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GENERALIZATIONS OF THE ALEXANDER INTEGRAL

OPERATOR FOR ANALYTIC MULTIVALENT FUNCTIONS

H. ÖZLEM GÜNEY(1) AND SHIGEYOSHI OWA(2)

Abstract. Let Tp,n be a subclass of analytic multivalent functions of the form

f(z) = zp + ap+nz
p+n + ap+n+1z

p+n+1 + . . .

for every z in the open unit disc U. Applying the fractional calculus (fractional

integral and fractional derivative), A−λ
p,nf(z) and Aλ

p,nf(z) which are generalizations

of the Alexander integral operator are introduced. The object of present paper is

to discuss some interesting properties of A−λ
p,nf(z) and Aλ

p,nf(z). Also, some simple

examples of results for A−λ
p,nf(z) and Aλ

p,nf(z) are shown. To give some simple

examples is very important for the research of mathematics.

1. Introduction

Let Tp,n be the class of functions f(z) of the form

(1.1) f(z) = zp +
∞
∑

k=p+n

akz
k , n ∈ N = {1, 2, 3, . . .}

which are analytic multivalent in the open unit disc U = {z ∈ C : |z| < 1}. For
f ∈ T1,1, Alexander [1] defined the following integral operator

(1.2) A1,1f(z) =

∫ z

0

f(t)

t
dt = z +

∞
∑

k=2

ak

k
zk,

that is called as the Alexander integral operator. Applying the above the Alexander

integral operator for f(z) ∈ Tp,n, we consider the generalization of A−1
1,1f(z) as follows:

(1.3) A−1
p,nf(z) =

p+ 1

2
z

p−1
2

∫ z

0

f(t)

t
p+1
2

dt = zp +

∞
∑

k=p+n

p + 1

2k − p+ 1
akz

k.
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Further, we define new operator A1
p,nf(z) for Tp,n using the derivative of f(z) ∈ Tp,n

as follows:

(1.4) A1
p,nf(z) =

2

p+ 1
z

p+1
2

d

dz

(

f(z)

z
p−1
2

)

= zp +

∞
∑

k=p+n

2k − p+ 1

p+ 1
akz

k.

With the above operators A−1
p,nf(z) and A1

p,nf(z), we see that

(1.5) A−1
p,n

(

A1
p,nf(z)

)

= A1
p,n

(

A−1
p,nf(z)

)

= f(z),

that is, that A−1
p,nf(z) and A1

p,nf(z) are inverse operators each other. From the among

various definitions of f(z) ∈ Tp,n for fractional calculus (that is, fractional derivatives

and fractional integrals) given in the literature, we would like to recall here the

following definitions for fractional calculus which were used by S.Owa [8] and S.Owa

and H.M.Srivastava [9].

Definition 1.1. The fractional integral of order λ for f(z) ∈ Tp,n is defined by

D−λ
z f(z) =

1

Γ(λ)

∫ z

0

f(t)

(z − t)1−λ
dt , (λ > 0)

where f(z) is an analytic function in a simply-connected region of the z-plane con-

taining the origin, and the multiplicity of (z− t)λ−1 is removed by requiring log(z− t)

to be real when z − t > 0 and Γ is the Gamma function.

With the above definition, we have that

D−λ
z f(z) =

Γ(p+ 1)

Γ(p+ 1 + λ)
zp+λ +

∞
∑

k=p+n

Γ(k + 1)

Γ(k + 1 + λ)
akz

k+λ,

for λ > 0 and f(z) ∈ Tp,n.

Definition 1.2. The fractional derivative of order λ for f(z) ∈ Tp,n is defined by

Dλ
z f(z) =

d

dz

(

Dλ−1
z f(z)

)

=
1

Γ(1− λ)

d

dz

∫ z

0

f(t)

(z − t)λ
dt , (0 ≤ λ < 1)

where the multiplicity of (z − t)−λ is removed as in Definition 1.1.

Definition 1.3. Under the hypotheses of Definition 1.2, the fractional derivative of

order j + λ for f(z) ∈ Tp,n is defined by

Dj+λ
z f(z) =

dj

dzj

(

Dλ
z f(z)

)

, (0 ≤ λ < 1)

where j = 0, 1, 2, ..., p− 1.
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In view of the definitions for fractional derivatives of f(z) ∈ Tp,n, we know that

Dλ
z f(z) =

Γ(p+ 1)

Γ(p+ 1− λ)
zp−λ +

∞
∑

k=p+n

Γ(k + 1)

Γ(k + 1− λ)
akz

k−λ

and

Dj+λ
z f(z) =

Γ(p+ 1)

Γ(p+ 1− j − λ)
zp−j−λ +

∞
∑

k=p+n

Γ(k + 1)

Γ(k + 1− j − λ)
akz

k−j−λ

for f(z) ∈ Tp,n with 0 ≤ λ < 1 and j = 0, 1, 2, ..., p− 1.

