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FRACTIONAL OSTROWSKI TYPE INEQUALITIES VIA
(s,7)~CONVEX FUNCTION

ALI HASSAN () AND ASIF RAZA KHAN®)

ABSTRACT. We are introducing very first time a generalized class named it the class
of (s,r)—convex functions in mixed kind. This generalized class contains many
subclasses including class of s—convex functions in 1% and 2" kind, P—convex
functions, quasi convex functions and the class of ordinary convex functions. Also,
we would like to state the generalization of the classical Ostrowski inequality via
fractional integrals, which is obtained for functions whose first derivative in abso-
lute values is (s,7)— convex function in mixed kind. Moreover we establish some
Ostrowski type inequalities via fractional integrals and their particular cases for the
class of functions whose absolute values at certain powers of derivatives are (s,7)—
convex functions in mixed kind by using different techniques including Hoélder’s
inequality and power mean inequality. Also, various established results would be
captured as special cases. Moreover, some applications in terms of special means

would also be given.

1. INTRODUCTION

From literature, we recall and introduce some definitions for various convex (con-

cave) functions.
Definition 1.1. [3] A functionn : I C R — R issaid to be convex (concave) function,
if
n(te+ (1=t)y) < (Z)tn(x) + (1= t)n(y),
Ve,y € It €[0,1].
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We recall here definition of P—convex(concave) function from [14].

Definition 1.2. Let n : [ € R — R is a P—convex(concave) function, if 7 is a

non-negative and Vz,y € I and ¢ € [0, 1], we have
n(te + (1 —t)y) < (>)n(z) +n(y).

Here we also have definition of quasi—convex(concave) function (for detailed dis-

cussion see [16].

Definition 1.3. A function n: I C R — R is known as quasi—convex(concave), if
n(te + (1= t)y) < (=) max{n(x),n(y)}

forall z,y € I, t € [0, 1].

Now we present definition of s—convex functions in the first kind as follows which

are extracted from [22]:

Definition 1.4. Let s € [0,1]. A function n : I C [0,00) — [0,00) is said to be

s—convex (concave) function in the 1% kind, if
n(tr+ (1 =t)y) < (Z)n(r) + (1= )n(y),
Ve, y € It €[0,1].

Remark 1. Note that in this definition we also included s = 0. Further if we put

s = 0, we get quasi—convezity (see Definition 1.3).
For second kind convexity we recall definition from [22].

Definition 1.5. Let s € [0,1]. A function n : I C [0,00) — [0,00) is said to be
s—convex (concave) function in the 2"¢ kind, if
n(te + (1 —t)y) < (Z)*n(x) + (1 —1)*n(y),
Ve, y € It €[0,1].
Remark 2. In the similar manner, we have slightly improved definition of second

kind convexity by including s = 0. Further if we put s = 0, we easily get P—convexity

(see Definition 1.2).
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Definition 1.6. [5] Let hy, hy : [0, 1] — (0,00) and m € (0, 1]. The function n : I C

[0,00) — R is said to be (m, hy, he)—convex(concave) function if

(1.1) n (e +m(1 = t)y) < (Z)h(t)n(x) +mha(t)n(y),

Ve,y € It €[0,1].

Now we introduce a new class of function which would be called class of (s,r)—

convex (concave) functions in the mixed kind:

Definition 1.7. Let (s,7) € [0,1]%. A function  : I C [0,00) — [0, 00) is said to be

(s,r)—convex (concave) function in mixed kind, if

(1.2) n(te+ (1 =t)y) < (Z)t"n(z) + (1 =1)n(y),

Ve,y € It €[0,1].

Remark 3. In Definition 1.7, we have the following cases.

(1) If we choose s =1 in (1.2), we get r—convex (concave) in 15 kind function.

(2) If we choose s = 1, and r =0, in (1.2) we get quasi—convex (concave) func-
tion.

(3) If we choose r = 1, in (1.2), we get s—convex (concave) in 2" kind function.

(4) If we choose r =1, and s = 0 in (1.2), we get P—convex (concave) function.

(5) If we choose s =1 =1 in (1.2), gives us ordinary convex (concave) function.

