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EXISTENCE AND UNIQUENESS OF WEAK SOLUTION FOR
NONLINEAR WEIGHTED (p,¢)-LAPLACIAN SYSTEM WITH
APPLICATION ON AN OPTIMAL CONTROL PROBLEM

SALAH A. KHAFAGY™"W, EADA. A. EL-ZAHRANI(®) AND HASSAN M. SERAG®)

ABSTRACT. In this paper, we prove the existence and uniqueness results of weak
solution for weighted (p, ¢)-Laplacian system with Dirichlet boundary condition.
The proof of the results is made by Browder theorem method. Also, the optimal
control of the weighted (p, ¢)-Laplacian system will be study as an application.

1. INTRODUCTION

Existence results of weak solutions for nonlinear systems involving weighted (p, q)-
Laplacian operators have been studied using the sub-supersolutions method (see [1, 4,
9, 10, 11, 14]), the theory of nonlinear monotone operators method (see [18, 19]), the
Browder theorem method (see [3]) and the mountain pass theorem with the saddle
point theorem (see [20]).

In [7], under some certain conditions on a(x) and f(x,u), the author proved the
existence and uniqueness of weak solution for the following weighted p-Laplacian

boundary value problem

—Apyu+ da(x)|ulf?u = f(z,u) in Q,
u=>0 on 0f),

(1.1)

using the method of the Browder theorem. Existence and uniqueness of weak solu-
tions for nonlinear systems involving p-Laplacian or weighted p -Laplacian operators
using the Browder theorem method have been the subject of much recent interest

(we refer only to (2, §]).
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Here, by the Browder theorem method, we are concerned with the existence and

uniqueness of weak solution for a quasilinear weighted (p, ¢)-Laplacian system

—Apyu+ da(@)|uP?u = f(z,u,v)  in Q,
(1.2) —Ag.qv + Mb(2)|v]7 %0 = g(x,u,v) i
u=v=>0 on 012,

where Ap, with p > 2 and P = P(z) is a weighted function, denotes the weighted
p-Laplacian defined by Ap,u = div[|P(x)Vul[P"2Vu|, X is a positive parameter, 0 <
a<alr) <B < +00,0<vy<bx) << +ooand Q C RY is a bounded domain
with smooth boundary 9€2. Let f : @ xRxR — R be a caratheodory (CAR) function
which is decreasing with respect to the second variable and g : 2 x R x R — R be
also a caratheodory (CAR) function which is decreasing with respect to the third

variable, i.e.,

f(x,s1,t) < f(x,89,t) fora.e.z€Q and sy,s0 ER, s1 > 59,

(1.3)
g(z,s,t1) < g(z,s,ty) fora.e. x€Q andty,tys €R, ¢ >t

Assume, moreover, that there exists fy € L” (), go € L7 (Q), p' = p%l, q = ﬁ

and ¢; > 0, cg > 0 such that

q/p’
]

[f(,s,0)] < erlfolw) + |s|”" + |t

(1.4) v
9(z, s, 0)] < cafgo(a) + || +[t]* 7]

Also, the optimal control of the weighted (p, ¢)-Laplacian system will be studied as
an application. In the present work, besides the Browder theorem method as in the
most of the papers, we consider the case of a system and, instead of the Laplacian,
we work with the weighted p—Laplacian.

Our paper is organized as follows: section 2 contains some basic definitions con-
cerning the nonlinear operators that will be used throughout the paper. Also, the
space setting of the problem and some basic characteristics, as the equivalent norm
and imbedding results, will be introduced. In section 3, we state the main results of
existence and uniqueness of weak solutions of the problem (1.2). Section 4 is devoted

for the study of optimal control as an application.
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2. PRELIMINARIES AND SPACE SETTING

First, the aim of this section is to recall some basic definitions concerning the

operators which we use extensively in this paper (see [6]).