Using the fractional calculus D−λ
z f(z) and Dλ

z f(z), we introduce

A−λ
p,nf(z) =

Γ
(

p+2+λ

2

)

Γ
(

p+2−λ

2

)z
p−λ

2 D−λ
z

(

f(z)

z
p+λ

2

)

= zp +
∞
∑

k=p+n

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)akz
k

(1.6)

for λ > 0,

Aλ
p,nf(z) =

Γ
(

p+2−λ

2

)

Γ
(

p+2+λ

2

)z
p+λ

2 Dλ
z

(

f(z)

z
p−λ

2

)

= zp +

∞
∑

k=p+n

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)akz
k

(1.7)

for 0 ≤ λ < 1,

Aj+λ
p,n f(z) =

Γ
(

p+2−j−λ

2

)

Γ
(

p+2+j+λ

2

)z
p+j+λ

2 Dj+λ
z

(

f(z)

z
p−j−λ

2

)

= zp +

∞
∑

k=p+n

Γ(k + 1− p−j−λ

2
)Γ
(

p+2−j−λ

2

)

Γ(k + 1− p+j+λ

2
)Γ
(

p+2+j+λ

2

)akz
k

(1.8)

for 0 ≤ λ < 1 and j = 0, 1, 2, ..., p− 1. If we take λ = 1 in (1.6), then

A−1
p,nf(z) =

p+ 1

2
z

p−1
2

∫ z

0

f(t)

t
p+1
2

dt,

which is the same as (1.3). Letting λ → 0 in (1.6), we see

A0
p,nf(z) = f(z).

Further, if λ = 0 in (1.7), we have

A0
p,nf(z) = f(z),
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and if λ → 1 in (1.7), then we know that

A1
p,nf(z) =

2

p+ 1
z

p+1
2

d

dz

(

f(z)

z
p−1
2

)

,

which is the same as (1.4). In view of the definition for Aj+λ
p,n f(z) in (1.8), we say

that

(1.9) Aλ
p,nf(z) =

Γ
(

p+2−λ

2

)

Γ
(

p+2+λ

2

)z
p+λ

2 Dλ
z

(

f(z)

z
p−λ

2

)

for λ ≥ 0. Thus by (1.6) and (1.9), we have that

Aλ
p,n

(

A−λ
p,nf(z)

)

= A−λ
p,n

(

Aλ
p,nf(z)

)

= f(z),

for λ ≥ 0. This means that Aλ
p,nf(z) and A−λ

p,nf(z) are inverse operators each other.

2. Dominants for the operators Aλ
p,1 and A−λ

p,1

Let a function g(z) ∈ Tp,n be given by

(2.1) g(z) = zp +
∞
∑

k=p+n

bkz
k,

with bk ≥ 0 (k = p + n, p + n + 1, ...). Functions f(z) ∈ Tp,n and g(z) given by (2.1)

satisfy

|ak| ≤ bk, (k = p+ n, p+ n+ 1, ...),

then f(z) is said to be dominanted by g(z) ( or g(z) dominants f(z)), and we write

f(z) ≪ g(z)

for all z ∈ U = {z ∈ C : |z| < 1}. In view of (1.3) and (1.4), we have

A−1
p,nf(z) ≪ f(z) ≪ A1

p,nf(z), (z ∈ U)

for f(z) ∈ Tp,n with ak ≥ 0. Furthermore, by the continuty of the gamma functions

for λ, we say that

A−λ
p,nf(z) ≪ f(z) ≪ Aλ

p,nf(z), (z ∈ U)

for 0 ≤ λ < p.

Now we derive the following theorem.
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Theorem 2.1. If f(z) ∈ Tp,1 satisfies

(2.2) |ak| ≤
Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)
∏k−p−1

j=0 (2p− 2α− j)

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)

(k − p)!
,

for k = p+ 1, p+ 2, ..., then

(2.3) A−λ
p,1f(z) ≪

zp

(1− z)2(p−α)
, (z ∈ U)

where 0 ≤ α < p.

If f(z) ∈ Tp,1 satisfies

(2.4) |ak| ≤
Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)
∏k−p−1

j=0 (2p− 2α− j)

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)

(k − p)!
,

for k = p+ 1, p+ 2, ..., then

(2.5) Aλ
p,1f(z) ≪

zp

(1− z)2(p−α)
, (z ∈ U)

where 0 ≤ α < p.

Proof. Let us consider a function

g(z) =
zp

(1− z)2(p−α)
= zp +

∞
∑

k=p+1

∏k−p−1
j=0 (2p− 2α− j)

(k − p)!
zk, (0 ≤ α < p).

Since f(z) ∈ Tp,1 implies that

A−λ
p,1f(z) = zp +

∞
∑

k=p+1

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)akz
k,

if f(z) satisfies (2.2), then

A−λ
p,1f(z) ≪

zp

(1− z)2(p−α)
, (z ∈ U).

Further, since f(z) ∈ Tp,1 satisfies

Aλ
p,1f(z) = zp +

∞
∑

k=p+1

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)akz
k,

if f(z) satisfies (2.4), we say that

Aλ
p,1f(z) ≪

zp

(1− z)2(p−α)
, (z ∈ U).

�
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Remark 1. We consider the function

g(z) =
zp

(1− z)2(p−α)
, (0 ≤ α < p).

This function g(z) satisfies

Re
zg′(z)

g(z)
= Re

(

p+ 2(p− α)
z

1− z

)

> α, (z ∈ U).

Therefore, we say that the function g(z) is p-valently starlike of order α in U, and

write that g(z) ∈ S∗(α).

Taking α = 0 in Theorem 2.1, we have the following corollary.

Corollary 2.1. If f(z) ∈ Tp,1 satisfies

|ak| ≤
Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)
∏k−p−1

j=0 (2p− j)

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)

(k − p)!
,

for k = p+ 1, p+ 2, ..., then

A−λ
p,1f(z) ≪

zp

(1− z)2p
, (z ∈ U).

