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CLASS OF ANALYTIC UNIVALENT FUNCTIONS WITH FIXED

FINITE NEGATIVE COEFFICIENTS DEFINED BY q−ANALOGUE

DIFFERENCE OPERATOR

Z. M. SALEH (1) AND A. O. MOSTAFA (2)

Abstract. In this paper using a q−analogue operator, we define class of univalent

functions with fixed finite negative coefficients and determine coefficient estimates

and other properties for this class. Various results obtained in this paper are shown

to be sharp.

1. Introduction

Let S denote the class of functions of the form:

(1.1) F(z) = z +
∞
∑

k=2

akz
k,

which are analytic in D = {z ∈ C :| z |< 1}. We also denote by T the subclass of S

consisting of functions of the form:

(1.2) F(z) = z −

∞
∑

k=2

akz
k, (ak ≥ 0).

Given 0 ≤ α < 1, a function F ∈ T is said to be in the class T ∗(α) of starlike

functions of order α in D if

Re

{

zF
′

(z)

F(z)

}

> α.

For a function F ∈ T , the Jackson’s q−derivative [12] (0 < q < 1), which is already

introduced in several earlier investigations (see, for example [2, 3, 4, 5],[8],[10],[17,
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18, 19]);

∇qF(z) =

{

F(z)−F(qz)
(1−q)z

,z 6=0

F ′(0) ,z=0
,

that is

(1.3) ∇qF(z) = 1−

∞
∑

k=2

[k]qakz
k−1,

where

(1.4) [j]q =
1− qj

1− q
, [0]q = 0.

As q → 1−, [j]q = j and ∇qF(z) = F
′

(z).

Mostafa and Saleh [13] defined the Hm
λ,µ,q operator for λ ≥ µ ≥ 0, 0 < q < 1, by

H0
λ,µ,qF(z) = F(z),

H1
λ,µ,qF(z) = Hλ,µ,qF(z) = (1− λ+ µ)F(z) + (λ− µ)z∇qF(z) + λµz2∇2

qF(z),

H2
λ,µ,qF(z) = Hλ,µ,q(Hλ,µ,qF(z)),

and

Hm
λ,µ,qF(z) = Hλ,µ,q(H

m−1
λ,µ,qF(z))

= z −

∞
∑

k=2

χm
q,k(λ, µ)akz

k, m ∈ N0.(1.5)

where

(1.6) χm
q,k(λ, µ) = [1− λ+ µ+ [k]q(λ− µ+ λµ[k − 1]q)]

m.

Note that

(i) limq→1− Hm
λ,µ,qF(z) = Hm

λ,µF(z) see Orhan et al. [15] (see also [9], [14] and

Răducanu and Orhan [16] );

(ii) Hm
1,0,qF(z) = Dm

q F(z)(see [11], [20] and [6] );

(iii) Hm
λ,0,qF(z) = Dm

λ,qF(z) (see Aouf et al. [7] );

(iv) limq→1− Hm
λ,0,qF(z) = Dm

λ F(z) (see Al-Oboudi [1] ).

Now, by making use of the operator Hm
λ,µ,q, we have
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Definition 1.1. Let 0 ≤ γ < 1, λ ≥ µ ≥ 0, 0 < q < 1, m ∈ N0, and F ∈ T , such

that Hm
λ,µ,qF(z) 6= 0 for z ∈ D. We say that F ∈ Ym

q (λ, µ, γ) if

(1.7) Re

{

z∇q(H
m
λ,µ,qF(z))

Hm
λ,µ,qF(z)

}

> γ,

which is equivalent to

(1.8)

∣

∣

∣

∣

∣

∣

z∇q(Hm
λ,µ,q

F(z))

Hm
λ,µ,q

F(z)
− 1

z∇q(Hm
λ,µ,q

F(z))

Hm
λ,µ,q

F(z)
+ (1− 2γ)

∣

∣

∣

∣

∣

∣

< 1.