Definition 2.1. Let A : V — V* be an operator on a real Banach space V', where
V* is the dual space of V. We say that the operator A is:
(i) bounded iff it maps bounded sets into bounded sets i.e. for each r > 0 there

exists M > 0 (M depending on ) such that
lull <7 =AW <M,  VueV;

(ii) coercive: iff  lim {Aw),u)
(e

(iii) monotone iff (A(u1) — A(ug),uy —uz) >0  for all wuy,us € V;

= o0;

(iv) strictly monotone iff (A(uy) — A(ug),uy —ug) > 0 for all uy,uy €V,
Uy 7 ug;

(v) strongly monotone iff (A(uy)—A(us), us—ug) > kljuy—us|| for all uy,us €V,
Uy 7 ug;

(vi) continuous iff w, — u implies A(u,) — A(u), for all u,,u €V,

(vii) strongly continuous iff u, — u implies A(u,) — A(u), for all u,,u € V;

(viil) demicontinuous iff u,, — u implies A(u,) — A(u), for all u,,u € V;
Consequently, the following remarks are satisfied:

Remark 1. Fvery strongly continuous operator is continuous which is demicontinu-

ous operator.
Remark 2. FEvery strongly continuous operator is bounded operator.
Remark 3. FEvery strictly monotone operator is monotone operator.

Theorem 2.1. (Browder Theorem [13]) Let A be a reflexive real Banach space.
Moreover let A :' V. — V* be an operator which is: bounded, demicontinuous, coercive,
and monotone on the space V.. Then, the equation A(u) = f has at least one solution
u €V for each f € V*. If moreover, A is strictly monotone operator, then the

equation A(u) = f has precisely one solution w € V' for every f € V*.
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Now, we recall the precise definition of the weighted Sobolev space WP(P,Q)

which is the set of all real valued functions u defined in 2 for which
1/p

2.1) lallwrogns = /|u|p/ DV | < oo,

where P(z) is a weight function, i.e., a measurable function which is strictly positive

a.e. in €2, satisfying the conditions

(2.2) P(z) € Ly, (), (P(2)) 7T € Ly, (), with p > 1,
and

—s 1 . N 1
(2.3) (P(x))™® e L (), with s¢€ (;,oo) N [m,oo).

Since we are dealing with the Dirichlet problem, we introduce the space VVO1 P(P, Q)
which is the closure of C5°(Q) in WP(P, Q) with respect to the norm

1/p

(2.4 llwgoeny = | [ P@IVaP| <o
Q

which is equivalent to the norm given by (2.1). Due to (2.2), both spaces W*(P, Q)
and Wy P(P, Q) are well defined reflexive Banach Spaces. Also, the space Wy™”(P,Q)

is compactly imbedded into the space LP(2), i.e.
(2.5) Wy (P,Q) — LP(Q).

For a discussion about the space setting we refer the reader to [5] and the references
therein.

The space setting of the problem under study is the Banach space W = VVO1 P(P,Q)x
Wy(Q,Q) and the norm of z = (u,v) € W is given by ||z||w = HUHW“’ T
||v||W1q (@.0)» Where ||u||W1p PO) fP )|VulP)!/P and ||v||W1 ag) = fQ )| Vol?)l/e,
By the continuity of the embedding VVO1 P(P,Q) x Wy'(Q, Q) — LP(Q) x L1(€)), there

exists positive constants cpemp, Cgemp sSuch that
(2.6) |lullr) < cpemb||u||W1 epay [VlLa@) < qumbHUHWl (g for all (u,v) € W.

where Cpenp is the constant of the embedding of W, *(P, Q) into LP(Q) and cyemp i
the constant of the embedding of W,(Q, Q) into LI(£2).
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Throughout this paper we denote by (-, -) the duality pairing between W and W*.

3. EXISTENCE AND UNIQUENESS RESULTS

In this section, using the method of Browder theorem, the existence and uniqueness

of weak solution for equation (1.2) will be proved.