If f(z) ∈ Tp,1 satisfies

|ak| ≤
Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)
∏k−p−1

j=0 (2p− j)

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)

(k − p)!
,

for k = p+ 1, p+ 2, ..., then

(2.6) Aλ
p,1f(z) ≪

zp

(1− z)2p
, (z ∈ U).

Taking λ = 1 in Theorem 2.1, we have the following corollary.

Corollary 2.2. If f(z) ∈ Tp,1 satisfies

|ak| ≤
(2k + 1− p)

∏k−p−1
j=0 (2p− 2α− j)

(k − p)!(p+ 1)
,

for k = p+ 1, p+ 2, ..., then

A−1
p,1f(z) ≪

zp

(1− z)2(p−α)
, (z ∈ U)

where 0 ≤ α < p.
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If f(z) ∈ Tp,1 satisfies

|ak| ≤
(p+ 1)

∏k−p−1
j=0 (2p− 2α− j)

(k − p)!(2k + 1− p)
,

for k = p+ 1, p+ 2, ..., then

A1
p,1f(z) ≪

zp

(1− z)2(p−α)
, (z ∈ U)

where 0 ≤ α < p.

Next, we derive the following theorem.

Theorem 2.2. If f(z) ∈ Tp,1 satisfies

(2.7) |ak| ≤
Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

) ,

for k = p+ 1, p+ 2, ..., then

(2.8) A−λ
p,1f(z) ≪

zp

1− z
, (z ∈ U).

If f(z) ∈ Tp,1 satisfies

(2.9) |ak| ≤
Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

) ,

for k = p+ 1, p+ 2, ..., then

(2.10) Aλ
p,1f(z) ≪

zp

1− z
, (z ∈ U).

Proof. Note that

g(z) =
zp

1− z
= zp +

∞
∑

k=p+1

zk.

By means of the expansion for A−λ
p,1f(z) in (1.6), we know the dominant (2.8). Also,

using (1.7), we have the dominant (2.10). �

Remark 2. Let us consider the function

(2.11) g(z) =
zp

1− z
= zp +

∞
∑

k=p+1

zk.

This function g(z) satisfies

(2.12)
zg′(z)

g(z)
= p+

z

1− z



878 H. ÖZLEM GÜNEY AND SHIGEYOSHI OWA

and

(2.13) 1 +
zg′′(z)

g′(z)
= p+

2z

1− z
− (p− 1)z

p− (p− 1)z
.

It follows from (2.12) that

(2.14) Re
zg′(z)

g(z)
> p− 1

2
, (z ∈ U)

and from (2.13)

(2.15) Re

(

1 +
zg′′(z)

g′(z)

)

> 0, (z ∈ U).

The inequality (2.14) means that g(z) is p-valently starlike of order p − 1
2
, and the

inequality (2.15) shows that g(z) is p-valently convex in U.

Making λ = 1 in Theorem 2.2, we see the following corollary.

Corollary 2.3. If f(z) ∈ Tp,1 satisfies

|ak| ≤
2k + 1− p

p+ 1
, (k = p+ 1, p+ 2, ...)

then

A−1
p,1f(z) ≪

zp

1− z
, (z ∈ U)

and if f ∈ Tp,1 satisfies

|ak| ≤
p+ 1

2k + 1− p
, (k = p+ 1, p+ 2, ...),

then

A1
p,1f(z) ≪

zp

1− z
, (z ∈ U).

Further we have the following theorem.

Theorem 2.3. Let a function f(z) ∈ Tp,n be given by

(2.16) f(z) = zp +
∞
∑

k=p+n

akz
k, (n = 2p, 4p, 6p, ...).

If f(z) satisfies

(2.17) |ak| ≤
pΓ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)

kΓ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

) ,
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for k = 3p, 5p, 7p, ..., then

(2.18) A−λ
p,1f(z) ≪

1

2
log

(

1 + zp

1− zp

)

, (z ∈ U).

If f(z) satisfies

(2.19) |ak| ≤
pΓ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)

kΓ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

) ,

for k = 3p, 5p, 7p, ..., then

(2.20) Aλ
p,1f(z) ≪

1

2
log

(

1 + zp

1− zp

)

, (z ∈ U).

Proof. We note that

(2.21)
1

2
log

(

1 + zp

1− zp

)

= zp +
1

3
z3p +

1

5
z5p + ... = zp +

∞
∑

k=p+n

p

k
zk.

Considering (1.6) and (1.7), we know that if |ak| satisfies (2.17) and (2.19), then we

have (2.18) and (2.20). �

Remark 3. We write that

g(z) =
1

2
log

(

1 + zp

1− zp

)

.

Then g(z) satisfies

Re

(

1 +
zg′′(z)

g′(z)

)

= Re

(

2p

1− z2p
− p

)

> 0, (z ∈ U).

Therefore, the function g(z) is p-valently convex in U. Also, g(z) satisfies −π
4

<

Img(z) < π
4
, (z ∈ U).

Taking λ = 1 in Theorem 2.3, we know the following corollary.

Corollary 2.4. Let a function f(z) be given by (2.16). If f(z) satisfies

|ak| ≤
p(2k + 1− p)

k(p + 1)
, (k = 3p, 5p, 7p, ...),

then

A−1
p,1f(z) ≪

1

2
log

(

1 + zp

1− zp

)

, (z ∈ U).

If f(z) satisfies

|ak| ≤
p(p+ 1)

k(2k + 1− p)
, (k = 3p, 5p, 7p, ...)
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for k = 3p, 5p, 7p, ..., then

A1
p,1f(z) ≪

1

2
log

(

1 + zp

1− zp

)

, (z ∈ U).