Note: for different values of q, λ, µ, γ, we have:

(i) limq→1−Ym
q (λ, µ, γ) = Ym(λ, µ, γ) =

{

F(z) : Re

{

z(Hm
λ,µ

F(z))
′

Hm
λ,µ

F(z)

}

> γ

}

;

(ii) Ym
q (λ, 0, γ) = Y

m
λ,q(γ) =

{

F(z) : Re
{

z∇q(Dm
λ,q

F(z))

Dm
λ,q

F(z)

}

> γ
}

;

(iii) Ym
q (1, 0, γ) = Ym

q (γ) =
{

F(z) : Re
{

z∇q(Dm
q F(z))

Dm
q F(z)

}

> γ
}

.

2. Main Results

Unless indicated, let λ ≥ µ ≥ 0, 0 < q < 1, m ∈ N0, 0 ≤ γ < 1 and F(z) given by

(1.2).

Theorem 2.1. The function F ∈ Ym
q (λ, µ, γ) if and only if

(2.1)

∞
∑

k=2

([k]q − γ)χm
q,k(λ, µ)ak ≤ 1− γ.

Proof. Assume that (2.1) holds true. It is sufficient to show that
∣

∣

∣

∣

∣

z∇q(H
m
λ,µ,qF(z))

Hm
λ,µ,qF(z)

− 1

∣

∣

∣

∣

∣

≤ 1− γ.

We have
∣

∣

∣

∣

∣

z∇q(H
m
λ,µ,qF(z))

Hm
λ,µ,qF(z)

− 1

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∑∞
k=2(1− [k]q)χ

m
q,k(λ, µ)akz

k

z −
∑∞

k=2 χ
m
q,k(λ, µ)akz

k

∣

∣

∣

∣

∣

≤

∑∞
k=2([k]q − 1)χm

q,k(λ, µ)ak

1−
∑∞

k=2 χ
m
q,k(λ, µ)ak

.

This last expression is bounded above by 1−γ. Then F ∈ Ym
q (λ, µ, γ). Now, let F ∈

Ym
q (λ, µ, γ), then

Re

{

z∇q(H
m
λ,µ,qF(z))

Hm
λ,µ,qF(z)

}

= Re

{

z −
∑∞

k=2[k]qχ
m
q,k(λ, µ)akz

k

z −
∑∞

k=2 χ
m
q,k(λ, µ)akz

k

}

> γ.
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Choose values of z on real axis so that
z∇q(Hm

λ,µ,q
F(z))

Hm
λ,µ,q

F(z)
is real. Letting z → 1− through

real values, we have

1−
∞
∑

k=2

[k]qχ
m
q,k(λ, µ)akz

k ≥ γ −
∞
∑

k=2

γχm
q,k(λ, µ)akz

k.

Thus we obtain
∞
∑

k=2

([k]q − γ)χm
q,k(λ, µ)ak ≤ 1− γ,

which is (2.1). Hence the theorem. �

Corollary 2.1. If F ∈ Y
m
q (λ, µ, γ), then we have

(2.2) ak ≤
1− γ

([k]q − γ)χm
q,k(λ, µ)

.

This equality is attained for the function F given by

(2.3) F(z) = z −
1− γ

([k]q − γ)χm
q,k(λ, µ)

zk

Let Ym
q (λ, µ, γ, cn) be the subclass of Ym

q (λ, µ, γ) consisting of functions of the form

(2.4) F(z) = z −
n

∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

zi −
∞
∑

k=n+1

akz
k,

where here and in the rest of the paper 0 ≤ ci ≤ 1 and
∑n

i=2 ci ≤ 1.

Theorem 2.2. Let F(z) be defined by (2.4). Then F(z) ∈ Ym
q (λ, µ, γ, cn) if and only

if

(2.5)

∞
∑

k=n+1

([k]q − γ)χm
q,k(λ, µ)ak ≤ (1− γ)(1−

n
∑

i=2

ci).

The result is sharp.