Definition 3.1. we say that (u,v) € W = Wy (P, Q) x W,"%(Q, Q) is a weak solution
of system (1.2) if

/P(x)|Vu|p_2Vu Vo + )\/a(:)s)|u|p_2u¢ = /f(:)s,u,v)gb for all ¢ € W, (P, Q),
Q

Q Q

/Q(:E)|Vv|q_2Vv Vi + )\/b(:ﬂ)|v|q_2v¢ = /g(:z:,u,v)@b for all ¢ € Wol’q(Q,Q).
Q

Q Q

The main result concerning problem (1.2) is the following theorem:

Theorem 3.1. Let p,qg > 2, A > 0 and f,g € CAR(Q2 x R x R) satisfy (1.3) and
(1.4). Then problem (1.2) has a unique weak solution.

Proof. We define for A > 0, the operator T': Q x W — W* as
T(u,v) = A(u,v) + AB(u,v) — C(u,v),
where the operators A, B : W — W*and C(z,u,v) : Q x W — W* are given by

uumvx«aw»::/J%xMVuPJVuv¢+1/kwxanw4vva,

Q
<m%wx¢ww3/www%%¢+/wmm¢%u
and

<C(Iauav)>(¢>w)> :/f(z,u,v)¢+/g(x,u,v)w,
for all (u,v) € W.

Now, (u,v) € W is a weak solution of (1.2) if

(T'(u,v), (6, 9)) = (Au,v), (¢, %)) + A(B(u,v), (¢,9)) = (C(z,u,v), (¢, ¢)) = 0,

holds for any (¢, 1) € W. Thus, to find a weak solution of (1.2) is equivalent to finding
(u,v) € W which satisfies the operator equation T'(u,v) = 0.



988 SALAH A. KHAFAGY, EADA. A. EL-ZAHRANI AND HASSAN M. SERAG

Now, we focus on the operators A, B, and C':
a) A, B and C are well defined. The operator A(u,v) can be written as the sum

of the two operators A;(u,v) and As(u,v) where

(A, 0), (6, ) = / P(2)|VulP2Vu Vo

Q

and

(Aa(u,v), (6, 1)) = / Q)| Vo120 V.

Using Holder’s inequality, it is easy to prove that both A; and A, are well defined,
so their sum, the operator A will be the same. Similarly, the operator B(u,v) may

be written as the sum of the two operators Bj(u,v) and By(u,v) where

(By(u,v), (¢,9)) I/a(x)\u‘p—%uj) and  (Bsy(u,v), (¢,)) :/b(x)‘wq—%w_

Q Q
It is easy to prove that both B; and B; are well defined, so their sum, the operator
B will be the same.
Also, the operator C'(x, u,v) can be written as the sum of C}(z, u,v) and Cy(x, u, v)

where

(Cr(,u,v), (6,0)) = / f@u )¢ and  (Cole,u,v), (6,1)) = / oz u, ).

Q

For the operator C7, using Holder’s inequality, we can easily see that

(O (2, u,0), (6, 0))] < / (folw) + [ul”™" + [0]77) |¢]

Q

1/p’ 1/p
< e | [ o) Pl
/ /
1/p 1/p 1/p’ 1/p
o / uf? / o]+ / jo]? / 6P
Q Q Q Q

= o1 |[lollw @ + Iullg) + 101125y | 1611y < oo.

Similarly for the operator Cs,and hence C' is well defined.
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b) A, B and C are bounded operators. Indeed, for every u,v such that
||u||W01,p(P79) < M and ||'U||W01,q(Q’Q) < N, one obtains

A o)lly- = sup [{Ay(w), @) < sup / P()|VulPVu Vo,
161110 <1 16111 ) <1

Using Holder’s inequality, A; becomes
1/p' 1/p

ol = sw | [P@war] | [P@iver| <.