3. Inclusion properties for the operators Aλ
p,1 and A−λ

p,1

We would like to consider some interesting properties for operators A−λ
p,nf(z) and

Aλ
p,nf(z).

For m different boundary points zs (s = 1, 2, 3, ..., m) with |zs| = 1, we define

(3.1) dm =
1

m

m
∑

s=1

A−λ
p,nf(zs)

z
p
s

,

where dm ∈ eiβA−λ
p,nf(U), dm 6= 1 and −π

2
≤ β ≤ π

2
. For such dm, if f(z) ∈ Tp,n satisfies

(3.2)

∣

∣

∣

∣

∣

eiβ
A−λ

p,nf(z)

zp
− dm

eiβ − dm
− 1

∣

∣

∣

∣

∣

< ρ, z ∈ U

for some real ρ > 0, then we say that f(z) belongs to B−λ
p,n(dm, β, ρ) ⊂ Tp,n. We note

that our condition (3.2) is equivalent to

(3.3)

∣

∣

∣

∣

∣

A−λ
p,nf(z)

zp
− 1

∣

∣

∣

∣

∣

< ρ
∣

∣eiβ − dm
∣

∣ , z ∈ U.

Also, we define em for Aλ
p,nf(z) changing λ by −λ in dm. If f(z) ∈ Tp,n satisfies

(3.4)

∣

∣

∣

∣

∣

eiβ
Aλ

p,nf(z)

zp
− em

eiβ − em
− 1

∣

∣

∣

∣

∣

< ρ, z ∈ U

for some real ρ > 0, then we say that f(z) belongs to Bλ
p,n(em, β, ρ) ⊂ Tp,n. The above

inequality (3.4) is equivalent to
∣

∣

∣

∣

∣

Aλ
p,nf(z)

zp
− 1

∣

∣

∣

∣

∣

< ρ
∣

∣eiβ − em
∣

∣ , z ∈ U.

Let us define f(z) ∈ Tp,n by

f(z) = zp + ap+nz
p+n.

Then, if

|ap+n| ≤
Γ
(

p+2n−2+λ

2

)

Γ
(

p+2−λ

2

)

Γ
(

p+2n−2−λ

2

)

Γ
(

p+2+λ

2

)ρ
∣

∣eiβ − dm
∣

∣ ,
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then f ∈ B−λ
p,n(dm, β, ρ), and if

|ap+n| ≤
Γ
(

p+2n−2−λ

2

)

Γ
(

p+2+λ

2

)

Γ
(

p+2n−2+λ

2

)

Γ
(

p+2−λ

2

)ρ
∣

∣eiβ − em
∣

∣ ,

then f ∈ Bλ
p,n(em, β, ρ). Discussing our problems for B−λ

p,n(dm, β, ρ) and Bλ
p,n(em, β, ρ),

we need the following lemma due to Miller and Mocanu [3, 4](also, by Jack [2]).

Lemma 3.1. Let the function w(z) given by

w(z) = anz
n + an+1z

n+1 + an+2z
n+2 + . . . , n ∈ N

be analytic in U with w(0) = 0. If |w(z)| attains its maximum value on the circle

|z| = r at a point z0, (0 < |z0| < 1) then there exists a real number k ≥ n such that

z0w
′(z0)

w(z0)
= k

and

Re

(

1 +
z0w

′′(z0)

w′(z0)

)

≥ k.

Applying the above lemma, we derive the following theorem.

Theorem 3.1. If f(z) ∈ Tp,n satisfies

(3.5)

∣

∣

∣

∣

∣

z(A−λ
p,nf(z))

′

A−λ
p,nf(z)

− p

∣

∣

∣

∣

∣

<

∣

∣eiβ − dm
∣

∣ ρ

1 + |eiβ − dm| ρ
, z ∈ U

for some dm defined by (3.1) with dm 6= 1 such that zs ∈ ∂U (s = 1, 2, 3, ..., m), and

for some real ρ > 1, then

(3.6)

∣

∣

∣

∣

∣

A−λ
p,nf(z)

zp
− 1

∣

∣

∣

∣

∣

< ρ
∣

∣eiβ − dm
∣

∣ , z ∈ U

that is, f ∈ B−λ
p,n(dm, β, ρ).

Proof. We define the function w(z) by

w(z) =
eiβ

A−λ
p,nf(z)

zp
− dm

eiβ − dm
− 1

=
eiβ

eiβ − dm

(

∞
∑

k=p+n

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)akz
k−p

)

.
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Then, we know that w(z) is analytic in U with w(0) = 0 and

A−λ
p,nf(z)

zp
= 1 + (1− e−iβdm)w(z).

This gives us that

z(A−λ
p,nf(z))

′

A−λ
p,nf(z)

− p =
(1− e−iβdm)zw

′(z)

1 + (1− e−iβdm)w(z)
.

that is, that
∣

∣

∣

∣

∣

z(A−λ
p,nf(z))

′

A−λ
p,nf(z)

− p

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

(1− e−iβdm)zw
′(z)

1 + (1− e−iβdm)w(z)

∣

∣

∣

∣

<
|eiβ − dm|ρ

1 + |eiβ − dm|ρ
, z ∈ U

with (3.5). Assume that there exists a point z0 ∈ U such that

max{|w(z)|; |z| ≤ |z0|} = |w(z0)| = ρ > 1.