Proof. Putting

(2.6) ai =
ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

(i = 2, 3, 4, ..., n),

in (2.1), we have

(2.7)

n
∑

i=2

ci +

∞
∑

k=n+1

([k]q − γ)χm
q,k(λ, µ)

(1− γ)
ak ≤ 1,
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which implies 2.5. The result is sharp for the function

(2.8) F(z) = z −
n

∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

zi −
(1− γ)(1−

∑n

i=2 ci)

([k]q − γ)χm
q,k(λ, µ)

zk,

for k ≥ n + 1. �

Corollary 2.2. If F(z) be defined by (2.4) and F(z) ∈ Ym
q (λ, µ, γ, cn), then

(2.9) ak ≤
(1− γ)(1−

∑n

i=2 ci)

([k]q − γ)χm
q,k(λ, µ)

, (k ≥ n + 1).

The result is sharp for the function F(z) given by (2.8).

Theorem 2.3. If F ∈ Ym
q (λ, µ, γ, cn), then

(2.10)

∞
∑

k=n+1

ak ≤
(1− γ)(1−

∑n

i=2 ci)

([n+ 1]q − γ)χm
q,n+1(λ, µ)

,

and

(2.11)
∞
∑

k=n+1

[k]qak ≤
[n + 1]q(1− γ)(1−

∑n

i=2 ci)

([n+ 1]q − γ)χm
q,n+1(λ, µ)

.

Proof. Let F ∈ Ym
q (λ, µ, γ, cn). Then, in view of (2.5), we have

(2.12) ([n+ 1]q − γ)χm
q,n+1(λ, µ)

∞
∑

k=n+1

ak ≤ (1− γ)(1−

n
∑

i=2

ci),

which immediately yields the first assertion.

For the proof of the second assertion, by appealing to (2.5), we have

(2.13) χm
q,n+1(λ, µ)

∞
∑

k=n+1

[k]qak ≤ (1− γ)(1−
n

∑

i=2

ci) + γχm
q,n+1(λ, µ)

∞
∑

k=n+1

ak,

which in view of (2.10), can be putten in the form:

(2.14) χm
q,n+1(λ, µ)

∞
∑

k=n+1

[k]qak ≤ (1− γ)(1−
n

∑

i=2

ci) + γ
(1− γ)(1−

∑n

i=2 ci)

([n + 1]q − γ)
.

Upon simplifying the right hand side of (2.14), we have the assertion (2.11). �
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Theorem 2.4. Let the function F(z) ∈ Ym
q (λ, µ, γ, cn). Then

|z| − |z|2
n

∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

−
(1− γ)(1−

∑n

i=2 ci)

([k]q − γ)χm
q,k(λ, µ)

|z|n+1

≤ |F(z)| ≤ |z| + |z|2
n

∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

+
(1− γ)(1−

∑n

i=2 ci)

([k]q − γ)χm
q,k(λ, µ)

|z|n+1
,

(2.15)

with equality for

F(z) = z − z2
n

∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

−
(1− γ)(1−

∑n

i=2 ci)

([k]q − γ)χm
q,k(λ, µ)

zn+1.

Proof. For F(z) ∈ Y
m
q (λ, µ, γ, cn). Then

|F(z)| =

∣

∣

∣

∣

∣

z −
n

∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

zi −
∞
∑

k=n+1

akz
k

∣

∣

∣

∣

∣

≤ |z|+ |z|2
n

∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

+ |z|n+1
∞
∑

k=n+1

ak,

and

|F(z)| =

∣

∣

∣

∣

∣

z −
n

∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

zi −
∞
∑

k=n+1

akz
k

∣

∣

∣

∣

∣

≥ |z| − |z|2
n

∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

− |z|n+1
∞
∑

k=n+1

ak,

which in view of (2.10), we have (2.15). �

Theorem 2.5. Let F(z) ∈ Ym
q (λ, µ, γ, cn), then

1− |z|

n
∑

i=2

[i]qci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

−
[n+ 1]q(1− γ)(1−

∑n

i=2 ci)

([n+ 1]q − γ)χm
q,n+1(λ, µ)

|z|n

≤ |∇qF(z)| ≤ 1 + |z|
n

∑

i=2

[i]qci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

+
[n+ 1]q(1− γ)(1−

∑n

i=2 ci)

