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ANALYTIC PROPERTIES OF THE APOSTOL-VU MULTIPLE
LUCAS L-FUNCTIONS

UTKAL KESHARI DUTTA ) AND PRASANTA KUMAR RAY®

ABSTRACT. In the article we study the analytic continuations of the Apostol-Vu
multiple shifted Lucas zeta functions and Apostol-Vu multiple Lucas L-functions
associated to Dirichlet characters. We also compute a complete list of exact singu-

larities and residues of these functions at poles.

1. INTRODUCTION

For real numbers P and @, the Lucas sequence U,,(P, Q) is recursively defined by

U(] = O, U1 = 1, Um+1 = PUm - QUm_l, (m Z 1)

m m

The number U, can be expressed explicitly as U, = U, (P, Q) = aib
a E—

a= PJ’Q—‘/E and b = # are the solutions of 22 — Px + Q = 0 with D = P? — 4Q.
It is certain that a +b = P, a —b = /D and ab = Q. Notice that U,,(1, —1) and

, Where

U (6, 1) are the m-th Fibonacci and m-th balancing numbers. All through the paper,

we consider
P>0,Q+#0, and P>Q+1if0<P<2and P>Q+1if P> 2.
From this supposition, we acquire
D>0,a>1, a>|b>0and U, >0, forall m > 1.
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The Euler-Zagier multiple zeta function (gz, is defined by

1
(11) CEZ,k(31>S2a~~~>Sk) = Z m151m282...mk8k7
0<mi<ma---<my<oco

where s1, Sg, . . ., s are complex variables [17]. This series is absolutely convergent in

the region
{(517 82,44y Sk) S (Ck‘R’e(Sk—T—I-l + Sk—r42 + -+ Sk) >r, = 1727 RS k}

The analytic continuation of (1.1) has been studied by several researchers [1, 12, 18].

The series

> 1
(1.2) Z Z moinsz(m +n)’

m=1n<m

was first introduced by Apostol and Vu [3] and they obtained the partial results on
its analytic continuation. The meromorphic continuation of (1.2) and more general
series

- 1
(13) Z Z ms1nsz(m+n>ss’

m=1n<m

were first proved in [8]. In [9], Matsumoto generalized (1.3) and introduced Apostol-
Vu r-ple zeta function

(1.4)
1
CAV,T(‘Sl’"'?ST;ST‘-Fl) = Z s

S1 2 s s .
mitmy? - -msr(my +mg + -+ -+ m, )5
1<mi<ma<--<mp<oo 1 72 r ( 1 2 7‘)

He proved that the series (1.4) is convergent absolutely when Re(s;) > 1 (1 <i <),
Re(s,11) > 0 and can be continued meromorphically to the whole space C".
Various generalizations of the multiple zeta functions were introduced and their
analytic properties have been studied. One of the most valuable generalizations is the
multiple series associated to Dirichlet characters which are called multiple Dirichlet

L-function. The multiple Dirichlet L-function is defined as:

X1(m XE\Ty
»C(Slw"a8k|X1a--'>Xk): Z 77’5181)‘” ﬂf,ksk>’

0<mi<ma---<my <00
where x1,...,xx are Dirichlet characters of same modulo ¢ € Nsy. The analytic
continuation of this multiple L-function has been studied by Akiyama and Ishikawa

2]. In [16], Waghamore and Vijaylaxmi investigated the uniqueness problems of
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meromorphic functions and L-functions in the extended Selberg class by introducing
the concept of multiplicity along with weighted sharing of small functions or fixed
points.

Zeta functions relating number sequences have been a source of attraction to many
researchers. In [13], Navas presented Fibonacci Dirichlet series (r(s) = > | F, %,
Re(s) > 0 for s € C, where F,, denotes the m-th Fibonacci number and ob-
tained that (r(s) is analytically continued to a meromorphic function on the com-
plex plane C. Rout and Panda [15] considered balancing zeta function (p(s) =
> | B,S, Re(s) > 0 for s € C, where B, denotes the m-th balancing number
and proved that (p(s) is meromorphically continued all over C. In a consequent pa-
per, Behera et al. [4] proved the analytical continuation of Lucas-balancing zeta
function (o(s) = >, C.5, Re(s) > 0 for s € C, where C,, denotes the m-
th Lucas-balancing number. In [7], Kamano considered the Lucas zeta function
P QA(s) = 3 U Re(s) > 0, s € C, and determined its analytic continu-
ation. Rout and Meher [14] defined the multiple Fibonacci zeta function of depth &

as:

CF(Sl,SQ,...,sk) — Z 1

FSl F82 . _Fsk °
1<mi<meo<---<myg misme Mk

They derived the analytic continuation of (g(s1, s, ..., sx) of depth 2 and found a
complete list of poles and their corresponding residues. Later, Meher and Rout [10]

proved the meromorphic continuation of multiple Lucas zeta functions of depth d :

1
CU 81,82,...,84) = 3 3 5
( ) > mum-Um

0<mi<ma---<mgy

where U, is the m-th Lucas number of first kind. Furthermore, Dutta and Ray [5]
defined Euler-Zagier multiple Lucas-balancing zeta functions of depth & :
1
Ceze(s1,. .. 86) = Z Lo
1<mi<mo<--<my <co mi Mk

and studied its meromorphic continuation. Meher and Rout [11] studied the analytic

continuation of multiple Lucas L-functions defined as:

m m
I e I O i i =

0<mi<ma---<my
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where x1,..., X, are Dirichlet characters of same modulo ¢ € N>s. Recently, Dutta

and Ray [6] defined the Apostol-Vu multiple Fibonacci zeta functions (avry as:

1
CAVF,k(Sl, <oy Sk Sk-',-l) = Z )

S1 Sk Sk+1
1<my < <my <00 Fmy kaFm1+m2+~-~+mk

and examined its analytic continuation.

In this paper we investigate the analytic continuations of the Apostol-Vu multiple
shifted Lucas zeta functions and Apostol-Vu multiple Lucas L-functions associated to
Dirichlet characters particularly in Section 2. We also estimate the residues of these

functions corresponding to their respective poles in Section 3.

2. ANALYTIC CONTINUATION OF THE APOSTOL-VU MULTIPLE LUcASs L-

FUNCTIONS

In this section we introduce the Apostol-Vu multiple shifted Lucas zeta functions
and Apostol-Vu multiple Lucas L-functions associated to Dirichlet characters and
study their analytic continuations.

Let x1,...,xx be the Dirichlet characters of same modulus ¢ € N>y and xo be
the principal character. The Apostol-Vu multiple shifted Lucas zeta functions and

Apostol-Vu multiple Lucas L-functions are respectively defined as:

CAVU,k(Sh ey Sy Sk | hay o By
1
(21) == E S1 L. Usk U5k+1 )
0<my <--<my<oo  tmi+hi tmy+hy ~ t(ma+-Amy)+hi 4 4-hy

and

x1(ma) ... xk(mg)
2 T VR

my+--+mg

(2.2)  Lavur(st--- Sk Sk+1 | X1+ Xk) =

1<my <o <my,<oo
where s1,...,5¢11 € Cand m;, h; € Nfor 1 <7 < k. The sum s1 4 - - -+ s, is called
the weight of both Cavur(si,. .., Sk Sk+1 | his-. oy hi) and Lavur(si, ..., Sk Skt |
X1,---,Xk) and k is called their depth. One can observe that Layy(s1,...,sk;0 |
X1, - -+, Xk) is the multiple multiple Lucas L-functions (1.5) [11]. For the sake of conve-
nience, we denote Cavyi(s|h) and Layvur(s|x) for Cavur(st, .-, Sk Sk+1 | by oy hi)

and Lavui(St,- -, Sk;Sk+1 | X1, - - -5 Xk) respectively.
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For any integer k > 1, we consider the open subset of D, of CF*! ie.

k
Diy1 = {(sl, sk se) € CFTDY T Re(s;) + (k+1—d)Re(sp) > 0,1 < d < k}
j=d

1
Proposition 2.1. The series Z n TR 15 absolutely con-
Uml AR UmkU

mi+mo+-tmy

1<mi<---<my
vergent in the domain Dy .