Then, using Lemma 3.1, we say that w(z0) = ρeiθ, (0 ≤ θ ≤ 2π) and z0w
′(z0) =

kw(z0), (k ≥ n). For such z0 ∈ U, we have

(3.7)

∣

∣

∣

∣

∣

z0(A
−λ
p,nf(z0))

′

A−λ
p,nf(z0)

− p

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

(1− e−iβdm)z0w
′(z0)

1 + (1− e−iβdm)w(z0)

∣

∣

∣

∣

=

∣

∣

∣

∣

(1− e−iβdm)ρ

1 + (1− e−iβdm)ρeiθ

∣

∣

∣

∣

≥ |1− e−iβdm|ρ
1 + |1− e−iβdm|ρ

=
|eiβ − dm|ρ

1 + |eiβ − dm|ρ
.

This contradicts our condition (3.5). Thus we say that there exists no z0, (0 < |z0| <
1) such that |w(z0)| = ρ > 1. This gives that |w(z)| < ρ for all z ∈ U, and that

|w(z)| =

∣

∣

∣

∣

∣

∣

eiβ
(

A−λ
p,nf(z)

z
− 1
)

eiβ − dm

∣

∣

∣

∣

∣

∣

< ρ, z ∈ U.

This is equivalent to (3.6)and to f ∈ B−λ
p,n(dm, β, ρ). �

Example 3.1. We consider the function f(z) ∈ Tp,n given by

f(z) = zp + ap+nz
p+n.
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Then, f(z) satisfies
∣

∣

∣

∣

∣

z(A−λ
p,nf(z))

′

A−λ
p,nf(z)

− p

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

nV (p, n, λ)ap+nz
n

1 + V (p, n, λ)ap+nzn

∣

∣

∣

∣

<
nV (p, n, λ)|ap+n|

1− V (p, n, λ)|ap+n|
, z ∈ U

where

V (p, n, λ) =
Γ
(

p+2n+2−λ

2

)

Γ
(

p+2+λ

2

)

Γ
(

p+2n+2+λ

2

)

Γ
(

p+2−λ

2

)

and

0 < |ap+n| <
1

(n+ 1)V (p, n, λ)
.

Now we consider five boundary points

z1 = e−i
arg(ap+n)

n ,

z2 = ei
π−6arg(ap+n)

6n ,

z3 = ei
π−4arg(ap+n)

4n ,

z4 = ei
π−3arg(ap+n)

3n

and

z5 = ei
π−2arg(ap+n)

2n .

For such points zs (s = 1, 2, 3, 4, 5), we have

A−λ
p,nf(z1)

z
p
1

= 1 + V (p, n, λ)|ap+n|,

A−λ
p,nf(z2)

z
p
2

= 1 + V (p, n, λ)|ap+n|
√
3 + i

2
,

A−λ
p,nf(z3)

z
p
3

= 1 + V (p, n, λ)|ap+n|
√
2(1 + i)

2
,

A−λ
p,nf(z4)

z
p
4

= 1 + V (p, n, λ)|ap+n|
1 +

√
3i

2

and
A−λ

p,nf(z5)

z
p
5

= 1 + V (p, n, λ)|ap+n|i.

Thus, we obtain that

d5 =
1

5

5
∑

s=1

A−λ
p,nf(zs)

z
p
s

= 1 +
1

10
(3 +

√
2 +

√
3)(1 + i)V (p, n, λ)|ap+n|.

It follows from the above that

∣

∣1− e−iβd5
∣

∣ =

√
2

10
(3 +

√
2 +

√
3)V (p, n, λ)|ap+n|,
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for β = 0. For such d5 and β = 0, we consider ρ > 1 such that

nV (p, n, λ)|ap+n|
1− V (p, n, λ)|ap+n|

=
|eiβ − d5|ρ

1 + |eiβ − d5|ρ
.

Then ρ satisfies

ρ =
10
√
2n

(3 +
√
2 +

√
3)(1− (n+ 1)V (p, n, λ)|ap+n|)

≥ 10
√
2n

3 +
√
2 +

√
3
> 1.

For such d5 and ρ > 1, we see that
∣

∣

∣

∣

∣

A−λ
p,nf(z)

zp
− 1

∣

∣

∣

∣

∣

< V (p, n, λ)|ap+n| ≤ ρ|eiβ − d5| , z ∈ U.

Letting λ = 1 in Theorem 3.1, we have the following corollary.

Corollary 3.1. Let f(z) ∈ Tp,n satisfies
∣

∣

∣

∣

∣

z(A−λ
p,nf(z))

′

A−λ
p,nf(z)

− p

∣

∣

∣

∣

∣

<

∣

∣eiβ − dm
∣

∣ ρ

1 + |eiβ − dm| ρ
, z ∈ U

for some dm given by

dm =
1

m

m
∑

s=1

A−λ
p,nf(zs)

z
p
s

, dm 6= 1

where dm ∈ eiβA−λ
p,nf(U) and zs ∈ ∂U(s = 1, 2, 3, ..., m). Then, for some real ρ > 1

and −π
2
≤ β ≤ π

2
∣

∣

∣

∣

∣

A−λ
p,nf(z)

zp
− 1

∣

∣

∣

∣

∣

< ρ
∣

∣eiβ − dm
∣

∣ , z ∈ U

that is, f ∈ B−1
p,n(dm, β, ρ).

Finally, we derive the following theorem.

