannian

manifold M. Then the distribution D, is integrable if and only if
(3.28) 9([X,Y],Z2) =9([X,Y],N) =0,

for all X,Y € I'(Dy), Z € I'(Dy) and N € I'(itr (T M)).
(i) = (i) From (2.3), (2.4), (2.11), (2.13), (3.5) and (3.28), we get

G(VxPY —VyPX — Apy X + ApxY, PZ) =g(VxPY — VyPX
(3.29)
— Apy X + ApxY, Z).

From (2.3), (2.4), (2.11), (2.13), (3.5) and (3.28), we obtain

G(VxPY — VyPX — Apy X + ApyY, PN) =g(VxPY — VyPX
(3.30)
— Apy X + ApxY, N).

(ii) = (iii) using (2.11), (2.13) and (3.5) in (3.29) and taking V is metric connection,

we get

(3.31) ~g§(PY,VxPZ) +g(PX,VyPZ) = —g(PY,VxZ) + 4(PX,VyZ),
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for all X, Y € I'(D;) and Z € I'(D;). Using (2.11), (3.5) in (3.31), we obtain

(3.32)
G(VyPZ —NyZ,PX)+G(VNxZ — NV xPZ,PY) =g(h*(Y, Z)

— WY, PZ),FX)+g(h*(X,PZ) — h*(X, Z), FY).
By using (2.11) and (3.5) in (3.30) and taking V is metric connection, we obtain
(3.33)  —g(PY,VxPN) +g(PX,VyPN) = —g(PY,VxN) + g(PX,VyN),
for all XY € T'(Dy) and N € T'(ltr(TM)). From (2.12) and (3.5) in (3.33), we get

GANY — ApyY, PX)+g(ApyX — AnX, PY) =g(D*(Y,N)—
(3.34) ~ ~
D*(Y,PN), FX)+g(D%X,PN) — D*(X,N),FY).
(iii) = (i) using (2.11) and (3.5) in (3.32), we get (3.31) and from (2.12) and (3.5) in
(3.34), we get (3.33).
Now taking V is metric connection, using (2.3) and (2.4), in (3.31) and (3.33), re-
spectively we obtain (3.28). Hence the proof is completed.
O

Theorem 3.5. Let M be a screen semi slant lightlike submanifold of a golden semi-
Riemannian manifold M. Then the induced connection V is a metric connection if
and only if

(i) PPR,VxY =0,

(ii) PPsVxY + BQ2h*(X,Y) =0,

forall X e I'(TM) and Y € I'(Rad(TM)).

Proof. Let M be a screen semi slant lightlike submanifold of a golden semi-Riemannian
manifold M. Then the induced connection V on M is a metric connection if and only
if RadT' M is parallel distribution with respect to V [4]. From (2.2), (2.3), (3.5) and
(3.8), for any X € I(TM) and Y € T'(RadT M), we have VxPY = PP,VyxY +
PPV XY + PPVxY + FPVxY + PRY(X,Y) + BQ:h*(X,Y) + CQ:h*(X,Y). On
comparing tangential components of both sides of above equation, we obtain V x PY =
PPVxY + PP,VxY 4+ PP;VxY + BQ,h*(X,Y), which completes the proof.

O
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4. FOLIATIONS DETERMINED BY DISTRIBUTIONS

In this section, we obtain necessary and sufficient conditions for foliations de-

termined by distributions on a screen semi slant lightlike submanifolds of a golden
semi-Riemannian manifold to be totally geodesic.
Definition 4.1. [6] A screen semi slant lightlike submanifold M of a golden semi-
Riemannian manifold M is said to be a mixed geodesic if its second fundamental
form h satisfies h(X,Y) = 0, for all X € I'Dy; and Y € I'Dy. Thus M is mixed
geodesic screen semi slant lightlike submanifolds if A'(X,Y) = 0 and h*(X,Y) = 0,
forall X e I'D; and Y € I'D,.

Theorem 4.1. Let M be a screen semi slant lightlike submanifold of a golden semi-
Riemannian manifold M. Then RadT M defines a totally geodesic foliation if and
only if g(h'(X, PP,Z)+h (X, PZ)+ DX, FZ), PY) = G(h'(X, PP,Z)+h'(X, PZ)+
DYX,FZ),Y), for all X,Y € I'(RadTM) and Z € T'(S(TM)).

Proof. Let M be a screen semi slant lightlike submanifold of a golden semi-Riemannian
manifold M. The distribution RadT M defines a totally geodesic foliation if and only
if VxY € I'(RadT M), for all X,Y € I'(RadT'M). Since V is a metric connection,
using (2.3), (2.4),(2.11) and (3.5), for any X, Y € I'(RadT' M) and Z € I'(S(TM)), we
get G(VxY,Z) = —g(PY,VxPP,Z + VxPZ +VxFZ)+G(Y,NxPP,Z +VxPZ +
VxFZ), which implies g(VxY, Z) = —g(PY, k' (X, PP,Z)+h (X, PZ)+D' (X, F Z)+
g(Y,h(X,PP,Z) 4+ h'(X,PZ) + DX, FZ)). Thus, the theorem is completed.

O

Theorem 4.2. Let M be a screen semi slant lightlike submanifold of a golden semi-
Riemannian manifold M. Then D; defines a totally geodesic foliation if and only
if

() 9(VxPZ — Apz X, PY) =g(VxPZ — ApzX,Y),

(i) G(Apy X, PY) = G(Apy X, V),

forall X, Y € I'Dy, Z € I'Dy and N € I'itr(TM).