Proof. Let s; = 0; +it; € C and 0; = Re(s;) >0, j=1,2,...,k+ 1. Now,

1 o)
2. TmUm- T U] Z_

1<my<o<my mitmatetmy

o0

1 1
(23) - Y o > o T

my_1=1 mi+ma+-+mg_q my=1 mit+me+-+mg~ kmy+(k—1)ma+--+my

Now,
I P RIS S B
sz | Ui (ams—m1)
< _bo’1 o L o3
> (a ) Zm1_1 Mo (1 (|b|)7”1) T
o1
a— o0 o1
(2-4) < (?b?ﬂ) Zmlzl a"l;ml = AUlD ? aall—l‘
Similarly,
(2.5) ‘ ! < A, DF— 1 2<d<k
' TR R T S M
and
(2.6) ! < A, D% L
where A, = W By virtue of (2.3), (2.4), (2.5) and (2.6),
> 1
s Sk+1
1<mi<---<my, Umll U Um1++ +my
SR I I e 1 = 1
S S o S
mi=1 mi ma=1 mi1+mo my_1=1 mi—+-+mp_q
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(e}

> :
Sk Sk+1
0o 0o
o1 9k+1 1 ].
< .. 5 ... D E E
— A01A0'2 Ao'kAo'k+1D D ac1imi aag(ml-i-mz)
m1=1 mo=1
S 00
)> ; > 1
qok—1(mitmat-tmy_1) qok(mit-+my) qokt1(kmi+(k—1)ma+-+my)
mg_1=1 mp=1
k+1 00 S
D > : ) 1
e 2
g qlo1ttoptkog1)m qlo2ttop+(k=1)op11)m2
mi=1 mo=1
00
1
X oo X E - -
a(Fk+oRt1)my
mg=1
k+1
25219 1 1 1
= A, D72
(aol+---+ok+kok+1 — 1) (a‘72+"'+0k+(k_1)‘7k+1 — 1) (a"k+‘7k+1 — 1)

< 00,

as a > 1, where A, = A,, .. MNo Aoy and A,y ..o Ay and A, are the positive
constants depending on o7,..., 0, and oy respectively. Therefore, the series (2.3)
converges absolutely in the domain Dy, ;. This completes the proof. U

Proposition 2.2. The Apostol-Vu multiple shifted Lucas zeta functions Cavuyi(s|h)

15 absolutely convergent in the domain Dy .

Proof. Note that,

1
Z ‘ 51 U Usk+t

. Sk
0<my <-<my<oo | ~tmithi tmy+hi = t(ma+-Amy)+hi4--4-hy

o0

1 1

— E 5 c i

m1=0,...,mp=0 !~ tmi+hi t(mi4-+my)+(h1+-+hg)

1
U5k+1
t(kmi+(k—1)mo+--+myg)+khi+(k—1)ho+--+hy
o0

< 1 1
_— Z USl o Usk

m1=0,...,mp=0 | ~ tmi+h1 t(my+---4my)+(h1+--+hg)

1

U3k+1
t(k‘m1+(k‘—l)m2+"'+mk)+kh1+(k—l)h2+~~+hk
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< Z Ut’l e 1 [Jo+1 !
mi=1,..mp=11""" mitetmg kmi+(k—1)ma+--+my
Thus, the result follows from Proposition 2.1 and (2.7). O

Proposition 2.3. For any positive integer k > 1, let x1,...,xr be the Dirichlet
characters of same modulus t € N>y. The Apostol-Vu multiple Lucas L-functions

Lavuir(s|x) are absolutely convergent in the domain Dy .
Proof. From (2.2), it is observed that

Lavui(s|x)

- Z xi(ma) ... xk(mg)
Urfmll .. Us{ck U3k+1

myetmy

1<m<---<my<oo

= Z X1(mu) xa(ma + mo) _,_Xk(m1+"'+mk) 1
S Unszll Un8121+m2 Uns"zc1+~~+mk karzl-i-(k—l)mz—i----—i-mk

For any m € N, |x(m)| < 1. Therefore, by Proposition 2.1, the function £4vpyk(s|x)

converges absolutely in Dy, . U

Theorem 2.1. The Apostol-Vu multiple shifted Lucas zeta function Cavuyi(s|h) can
be analytically continued to a meromorphic function on all of CKT1 with exact list of

poles on the hyperplanes

Sa+ - F+sp+(k+1—d)spr=20rg+ - +rp+(k+1—d)rys)

rq+--+rg+(k+1—=d)r lo 2c ux’
(74 k+( )Tk+1) log | Q) n (—+W(Q,Td,7”d+1,---,7“k+1)> ’
log a t loga

1<d <k, withr,...,r411 € Z>, and ¢ € Z, where

+

rg+-+rg+(k+1—=d)ripq, if Q<0
0, if @ > 0.