Theorem 3.2. Let f(z) ∈ Tp,n and

em =
1

m

m
∑

s=1

Aλ
p,nf(zs)

z
p
s

, em 6= 1

where em ∈ eiβAλ
p,nf(U) and −π

2
≤ β ≤ π

2
where zs ∈ ∂U(s = 1, 2, 3, ..., m). If f

satisfies
∣

∣

∣

∣

∣

z(Aλ
p,nf(z))

′

Aλ
p,nf(z)

− p

∣

∣

∣

∣

∣

<

∣

∣eiβ − em
∣

∣ ρ

1 + |eiβ − em| ρ
, z ∈ U



GENERALIZATIONS OF THE ALEXANDER INTEGRAL OPERATOR FOR A... 885

for some real ρ > 1, then
∣

∣

∣

∣

∣

Aλ
p,nf(z)

zp
− p

∣

∣

∣

∣

∣

< ρ
∣

∣eiβ − em
∣

∣ , z ∈ U

that is, f ∈ Bλ
p,n(dm, β, ρ).

The proof of the Theorem 3.2 is same as the proof of Theorem 3.1.

Example 3.2. We define the function f(z) ∈ Tp,n given by

f(z) = zp + ap+nz
p+n.

Then, f(z) satisfies
∣

∣

∣

∣

∣

z(Aλ
p,nf(z))

′

Aλ
p,nf(z)

− p

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

nW (p, n, λ)ap+nz
n

1 +W (p, n, λ)ap+nzn

∣

∣

∣

∣

<
nW (p, n, λ)|ap+n|

1−W (p, n, λ)|ap+n|
, z ∈ U

where

W (p, n, λ) =
Γ
(

p+2n+2+λ

2

)

Γ
(

p+2−λ

2

)

Γ
(

p+2n+2−λ

2

)

Γ
(

p+2+λ

2

)

and

0 < |ap+n| <
1

(n+ 1)W (p, n, λ)
.

Considering five boundary points zs(s = 1, 2, 3, 4, 5) same as the Example 3.1, we

have
∣

∣1− e−iβe5
∣

∣ =

√
2

10
(3 +

√
2 +

√
3)W (p, n, λ)|ap+n|,

for β = 0. Taking ρ > 1 such that

nW (p, n, λ)|ap+n|
1−W (p, n, λ)|ap+n|

=
|eiβ − e5|ρ

1 + |eiβ − e5|ρ
,

we have

ρ =
10
√
2n

(3 +
√
2 +

√
3)(1− (n+ 1)W (p, n, λ)|ap+n|)

≥ 10
√
2n

3 +
√
2 +

√
3
> 1.

For such e5 and ρ > 1, f satisfies
∣

∣

∣

∣

∣

Aλ
p,nf(z)

zp
− 1

∣

∣

∣

∣

∣

< W (p, n, λ)|ap+n| ≤ ρ|eiβ − e5| , z ∈ U.

Making λ = 1 in Theorem 3.2, we see the following corollary.
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Corollary 3.2. Let f(z) ∈ Tp,n satisfies

∣

∣

∣

∣

z(A1
p,nf(z))

′

A1
p,nf(z)

− p

∣

∣

∣

∣

<

∣

∣eiβ − em
∣

∣ ρ

1 + |eiβ − em| ρ
, z ∈ U

for some em given by

em =
1

m

m
∑

s=1

A1
p,nf(zs)

z
p
s

, dm 6= 1

where em ∈ eiβA1
p,nf(U) and zs ∈ ∂U(s = 1, 2, 3, ..., m). Then, for some real ρ > 1

and −π
2
≤ β ≤ π

2
∣

∣

∣

∣

A1
p,nf(z)

zp
− 1

∣

∣

∣

∣

< ρ
∣

∣eiβ − em
∣

∣ , z ∈ U

that is, f ∈ B1
p,n(em, β, ρ).

4. Subordination Properties

Let the functions F (z) and G(z) be analytic in U. Then F (z) is said to be sub-

ordinate to G(z) if there exists a Schwarz function w(z) which is analytic in U with

w(0) = 0 and |w(z)| < 1 (z ∈ U) such that

(4.1) F (z) = G(w(z)), z ∈ U.

We denote this subordination by

(4.2) F (z) ≺ G(z), z ∈ U.

Further, if G(z) is univalent in U, then the subordination (4.2) is equivalent to F (0) =

G(0) and F (U) ⊂ G(U).

For f(z) ∈ Tp,n, we consider the following subordination

(4.3)
A−λ

p,nf(z)

zp
≺ α(1− z)

α− z
, z ∈ U

for some real α > 1. Many interesting properties for subordinations were considered

by Miller and Mocanu [5, 6]. If we write that

G(z) =
α(1− z)

α− z
, z ∈ U

for α > 1, then

Re(G(z)) =
α(α+ r2 − r(α+ 1)cosθ)

α2 + r2 − 2αrcosθ
,
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for z = reiθ(0 ≤ r < 1, 0 ≤ θ < 2π). This shows that

(4.4)
α(1− r)

α− r
≤ Re(G(z)) ≤ α(1 + r)

α + r
<

2α

α + 1
.

Therefore, f(z) defined by (4.3) satisfies

(4.5) 0 < Re

(

A−λ
p,nf(z)

zp

)

<
2α

α + 1
, z ∈ U.

Now, we derive the following theorem.

Theorem 4.1. If f(z) ∈ Tp,n satisfies

(4.6)
∞
∑

k=p+n

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

) |ak| ≤
α− 1

α+ 1
,

for α > 1, then f(z) satisfies (4.5). The equality is attained for

(4.7)

f(z) = zp +

∞
∑

k=p+n

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)

(α− 1)ε

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)

(α+ 1)(k − p− n+ 1)(k − p− n + 2)
zk,

where |ε| = 1.