Proof. Let M be a screen semi slant lightlike submanifold of a golden semi-Riemannian

manifold M. The distribution D; defines a totally geodesic foliation if and only
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if VxY € I'Dy, for all X,Y € I'D;. Since V is metric connection, from (2.3),
(2.4), (2.11) and (3.5), for any X,Y € I'D; andZ € I'D,, we obtain g(VxY,Z) =
—g(PY,VxPZ+VxFZ)+q(Y,VxPZ+N xFZ), which gives §(VxY, Z) = —g(PY,
VxPZ—-ApzX)+9(Y,VxPZ— ArzX). Now, from (2.3), (2.4), and (2.11), for any
X,Y € I'(Dy) and N € I(ltr(TM)), we obtain §(VxY,N) = —g(PY,VxPN) +
G(Y,Vx PN), which implies §(VxY, N) = G(PY, ApyX) —G(Y, Ay X). This proves
the theorem.

O

Theorem 4.3. Let M be a screen semi slant lightlike submanifolds of a golden semi-
Riemannian manifold M. Then D, defines a totally geodesic foliation if and only
if

(i) 9(VxPZY) —g(PY,VxPZ) = g(FY,h*(X,PZ)),

(i) (PY, Apy X) = 3(Y, Apy X) = g(FY, D*(X, PN)),
for all X, Y € I'(Dy), Z € I'(D;) and N € I'(ltr(TM)).

Proof. Let M be a screen semi slant lightlike submanifolds of a golden semi-Riemannian
manifolds M. The distribution D, defines a totally geodesic foliation if and only
if VxY € I'Dy, for all X,Y € I'D,. Since V is metric connection, from (2.3),
(2.4), (2.11) and (3.5), for any X,Y € I'D, and Z € I'D;, we obtain g(VxY,Z) =
—g(PY,VxPZ)—G(FY,VxPZ)+5(Y,VxPZ), which implies §(VxY, Z) = —g(PY,
VxPZ)—g(FY,h*(X,PZ))+5(Y,VxPZ)). In view of (2.3), (2.4), (2.11) and (3.5),
for any X,Y € I'Dyand N € T'(itr(TM)), we obtain G(VxY, N) = —gG(PY,VxPN)—
G(FY,VxPN) +3(Y,VxPN), which gives §(VxY, N) = G(PY, ApyX) — G(FY,
D3(X, PN)) —g(Y, ApyX). Hence, the proof is completed.

O

Theorem 4.4. Let M be a mixed geodesic screen semi slant lightlike submanifolds of
a golden semi-Riemannian manifolds M. Then D, defines a totally geodesic foliation
if and only if

(i) g(PY,VxPZ) =g(Y,VxP2),

(i) G(PY, Apy X) — 5V, Apy X) = G(FY, D*(X, PN)),

forall XY € I'Dy, Z € I'Dy and N € I'(itr(T'M)).



SCREEN SEMI SLANT LIGHTLIKE SUBMANIFOLDS 839

Proof. Let M be a mixed geodesic screen semi slant lightlike submanifold of a golden
semi-Riemannian manifolds M, we have h*(X, PZ) = 0, for all X € I'(D,) and Z €
['(D;). The distribution D, defines a totally geodesic foliation if and only if VxY €
['Dy, for all X, Y € I'D,. Since V is metric connection, from (2.3), (2.4), (2.11) and
(3.5), for any X,Y € I'D, and Z € I'D;, we obtain §(VxY, Z) = —g(PY,VxPZ) —
G(FY,VxPZ)+q(Y,VxPZ), which implies §(VxY, Z) = —g(PY,VxPZ) — g(FY,
h(X,PZ)) +g(Y,VxPZ)).Now, from (2.3), (2.4), (2.11) and (3.5), for any X,Y €
I'Dyand N € T(itr(TM)), we obtain §(VxY, N) = —g(PY,VxPN)—g(FY,VxPN)+
G(Y,VxPN), which gives G(VxY,N) = G(PY, AsyX) — G(FY, D*(X, PN)) — g(Y,
ApnX). Hence, the proof is completed.

O

Theorem 4.5. Let M be a mixed geodesic screen semi slant lightlike submanifolds of
a golden semi-Riemannian manifolds M. Then the induced connection V on S(T'M)
is a metric connection if and only if

(i) A X has no component in Dy,

(ii) (PW, A% Z) — G(FW, h*(Z, P¢)) = g(W. A3, Z),

for all Z,/W € I'Dy, X € I'D; and & € 'Rad(TM).

Proof. Let M be a mixed geodesic screen semi slant lightlike submanifold of a golden
semi-Riemannian manifold M. Then h!(X,Z) = 0, for all X € I'D; and Z € I'Ds.
From (2.18), for any X,Y € I'(D;) and ¢ € T'(Rad(TM)), we obtain g(h!(X,Y),§) =
g(Y, At X). Since V is metric connection, from (2.3), (2.4) and (3.5), for any Z, W €
I'(D,) and € € T'(Rad(TM)), we have g(h!(Z, W), £) = —g(PW, N z PE)—g(FW, ¥V ;. P¢)+
g(W, V2 P¢€), which gives g(h'(Z,W), &) = g(PW, A5, Z) — G(FW,

h*(Z, P¢)) —g(W, AggZ). Thus, the theorem is completed.
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