Proof. Using a — b= +/D and ab = Q, for any s € C, we have

U;:(%)s = (a—b)_sam5<1+(—1)(§)m)s
g (e

_ piy (s)(—nkgmkam(s—%)
s

W(Qardard+1, o >7’k+1) =

=~



902 UTKAL KESHARI DUTTA AND PRASANTA KUMAR RAY

Now,

tsm+h = D_g i( ) Q(tm+h (tm+h)(s—2]f).

k=0
Using the above identity in (2.1), we get

oo

Z 1 1
CAVU,k(S|h) = S1 v Usk
m1=0,...,mu=0 ~ tmi1+hi t(ma++my)+(hi+--+hy)
1
U5k+1

t(kmi+(k—1)mo+---+myg)+khi1+(k—1)ho+--+hy

— Z D Z ( T‘jl) (_1)7’1Q(tm1+h1)r1a—(tm1+h1)(51+2r1)

.,mp=0 r1=0

X - ><D2 (
re=0

X a (th 1mn+zn 1hn>( k+2m)

TkQ tZ S Mt h )

y D%TH <—8k+1 1) Q (63k_ (ke 1—m)ma+ 3k (ke 1=m)h )i
T
oo \ Th
(tZ (k+1—n)mp+3 5 _ (k‘+1—”)hn) (5k+1+27"k+1)
(27) X a n=1 n=1 .

Since the series Cayy(s/h) is absolutely convergent, interchanging the order of sum-

mation in (2.7) gives

Cavuk(s/h)
r1=0 " Tk4+1=0 Tkt

< a” (51+~~~+8k+k8k+1+2(T’1+“‘+Tk+k?7“k+1)hl X oo X Q(T’k-i-rkJrl)hka— (5k+5k+1+2(7"k+7"k+1))hk

o

X E <Qt(ﬁ+m+m+km+1)a—t (51+'“+Sk+k8k+1+2(T1+"'+T’k+k7’k+1)))

mi,...,mE=0

mi

mp

X oo X <Qt(7’k+7’k+1)a—t (Sk+8k+1+2(7’k+7’k+1))>
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Zﬁil on —8 ad —5
= D%l Z 1 (_1)7’1 A Z k+1 (_1)7“k+1
=0 ™ Pra=0 Tk+1

Q(T’1+"'+T’k+k7’k+1)h1 a” (S1+---+Sk+k8k+1+2(7‘1+"'+Tk+km+1) hy
X

<1 . Qt(rl+"'+7“k+k7“k+1)a_t (s1+~~~+sk+ksk+1+2(r1+...+rk+krk+1))>

Q(T’k+m+1)hka— (5k+5k+1+2(7“k+7’k+1)) hi

X e X :
(1 _ Qt(rk+rk+1)a_t(Sk+5k+1+2(7"k+7"k+1)))

The infinite series (2.8) is holomorphic function on C¥+! except for the poles derived

from the functions

FTd,...,Tk+1 (8d7 MR Sk—l—l)
Q(r1+~--+rk+(k+1—d)rk+1)hda—hd (sat-tsit(br1-d)spr+2(rat—+rit(b+1-d)ris))
(2.8) =
1 _ Qt(7‘1+"'+7‘k+(k+1—d)’f‘k+1)a—t(Sd+---+8k+(k+1—d)sk+1—|—2(7‘d+---+’r‘k+(k+1—d)7‘k+1))
for d = 1,..., k. Therefore, (avyi(s/h) is meromorphically continued on CF1 with

poles on the hyperplanes

Sg+ -+ s+ (k+1—d)spsr = —2rq+ - +rp+(k+1—d)rys)

rq+--+rg+(k+1—=d)r lo 2c ux’
+( d k ( )k+1) g|Q| + _+W(Q7Tdard+17"'7rk+1> )
log a t loga

(2.9)
1<d<Ek, withr,...,7541 € Z>, and ¢ € Z, where

rg+ - F+re+(k+1—dri, ifQ<0

W(Q,’/’d,’/’d+1, P 7Tk+1) =
0, if @ > 0.