Proof. We consider a function f(z) ∈ Tp,n which satisfies

(4.8)

∣

∣

∣

∣

∣

(α2 − 6α + 1) + 4(α+ 1)
A−λ

p,nf(z)

zp

∣

∣

∣

∣

∣

<

∣

∣

∣

∣

∣

(α2 + 10α+ 1)− 4(α + 1)
A−λ

p,nf(z)

zp

∣

∣

∣

∣

∣

,

for α > 1. From the inequality (4.8), we know that

A−λ
p,nf(z)

zp
+

(

A−λ
p,nf(z)

zp

)

<
4α

α+ 1
, z ∈ U.

It follows from the above that

0 < Re

(

A−λ
p,nf(z)

zp

)

<
2α

α + 1
, z ∈ U.

If f(z) ∈ Tp,n satisfies (4.8), then we know taht
∣

∣

∣

∣

∣

(α2 − 2α + 5) + 4(α + 1)

∞
∑

k=p+n

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)akz
k−p

∣

∣

∣

∣

∣

<

∣

∣

∣

∣

∣

(α2 + 6α− 3)− 4(α + 1)

∞
∑

k=p+n

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)akz
k−p

∣

∣

∣

∣

∣

,
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where |ε| = 1. Therefore, to satisfy (4.8), f(z) has to satisfy

(α + 1)
∞
∑

k=p+n

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

) |ak| ≤ α− 1.

Thus, if f(z) ∈ Tp,n satisfies (4.6), then f(z) satisfies (4.5). Further, we consider a

function f(z) given by (4.7). Then, we have

∞
∑

k=p+n

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

) |ak|

=

∞
∑

k=p+n

(α− 1)|ε|
(α+ 1)(k − p− n+ 1)(k − p− n + 2)

=

(

α− 1

α+ 1

) ∞
∑

k=p+n

(

1

k − p− n+ 1
− 1

k − p− n + 2

)

=
α− 1

α + 1
.

Therefore, a function f(z) given by (4.7) satisfies the equality in (4.6). �

Letting λ = 1 in Theorem 4.1, we have the following corollary.

Corollary 4.1. If f(z) ∈ Tp,n satisfies

∞
∑

k=p+n

p + 1

2k + 1− p
|ak| ≤

α− 1

α+ 1
, z ∈ U

for α > 1, then

0 < Re

(

A−1
p,nf(z)

zp

)

<
2α

α + 1
, z ∈ U.

The equality holds true for

f(z) = zp +

∞
∑

k=p+n

(2k + 1− p)(α− 1)ε

(p+ 1)(α+ 1)(k − p− n + 1)(k − p− n+ 2)
zk,

where |ε| = 1.

Next, we consider

(4.9) 0 < Re

(

Aλ
p,nf(z)

zp

)

<
2α

α + 1
, z ∈ U.

for α > 1. Then we derive the following theorem.
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Theorem 4.2. If f(z) ∈ Tp,n satisfies

∞
∑

k=p+n

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

) |ak| ≤
α− 1

α+ 1
,

for α > 1, then f(z) satisfies (4.9). The equality is attained for

f(z) = zp +

∞
∑

k=p+n

Γ(k + 1− p+λ

2
)Γ
(

p+2+λ

2

)

(α− 1)ε

Γ(k + 1− p−λ

2
)Γ
(

p+2−λ

2

)

(α+ 1)(k − p− n+ 1)(k − p− n + 2)
zk,

where |ε| = 1.

The proof of the theorem is the same as Theorem 4.1. Thus, we omited the proof

of the theorem.

Taking λ = 1 in Theorem 4.2, we have the following corollary.

Corollary 4.2. If f(z) ∈ Tp,n satisfies

∞
∑

k=p+n

2k + 1− p

p + 1
|ak| ≤

α− 1

α+ 1
, z ∈ U

for α > 1, then

0 < Re

(

A1
p,nf(z)

zp

)

<
2α

α + 1
, z ∈ U.

The equality holds true for

f(z) = zp +
∞
∑

k=p+n

(p+ 1)(α− 1)|ε|
(2k + 1− p)(α + 1)(k − p− n+ 1)(k − p− n + 2)

zk,

where |ε| = 1.

Next, we consider the following theorem.

Theorem 4.3. If f(z) ∈ Tp,n satisfies

(4.10) Re

(

z
(

A−λ
p,nf(z)

)′

A−λ
p,nf(z)

)

< p+
α− 1

2(α + 1)
, z ∈ U

for some real α > 1, then

(4.11)
A−λ

p,nf(z)

zp
≺ α(1− z)

α− z
, z ∈ U.
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Proof. Consider an analytic function w(z) in U given by

A−λ
p,nf(z)

zp
=

α(1− w(z))

α− w(z)
,

with w(0) = 0. It follows that

z
(

A−λ
p,nf(z)

)′

A−λ
p,nf(z)

= p+
zw′(z)

w(z)

(

w(z)

α− w(z)
− w(z)

1− w(z)

)

and

w(z) =
α
(

A−λ
p,nf(z)

zp
− 1
)

A−λ
p,nf(z)

zp
− α

= bnz
n + ....

Suppose that there exists a point z0(0 < |z0| < 1) such that

max|z|≤|z0||w(z)| = |w(z0)| = 1.

Then, using Lemma 3.1, we say that

z0w
′(z0) = kw(z0), (k ≥ n).