In almost every field of science, inequalities play an important role. Although it is
very vast discipline but our focus is mainly on Ostrowski type inequalities. In 1938,
Ostrowski established the following interesting integral inequality for differentiable
mappings with bounded derivatives. This inequality is well known in the literature

as Ostrowski inequality.

Theorem 1.1. [23] Let ¢ : [pa, pp] — R be differentiable on (p,, p») with the property
that |¢'(t)] < M for allt € (pa, p»). Then

(13) ‘s@(x)— : /pj%(t)dt‘s@b—pa)M [1+(:)]

Pb — Pa 4 Pb — Pa

for all x € (pa, py).



1034 ALI HASSAN AND ASIF RAZA KHAN

Ostrowski inequality has applications in numerical integration, probability and
optimization theory, statistics, information and integral operator theory. Until now,
a large number of research papers and books have been written on generalizations of

Ostrowski inequalities and their numerous applications in [7]-[13] and [17]-[21].

Definition 1.8. [25] The Riemann-Liouville integral operator of order ¢ > 0 with
pa > 0 is defined as

1 v 1
Jopla) = iz [ o= 0 el
(1.4) Ty () = p(2).
In case of ( = 1, the fractional integral reduces to the classical integral.

Definition 1.9. [25] The Riemann-Liouville integrals I§+go and ]g,go of o € Li([pa, pu))
a b
having order { > 0 with p, > 0, p, < pp are defined by

Ieole) = 77 [ =0T ettt >,
Pa
and
Pb
o) = g7 [ =0 e w < g

respectively. Here T'(¢) = [;7e™u¢"'du is the Gamma function and Ig+g0(z) =

Ip(x) = ¢(2).

Theorem 1.2. [25] Let ¢ : I — R be differentiable mapping on I°, with p,, py €

I, pa < pp ¢ € Lilpa, pp] and for ¢ > 1, Montgomery identity for fractional integrals

holds:

G
Pb = Pa

where Pi(x,t) is the fractional Peano Kernel defined by:

() (oo — )" =TS, 0(ps) = T3 (Pil, po)e(ps)) + 5, (Pi(, po) @' (ps)),

~(pp — @) T(C), if t € lpasal,

Pl(.flf,t) =

(oo — 2)'T(C), ift € (,py]-

Let [pa, pb] € (0,+00), we may define special means as follows:
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(a) The arithmetic mean

pa"—pb

A= A(pm pb) = 9 3

(b) The geometric mean

G = G(pa, pv) = \/Pap;

(¢) The harmonic mean

2

H == H(pa,pb) = ﬁ7
Pa Pb
(d) The logarithmic mean
I L( ) Pa if Pa = Pb
= pa? pb = - Fa . 7
i, £,
In pp — In p,
(e) The identric mean
Pa if pa = pp
I =1(paspv) = 1 [ pypo\ #r-sa ?
. ("’b ) L if pa# i
e \ pafe
(f) The p—logarithmic mean
Pa if Pa = Pb
SRR RISV
(P+1)(pa—pe)] = "

where p € R\ {0, —1}.

In order to prove our main theorems, we need the following lemma that has been

obtained in [26].

Lemma 1.1. Let ¢ : [pa, ;o] — R be a differentiable mapping on (pa, pp) with a < b.
If ' € Li([pa, pb)), then x € (pa, pp) the identity for fractional integrals holds:

((SL’ _pa)<+ (pb _x>C) QO(LL’) - F(C+ 1)

Pb = Pa P~ Pa

{éwah)+=§+¢O%ﬂ

(o — x)CH
Pb — Pa

NGl [l
— 7@ Pa) / t5@ (tr + (1 — t)pg)dt —
0

1
¢ (tr 4 (1 — t)py)dt.
Pb — Pa /;
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Throughout this paper, we denote

(= pa)+ (pp— )¢ e+
I{p,x, pa, pv, C) = ( b — Pa ) ey

(& = pa) T+ (pp — )"
Pb = Pa '

[Iifw(pa) + IS 0(m)]

chipe () =

We also make use of Euler’s beta function, which is for x,y > 0 defined as

B(z,y) = /1 "1 — )V ldt = w
0 (z+y)

The main aim of our study is to generalize the ostrowski inequality (1.3) for
(s,r)—convex in mixed kind, which is given in Section 2. Moreover we establish
some Ostrowski type inequalities for the class of functions whose derivatives in ab-
solute values at certain powers are (s,r)—convex functions in mixed kind by using
different techniques including Holder’s inequality [28] and power mean inequality [27].
Also we give the special cases of our results and applications of midpoint inequalities

in special means. In the last section gives us conclusion with some remarks and future

ideas to generalize the results.