This finishes the proof. O

Now,

Lavur(s|x)

B x1(ma) ... xk(myg)
N 2 Usiy - - Usb Ut

1<my <---<my, <oo mi4-+my
o
_ X1(m1) xa(mi1 +mz2)  xr(ma +--- +my) 1
= § : 51 82 T Sk Sk+1
mi=1,...,mp=1 Uml Um1+m2 Um1+---+mk Ukm1+(k—1)m2+---+mk
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_ ii -~ ()

U
hi=1 hy=1mi=1 ~tmi+hi

Xe(hy 4+ hy) 1

Sk U3k+1
me=1 ~ tmi+-tmp)thit-+hg 7 t(kmi+(k—1)ma+-+my)+khi+(k—1)ha+-+hy

NERED '

- Z Z X1(h1) - - Xk (b1 + - - 4 hi)Cavur(s|h).

hi=1  hp=1

From the above expression, it is found that the function Layy k(s | x) is a linear

combination of Cayyk(s/h). Thus, we get the following result.

Theorem 2.2. For any positive integer k > 1, let x1, ..., xx be the Dirichlet charac-
ters of same modulus t € Nso, then the function Layvur(s | x) can be meromorphically

continued on all of C*1 with possible poles on the hyperplanes given by (2.9).

3. RESIDUES OF THE APOSTOL-VU MULTIPLE LUCAS L-FUNCTIONS

In this section we calculate the residues of Layy (s | x) at the poles lying on the

hyperplanes given by (2.9). For 1 < d < k, let us denote
Sk+1(d) =85+ -+ s+ (k‘ +1-— d)8k+1,7’k+1(d) =7rg+---+1E+ (k‘ +1-— d)T’k_H,

o (d) =74 (kL= Ay, hi(d) = ha+ -+ hy and ¢ = €7 with the

assumption that
Sk+1(d) = 0,7641(d) = 0,7;,1(d) = 0 for d > k + 1.

We define the residue of Layy (s | x) along the hyperplanes (2.9) to be the restriction

of the meromorphic function

d)lo 2c '
(seaad) + 2ra () = DI (2w Qi) )2 ) vt )

to the hyperplanes (2.9).
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Theorem 3.1. Let 7)), ...,7,7,,, be non-negative integers for 1 < d < k and

er+1(d) = =214, (d) + iy (d) 1?5;2' + <% +W(Q,rgs - - >T;g+1)> loga* Then

Res Lavur(s|x)

sk+1(d)=¢ek+1(d)

k41(0) v —51 —5k+1 a1 3 )
= D=2 — 1) k41(D) — 1) 2=y ro)+(d=F)re 4
1) > (7 1)

T
T1yeesTg4+120 kot
Te41(d)=ry, 1 (d)

(S0 s+ =Ry ! ! (cha
« D= + > xa(hn) Y xa(ha(1)) -+ Y Xk(hk(l))tfoga

hi1=1 ho=1 hp=1

Qrkﬂ(l hi g™ (5k+1( )+27’k+1(l))hl

1 (1- Qrentg (wn0=2nn0))

H

4
Proof. Let spi1(d) = epy1(d) = =211 (d)+7}41(d) 1T§;§|+<2C+W(Q, ... ,T;H)) 107Tgia'
Now, Spt1(d) + 27}, ,(d) = 77,,(d) l?fg‘f‘ + (% + W(Q,rk,rkﬂ))% which implies

that @+ D+ (d) — Q’";Hl(d)gf. Thus, for 1 < d < k, we obtain

oha(sem@+2r @) QMm@ hae

and a_t(sk“(d)wréﬂ(d)) = Q"1 Therefore, at(sk“(d)wr;ﬂﬂ(d)) — Q1@ ig an

analytic function with simple zeros at ej1(d) for 1 < d < k. Now,

1
Res
spt1(d)=ep41(d) ( — Qtrir(d)g” (Sk+1(d)+2m+1(d)) )

_ lim Sk+1(d) — ep41(d) _ 1
spr1(d)—egs1(d) ( QtTk+1(d (sk+1(d)+2rk+1(d)) ) t 10g a

Note that,

lim (sk41(d) — e41(d)) f: (‘Sd)(_l)m...<‘5k+1)(_1)m1

sk+1(d)—>ek+1(d) _ ’rd /rk_l,_l
TdysTk+1=0
Tet1(d)hg ,— (3k+1(d)+2rk+1(d)) ha o1 (k) hy ,— (Sk+1(k)+27‘k+1(k)) hy
Q a Q a
X X - X .
(1 - Qt’"kﬂ(d)a_t (Sk“(d)—l'%k“(d))) (1 — Qtrir1(k)g™ (sk“(k)"'%k“(k)))
In the above calculation after applying the limit, only those terms containing r4, ..., 7511

will survive when 741(d) = ;. ,(d) and rest of the terms will vanish. Therefore, the