Nl 1.p oy <1
W, P() Q

Similarly,

1/q

1/¢
a0y = - sup [awiwer] | [awwer ) <xo
)9(9) Q

Hence A is bounded. Also,

IBiw o)y = s [(Biw), )l
101l 2.7y <1
1/p 1/p
<o s | [fur) | fler] <aqy e
H¢‘|W1P(P,Q)<1 Q Q
Similarly,
1/q 1/q
Bou, o)y <6 sup / jo]? / W | < skt N
W10 g,y <1 J

Then B is bounded.

Finally, for the operator C}(z,u,v), a simple calculation shows that

1C1(z, w, 0) [y = sup  [{Cu(z, u,0), )]

1611y, <1

<o s [l P )
191120 (p, ) <1
<o s Wfolly + el B + 1ol | 11910y
161131, p ) <1
Loe
S Clcpemb( ||f0||LP + Cpemb ||u||p/1 p(PQ) + Cgéfnb ||U||%§yq(Q’Q))
< cicpemb( 1 foll oy + oy MPP 4 G2, NP,
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By routine calculations for the operator Cs(z, u,v), one has
||C2(xvu7U)HW* = sup |<C2(I,U,U),¢>| <
Bl 1.0 .0y <1

< caCqems( HQOHLq’( AT Nald +Cp/q Mp/q)

qemb pemb

Hence C(z,u,v) is bounded.

c) A, B and C are continuous operators. If u, — u in W,*(P,Q),v, — v in
Wy (Q, ). Then, we have ||u, — UHWl,p(PQ) — 0, ||v, — UHW()l,q(Q’Q) — 0 so that
IV, = Vull o) — 0, Vo, = Vo[ ) — 0.

Applying Dominated Convergence Theorem, one obtains
H(|Vun\p_2Vun — \Vu|p_2Vu)HLp(Q) — 0, H(\Vun|q_2an — \Vv\q_QVU)HLq(Q) — 0.

Now, for A;, we deduce that

[A1(un) = Ar(w)lly. = sup  [(Ar(un) — Ar(u), 9)|
[
1/p'
< sup /P(:);)[|Vun|p_2Vun — |Vul|P2Vu]” X
A
1/p
/P(x)|¢|p — 0 for n — oo.
Q
Similarly,
[A2(vn) = A2 (0) [l = sup  [(Az(vn) — Az(v), V)]
¥lly 1.0,y <1
1/q
< sup /Q NIV, 2V, — [Vo|i=2Vo]? X
1611200, <1
1/q

/Q(x)w 0 for n— oo,
Q

Hence A is continuous.
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Also, for By, we can show that

| B1(un) — Bi(uw)|lyy. = sup  [(Bi(un) — Bi(u), 9)|
||¢|‘W5'p(P,Q)§1
1/p
< BCpemp /(Hun\p_zun — |u|p_2u])p/ — 0 for n — oo.
Q
Also,
1/q
| B2(v) — Ba(v) |y < 0Cqems /([|vn|q_20n — |v|q_2v])q, — 0 for n — oo.
Q

Hence B is continuous.

Finally, the continuity of C4, Cs follows from the continuity of the Nemytskij op-
erator associated with f, g and acting from W into W.

d) Let p > 2,V 21,75 € RV, we have the following inequality (see [17])

|2y —931|p

(3.1) 22" > |a1 " +p ‘xl‘p_2 r1(x2 — a1) + op-1 _ 1"

Now, using (3.1), one obtains

(Ai(u) = Ai(d),u—0) = [ P@)[[Vuf7*Vu —|Ve["*Vo|(Vu - Vo)

—

P(2)|VulP?Vu(Vé — Vu)
P(x)|VI"*V§(Vu — V¢)

|
]

1 p
1 p
b Q/P(x) V6 — Wl
>

Zﬁ / P(x) |[Vu—Vo|’

Q
— P
= c(p)lu— ¢||W01,p(P7Q) for p>2.
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Similarly,
(Aal0) — As(i), 0 — ) > %71/@ ) [Vo— V!
= @) 0~ Vg for 122
Hence,
<A(u7 U) - A((bu ID)’ (U, U) - (¢7 ¢)> >
(3.2)
C(p) Hu - ¢||€VOI’I)(P,Q) + C(q) HU - wH[‘]/VOl'q(Q,Q) for b, q > 2.
Similarly,