([n + 1]q − γ)χm
q,n+1(λ, µ)

|z|n ,

(2.16)

with equality for

∇qF(z) = 1− z

n
∑

i=2

[i]qci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

−
[n + 1]q(1− γ)(1−

∑n

i=2 ci)

([n + 1]q − γ)χm
q,n+1(λ, µ)

zn.
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Proof. For F(z) ∈ Ym
q (λ, µ, γ, cn). Then

|∇qF(z)| =

∣

∣

∣

∣

∣

1−
n

∑

i=2

[i]qci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

zi−1 −
∞
∑

k=n+1

[k]qakz
k−1

∣

∣

∣

∣

∣

≤ 1 + |z|

n
∑

i=2

[i]qci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

+ |z|n
∞
∑

k=n+1

[k]qak,

and

|∇qF(z)| =

∣

∣

∣

∣

∣

1−
n

∑

i=2

[i]qci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

zi−1 −
∞
∑

k=n+1

[k]qakz
k−1

∣

∣

∣

∣

∣

≥ 1− |z|

n
∑

i=2

[i]qci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

− |z|n
∞
∑

k=n+1

[k]qak,

which in view of (2.11), we have (2.16). �

Theorem 2.6. Let F(z) be defined by (2.4), F(z) ∈ Ym
q (λ, µ, γ, cn). Then F(z) is

covex of order ρ (0 ≤ ρ < 1) in 0 < |z| < r0, where r0 is the largest value for which

(2.17)
n∑

i=2

[i]qci([i− 1]q + 1− ρ)(1 − γ)

([i]q − γ)χm
q,i(λ, µ)

ri−1
0 +

[k]q([k − 1]q + 1− ρ)(1 − γ)(1 −
∑n

i=2 ci)

([k]q − γ)χm
q,k

(λ, µ)
rk−1
0 ≤ 1− ρ,

for k ≥ n+ 1. The result is sharp for the function F(z) given by (2.8).

Proof. It is sufficent to show that

(2.18)

∣

∣

∣

∣

zF
′′

(z)

F ′(z)

∣

∣

∣

∣

≤ 1− ρ, (|z| < r0).

We have

(2.19)

∣

∣

∣

∣

zF
′′

(z)

F ′(z)

∣

∣

∣

∣

≤

∑n

i=2
[i]q[i−1]qci(1−γ)
([i]q−γ)χm

q,i(λ,µ)
|z|i−1 +

∑∞
k=n+1[k]q[k − 1]qak |z|

k−1

1−
∑n

i=2
[i]qci(1−γ)

([i]q−γ)χm
q,i(λ,µ)

|z|i−1 −
∑∞

k=n+1[k]qak |z|
k−1

.

Then

(2.20)
n

∑

i=2

[i]qci([i− 1]q + 1− ρ)(1− γ)

([i]q − γ)χm
q,i(λ, µ)

|z|i−1 +

∞
∑

k=n+1

[k]q([k − 1]q + 1− ρ)ak |z|
k−1 ≤ 1− ρ.

Hence by Theorem 2.2 and (2.20) we have

(2.21)
n∑

i=2

[i]qci([i− 1]q + 1− ρ)(1 − γ)

([i]q − γ)χm
q,i(λ, µ)

|z|i−1 +
[k]q([k − 1]q + 1− ρ)(1 − γ)(1 −

∑n
i=2 ci)

([k]q − γ)χm
q,k

(λ, µ)
|z|k−1 ≤ 1− ρ.

Theorem 2.6 follows easily from (2.21). �

Theorem 2.7. The class Ym
q (λ, µ, γ, cn) is closed under convex linear compination.
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Proof. Let F(z) be defined by (2.4). Define the function h(z) by

(2.22) h(z) = z −

n
∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

zi −

∞
∑

k=n+1

bkz
k.