906 UTKAL KESHARI DUTTA AND PRASANTA KUMAR RAY

above limit reduces to

Z <_Sd) <_Sk+1) Qrk+1(d+1)hd+1 a” (5k+1(d+1)+27"k+1(d+1)) hat1

Td (1 _ Qtrk+1(d+1)a_t(3k+1(d+1)+27"k+1(d+1)))

.
P> 0,eTh 1120 k1

Tet1(d)=ry, 1 (d)

Qrk+1(k)hka— (5k+1(k)+2?“k+1(k))hk Ct_Chd

X - X X .
(1- Qtrm(k)a‘t(Skﬂ(k)“"kﬂ(k))) tloga

Therefore, the residue of (4vp x(s|h) along the hyper plane si1;(d) = ej+1(d) is given
by

Res CAVU,k(S‘h)

sp+1(d)=ep11(d)

- lim  (sp4(d) — €k+1(d))D% i (-:1)(_1)7«1 o i <_Sk+1>

sk+1(d)—ert1(d) =0 o0 \ Tk

QTk+1(1)h1 a” (5k+1(1)+27’k+1 (1)) h1 Qrkﬂ(k)hk a (sk+1(k)+2rk+1 (k)) hy

(_1)7“k+1 ..
(1- Qtrm(l)a‘t(Sk+1(1>+27”k+1(1>)) (1- Qtrmma—t(Sk+1<k>+2m+1<k>))

> —s -5 , (St o)
= D ( )( ) im  (sp(d) = epa(d)D 3
7“1 Sk+1(d

T1yeen Tk+1:0 /rk“l‘l )_>ek+1(d)
k QT’kH(d)hda— (Sk+1(d)+2m+1(d)) hg
d=1 <1 — Q”’kﬂ(d)a_t(sk+1(d)+27‘k+1(d)))

. 1\ (d) f—ch _ _
_ i@ (1) 0 3 SUY L (TSR (L) (S R
tloga Ty

r
715y Th+120 ket
Tet1(d)=ry, 1 (d)

k+1

(_1)(21-:1 ri)

Qrk“(l)hla_ (8k+1(l)+2?“k+1(l)) hy

(3.1) D

_ k
(E;-i:f si)+H(d—k)sp 41
|

=1 (1 - Qtrkﬂ(l)a_t(s’““(l)"'zrkﬂ(l))) .
I2d

By virtue of (2.10) and (3.1), we have

Res Lavur(s|x)

sk+1(d)=er11(d)

= > xi(h) Y xa(ha(1)) -+ > xu(ha(1))  Res o Savue(si)

d)=
hi=1 ha—1 ha=1 skt1(d)=eni1

= > xi(h) Y xalha(1) -+ Y xi(hi(1))D

hi=1 ho=1 hyp=1

1 (D) (— 1)T;v+1 () C;Chd

tloga
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r
715y Th+120 ket
Tht1(d)=ry, 1 (d)

Qi

DI S S 1)+ 3 walhe(1) S
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ZXl 1 ZXz 2 ZXk k tloga
hy=1 ho=1 he=1
k Qm+1(l)hla— (Sk+1(l)+27‘k+1(l))hl
X .

=1 (1 — Qt’"kﬂ(l)a_t (8k+1(l)+2rk+1(l)))

I#d
This ends the proof. O

Conclusion and scope of future work

In this article we introduced the Apostol-Vu multiple shifted Lucas zeta func-
tions and Apostol-Vu multiple Lucas L-functions associated to Dirichlet characters
which are generalizations of some specific functions defined in [11]. For instance, the
Apostol-Vu multiple Lucas L-functions generate various multiple L-functions relating
to number sequences such as Apostol-Vu multiple Fibonacci L-functions, Apostol-Vu
multiple balancing L-functions etc. The analytic continuation of these multiple func-
tions along with the poles and their corresponding residues have been studied in this
work. One can investigate the values of these multiple zeta functions and L-functions
at integer arguments. There are many other interesting analytic properties that we
may consider. Interested researchers can explore some more analytic properties of
these type multiple zeta functions, L-functions and can also address similar types of

problems implementing different tools.
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