Letting w(z0) = eiθ(0 ≤ θ ≤ 2π), we have that

z0
(

A−λ
p,nf(z0)

)′

A−λ
p,nf(z0)

= p+ k

(

eiθ

α− eiθ
− eiθ

1− eiθ

)

= p+ k

(

αcosθ − 1

α2 + 1− 2αcosθ
+

1

2

)

≥ p+
α− 1

2(α+ 1)
.

This contradicts our condition (4.10). Thus, we say that there is no z0, (0 < |z0| < 1)

such that |w(z0)| = 1. This means that |w(z)| < 1 for all z ∈ U, that is that

(4.12)
A−λ

p,nf(z)

zp
≺ α(1− z)

α− z
, z ∈ U.

�

Taking λ = 1 in Theorem 4.3, we have the following corollary.

Corollary 4.3. If f(z) ∈ Tp,n satisfies

Re

(

z
(

A−1
p,nf(z)

)′

A−1
p,nf(z)

)

< p+
α− 1

2(α + 1)
, z ∈ U
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for some real α > 1, then

p+ 1

2
z−

p+1
2

∫ z

0

f(t)

t
p+1
2

dt ≺ α(1− z)

α− z
, z ∈ U.

Using the same method of Theorem 4.3, we derive the following theorem.

Theorem 4.4. If f(z) ∈ Tp,n satisfies

Re

(

z
(

Aλ
p,nf(z)

)′

Aλ
p,nf(z)

)

< p+
α− 1

2(α + 1)
, z ∈ U

for some real α > 1, then

Aλ
p,nf(z)

zp
≺ α(1− z)

α− z
, z ∈ U.

Taking λ = 1 in Theorem 4.4, we have the following corollary.

Corollary 4.4. If f(z) ∈ Tp,n satisfies

Re

(

z
(

A1
p,nf(z)

)′

A1
p,nf(z)

)

< p+
α− 1

2(α + 1)
, z ∈ U

for some real α > 1, then

2

(p+ 1)zp

(

zf ′(z)− p− 1

2
f(z)

)

≺ α(1− z)

α− z
, z ∈ U.

Finally, we prove the following theorem.

Theorem 4.5. Let a function f(z) ∈ Tp,n satisfies

(4.13)
β(1− z)

β − z
≺ f ′(z)

pzp−1
≺ α(1− z)

α− z
, z ∈ U

for 1 < β < α. Then f(z) satisfies

(4.14)

β

z

(

z + log

(

β − z

β

)β−1
)

≺ 1

pz

∫ z

0

f ′(t)

tp−1
dt ≺ α

z

(

z + log

(

α− z

α

)α−1
)

, z ∈ U.

To prove the above theorem, we have to use the following lemma by Miller and

Mocanu [7].

Lemma 4.1. Let h1(z) and h2(z) be convex in U and let f(z) be univalent in U with

h1(0) = h2(0) = f(0). Let γ 6= 0 with Reγ ≥ 0. If

(4.15) h1(z) ≺ f(z) ≺ h2(z), z ∈ U
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then

(4.16)
γ

zγ

∫ z

0

h1(t)t
γ−1dt ≺ γ

zγ

∫ z

0

f(t)tγ−1dt ≺ γ

zγ

∫ z

0

h2(t)t
γ−1dt, z ∈ U

when the middle integral is univalent.

Proof of the Theorem 4.5: We write that

F (z) =
1

p

∫ z

0

f ′(t)

tp−1
dt, z ∈ U.

Then, we know that

F ′(z) =
f ′(z)

pzp−1
, z ∈ U.

Since

β(1− z)

β − z
≺ F ′(z) ≺ α(1− z)

α− z
, z ∈ U.

with (4.13), we say that

0 < Re(F ′(z)) <
2α

α+ 1
, z ∈ U,

that is, that F (z) is close-to-convex (univalent) in U. Defining G(z) by (4), we obtain

that

1 +
zG′′(z)

G′(z)
= 1 +

2z

α− z
, z ∈ U.

Letting z = eiθ(0 ≤ θ < 2π), we have

Re

(

1 +
zG′′(z)

G′(z)

)

= Re

(

1 +
2eiθ

α− eiθ

)

= 1 +
2(αcosθ − 1)

α2 + 1− 2αcosθ
>

α− 1

α+ 1
.

This means that G(z) is convex in U with 1 < β < α. Therefore, β(1−z)
β−z

and α(1−z)
α−z

are convex in U with 1 < β < α. Therefore, applying Lemma 4.1 for γ = 1, we have

that

(4.17)
1

z

∫ z

0

β(1− t)

β − t
dt ≺ 1

z

∫ z

0

F ′(t)dt ≺ 1

z

∫ z

0

α(1− t)

α− t
dt.

It is easy to see that the subordination (4.17) is same as the subordination (4.15).

Letting p = 1 in Theorem 4.5, we have the following corollary.
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Corollary 4.5. If f(z) ∈ T1,n satisfies

β(1− z)

β − z
≺ f ′(z) ≺ α(1− z)

α− z
, z ∈ U

for 1 < β < α, then

β

z

(

z + log

(

β − z

β

)β−1
)

≺ f(z)

z
≺ α

z

(

z + log

(

α− z

α

)α−1
)

, z ∈ U.

5. Conclusions

Applying the fractional calculus (fractional integral and fractional derivative), two

generalizations of the Alexander integral operator are introduced. Some interesting

properties of these operators are discussed. Also, some simple examples of results for

these operators are shown.
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