(Bu(w) — Bi(d),u—¢) = / o) [ulP%u — |6P2) (u — )

Q

2 p
> / a(2) [ — 6 > ac(p) llu — Bl cy 2 0.
Also,
(Bofv) = Ba(i8), v — ) = 7ela) o — gy 2 0.
Hence,
(33) (Blu,0) — B(g, ¥), (w,0) — (6,)) 2 0

Similarly, we get

(F(u) — F(9),u— ) = / (@, u,0) — (b 0)](u— o).

Since f is decreasing with respect to u, then
[f(x,u,v) - f(za ¢a U)](U - ¢) < Oa
consequently,

(Ci(u) = CL(o),u— ) = [[f(z,u,v) = f(z,¢,v)](u—¢) <0,

P—

and

(Ca(v) — Col®h), v — 1) = / 9z, u,v) — g(z, u,9))(v — ) < 0.

(3.4) (Clu,v) = C(9,9), (u,v) = (¢,9)) <0
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Equations (3.2), (3.3) and (3.4) imply that
_ _ _ p _ q
(T0,0) = T(0,5), (1,0) — (6.0)) 2 e(p) |1t = D1y g + @) [0~ B0 0

Hence,

(35) (T(w,0) = T(6,0), (,0) = (6,6)) 2 cmnllt = 0l 15y + 10 = Dl )

for p,q > 2, where ¢y, = min{c(p), c(q)}.
Now, to apply Browder Theorem, it remains to prove that T is a coercive operator.

From (3.5), we find

(T'(u,v) =T(0,0), (u,v)) > (T(0,0),u — v)+cmm[IIUIIW1p Po +||vllivg,q@,m] for p,q > 2.
On the other hand
(T(0,0),u—v) = 0),u —v) +A(B(0,0),u —v) = (C(0,0),u — v)

= /f:z:()()u—/(93OO)vz—clffO:Bu—CQ/go(x)v
_Cl(/ N /M 1/p_02/g0 N /Iv\ a

—C1Cpemb ||f0||Lp’(Q) ||u||W01’p(P,Q) — Cgemb ||90||Lq’(g) ||U||W01v‘1(Q,Q) :

v

v

This implies that
(T(u, v), (u,0)) Zemin{lUllg 0 po) + 1015100 )] = Cpemd L fol oo Wl )

— Cqemb ||gO||Lq’(Q) ||U||W01’q(QQ) :

Therefore,
p
T [l ey + 1015000 0))
lim< Tﬁ;f)v’;ﬁ’v» > Coin 1M ||uHW01 ) n HUHW @Y _ % as I (w, v)||y, — o0
V)l WhP(P,Q) UG (X)

This proves the coercivity condition and so, the existence of weak solution for (1.2).
The uniqueness of weak solution of (1.2), is a direct consequence of (3.5). Suppose
that (u1,v1), (ug, v2) be a weak solutions of (1.2) such that (uy,vy) # (ug, vs).

Consequently, (3.5) becomes
0= (T'(u,v1) — T(uz,v2), (ur,v1) — (uz,v2)

> Coin || U1 — U2Hp + |1 — U2||q La >0 for p,qg=>2.

Wy P(P.Q) @, m]
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therefore (uy,v1) = (ug,vz). This completes the proof. O

4. OrPTIMAL CONTROL

Optimal control deals with the problem of finding a control law for a given system
such that a certain optimality criterion is achieved. Control problems include a cost
(energy) functional that is a function of state and control variables. An optimal
control is a set of partial differential equations describing the paths of the control
variables that minimize the cost or energy functional. So, the optimal control problem
requires the following initial data:

e Space of control U (Hilbert or Banach space)

e For a given control £, the state y(£) of the system is given by the solution of an
operator equation Ay(¢) = given function of control . The operator A is called the
model of the system.

e The observation z(§) = given function of y(&).

e The cost function J(¢) = given function of z(¢).

e The control problem is then to find inf J(g) over a closed convex subset Uy,q of U.