Suppose that F(z) and h(z) are in the class Ym
q (λ, µ, γ, cn), we only need to prove

that

(2.23) G(z) = ζF(z) + (1− ζ)h(z) (0 ≤ ζ ≤ 1),

also be in the class. Since

(2.24) G(z) = z −
n

∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

zi −
∞
∑

k=n+1

{ζak + (1− ζ)bk} z
k,

then

(2.25)

∞
∑

k=n+1

([k]q − γ)χm
q,k(λ, µ)

(1− γ)
{ζak + (1− ζ)bk} ≤ (1−

n
∑

i=2

ci),

with the aid of Theorem 2.2. Hence G(z) ∈ Ym
q (λ, µ, γ, cn). This clearly completes

the proof of the Theorem. �

The Theorems 2.8, 2.9 generalize Theorem 2.7, so we omit the proofs.

Theorem 2.8. Let the functions

(2.26) Fj(z) = z −
n

∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

zi −
∞
∑

k=n+1

ak,jz
k

be in the class Ym
q (λ, µ, γ, cn) for every j = 1, 2, ..., x. Then the function F(z) defined

by

(2.27) F(z) =

x
∑

j=1

djFj(z) (dj ≥ 0),

is also in the class Ym
q (λ, µ, γ, cn), where

(2.28)
x

∑

j=1

dj=1.

Theorem 2.9. Let the function Fj(z) defined by (2.26) be in the class Ym
q (λ, µ, γ, cn),

for each j = 1, 2, ..., x, then the function φ(z) defined by

(2.29) φ(z) = z −

n
∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

zi −

∞
∑

k=n+1

bkz
k,
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also be in the class Ym
q (λ, µ, γ, cn), where

(2.30) bk =
1

x

x
∑

j=1

ak,j.

Theorem 2.10. Let

(2.31) Fn(z) = z −
n

∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

zi,

and

(2.32) Fk(z) = z −

n
∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

zi −

∞
∑

k=n+1

(1− γ)(1−
∑n

i=2 ci)

([k]q − γ)χm
q,k(λ, µ)

zk,

for k ≥ n+ 1. Then the function F(z) is in the class Ym
q (λ, µ, γ, cn) if and only if it

can be expressed in the form

(2.33) F(z) =

∞
∑

k=n

ηkFk(z),

where ηk ≥ 0 (k ≥ n) and

(2.34)
∞
∑

k=n

ηk=1.

Proof. We suppose that the function F(z) can be expressed in the form (2.33). Then

from (2.31), (2.32) and (2.34) we have

(2.35) F(z) = z −

n
∑

i=2

ci(1− γ)

([i]q − γ)χm
q,i(λ, µ)

zi −

∞
∑

k=n+1

ηk(1− γ)(1−
∑n

i=2 ci)

([k]q − γ)χm
q,k(λ, µ)

zk.

Since

∞
∑

k=n+1

ηk(1− γ)(1−
∑n

i=2 ci)

([k]q − γ)χm
q,k(λ, µ)

([k]q − γ)χm
q,k(λ, µ)

(1− γ)

= (1−

n
∑

i=2

ci)

∞
∑

k=n+1

ηk

= (1−
n

∑

i=2

ci)(1− ηn)

≤ (1−

n
∑

i=2

ci).(2.36)

Then F(z) ∈ Ym
q (λ, µ, γ, cn).
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Conversely, assuming that F(z) defined by (2.4) be in the class Ym
q (λ, µ, γ, cn)

which satisfies (2.9) for k ≥ n+ 1, we obtain

(2.37) ηk =
([k]q − γ)χm

q,k(λ, µ)

(1− γ)(1−
∑n

i=2 ci)
ak ≤ 1,

and

(2.38) ηk = 1−
∞
∑

k=n+1

λk.

This compelets the proof of the Theorem 2.10. �

Corollary 2.3. The extreme points of the class Ym
q (λ, µ, γ, cn) are the functions Fk(z)

(k ≥ n) given by (2.31) and (2.32) in Theorem 2.10.

Remark 1. For different values of λ, µ, q and γ in our results, we have results for

the special classes defined in the introduction.

Acknowledgement

The authers thanks the referees of the paper for their valuable comments.

References

[1] F. M. Al-Oboudi, On univalent functions defined by a generalized Sălăgean operator, Int. J.
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