The model A of the weighted (p, ¢)-Laplacian system under study (1.2) is given by

Ay = A{yr,yo} = {=Appy1 + Aa(@)|yi["?y1, —Aqqyz + Ab(@)[y2]*ys}-

Using the theory of Lions [15] , we can formulate the control problem as the fol-
lowing:

The Banach space U = W, P(P, Q) x Wy*(Q, Q) being the space of controls. For a
control £(&1, &), the state y(&) = {y1(£), y2(&)} of the system, from (1.2), is given by

—Appyi () + Aa(@) [y ()PP () = f+ & in Q,
(4.1) —AqQq12(8) + A0(2)|y2(§) |9 2(§) =g + & in
y1(€) = y2(§) =0 on L.

The non—quadratic cost functional is given by

(4.2) J(<)=/P(93) |y1(<)—zd1|p+/Q($)|yz(<)—zdzlq+M(||<1||§+||<2||Z),

Q

where Zy = {za1, za2} € WyP(P, Q) x Wy(Q,Q) and M is a positive constant.
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The control problem then is to find inf J(<) over a closed convex subset U,4 of
WyP(P,Q) x Wy'(Q,Q). Since the cost function is given by (4.2), there exists a
unique optimal control £ = {&;,&} € U,q which is characterized by (see [12, 15, 16])

/

(4.3) J(E)(c—=& >0 for all ¢ € U,q.

From (4.2), we have for w = (wy,w,) € Wy (P, Q) x W,(Q,Q),

/ d
JE)w = —JE+Cw
© )|
=g/mwm@wwMP%m@—am§ (€ - wy
+pM [ &P wy
/
+q/@mnm@»—aw*%m@>—aﬁggxa~w

(4.4) +qM ‘52\(1_2 2 - Wwo.
/

But, if we set a%yi(f) cw; = YPi(w;), i = 1,2, then (4.4) is equivalent to

0< pr ) Y1 (&) = zar P72 (91(8) — 2an) 1 (wr) +pM§£ P72 wn

(4.5)
+qu ) [y2(u) = za2|*" (y2(u) — za2) 2 (w2) + qM({ 6772 &. - wo.

Let us define the adjoint state P(&) = {P,(£), P»(€)} as the solution in (W, (P, Q))*x
(Wo*(Q, Q)" of
{fP )y (6) — Zdl\p_2 (v1(§) — za1),

(4.6) ()MU—%V@M%%M in Q,
P(f):{P1(€)>P2(§)}:0 on 59,

then from (4.1) and (4.5), we deduce that

(4.7) p/m@vaﬂ+MKW”M+q/%@%r£ﬁ+MM#”M20

Q Q

So, the main theorem of control problem is the following:
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Theorem 4.1. If the cost function is given by (4.2), the optimal control u is char-
acterized by (4.6) and (4.7) together with (4.1).

5. CONCLUSION

Interest in general forms of nonlinear partial differential problems, whose leading
operator is of the (p, ¢)-Laplacian type, has greatly increased over the last few decades.
The main reason is that this kind of nonlinear operator appears naturally in the study
of nonlocal diffusion with special features. In this work, we are dealing with system
involving weighted (p, ¢)-Laplacian operator. Existence and uniqueness of weak so-
lution through the Browder theorem method are established. As an application, an
optimal control problem related to the system under study has been formulated and
analyzed. There are several interesting subjects for future work. The first one is
to generalize the results obtained in this paper from systems involving weighted p-
Laplacian operator to systems involving singular p-Laplacian or fractional Laplacian
ones, that is, div[|z|~*|Vu|P~>Vu] under some certain conditions on a and p or (—A)?

with with s € (0,1), respectively. The second one is to the use of a method other

than the Browder theorem method, such as the sub-super solution method.
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