2. GENERALIZATION OF OSTROWSKI INEQUALITY VIA FRACTIONAL INTEGRALS

Theorem 2.1. Suppose all the assumptions of Lemma 1.1 hold. Additionally, assume
that |¢'| is (s,7)—convez function on [pa, ps] and |¢'(x)] < M(M > 0), then

1 B %,s—l—l
|I(¢,x,pa,pb,<)|§M<C+TS+1+ ( " ) ki ().

Vr € (paapb)'

Proof. From the Lemma 1.1 we have

T — pg)Stl [l
(9,2, pas oy ()] < P / €16 (e + (1 — )po)| de
pb - pa 0
oGl
(2.1) +M / ° |<p’(tx + (1 —t)pp)| dt.
pb - pa 0

Since |¢'| is (s,r)—convex on [p,, pp] and |¢'(x)| < M, we have

(2.2) /01 €16 (tx + (1 — £)pa)| dt < M/01t< (£ 4 (1 — 7)) dt
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and similarly

(2.3) /01 5| (tr + (1 — t)pp)| dt < M/O1 £t 4 (1 —t7)%) dt.

By using inequalities (2.2) and (2.3) in (2.1), we get

1 B(“ s+1
‘I(SovxapavleC)‘ SM <<.—|—7"S+1 _'_ ( - r ) C"igl;(x)

Corollary 2.1. In Theorem 2.1, one can see the following.
(1) If one takes o« = B = s and v = § = 1, where s € (0,1] in inequality (2.1),
then one has the Ostrowski inequality for s—convex functions in 1°¢ kind via

fractional integrals:

1 B (2
If(w,x,pa,pb,<)|§M< + (; ) e (z).

(+s+1
(2) If one takes « = § = s, and 8 = v = 1, where s € (0,1] in inequality (2.1),
then one has the Ostrowski inequality for s—convex functions in 2" kind via

fractional integrals:

(9, 2. pus iy, )| < M CB(CH15+ 1)) K (2).

( 1

C+s+1

(3) If one takes « = § = s, and ( = = v = 1, where s € (0,1] in inequality
(2.1), then one has the inequality (2.1) of Theorem 2 in [1].

(4) If one takes « = § = s, and B = v = 1, where s € (0,1] in inequality (2.1),
then one has the inequality (2.6) of Theorem T in [26].

(5) If one takes a« = § = 0, and 5 = v = 1, in inequality (2.1), then one has the

Ostrowski inequality for P—convex functions via fractional integrals:

1
|[(<P,$,pa,pb,ﬁ)| <M (Cﬁ _'_B(C_'_ 171)) CHZZ(x>‘

(6) If one takes o = B = v = 6 = 1, in inequality (2.1), then one has the Ostrowski

inequality for convex functions via fractional integrals:

1
ol <M (g +BE+1.2) (o)

(7) If one takes ( = o = B =~y = § = 1, in inequality (2.1), then one has the

Ostrowski inequality (1.3) for convex function.
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Theorem 2.2. Suppose all the assumptions of Lemma 1.1 hold. Additionally, assume
that |¢'|9 is (s,r)—convex function on [pa, po],q > 1 and |¢'(x)| < M, then

1
M ( 1 B(%,sﬁ))q

] ?z7 as ) S +
oo O € - | sy :

(2.4)

Vo € (pm pb)

Proof. From the Lemma 1.1 and using power mean inequality [27], we have

T — p,)SH 1 -2
[ I(, 2, pa, pb, C)| < (@=pa)*" (/ tht) (
0

Pb — Pa

) gl =3 / 1 1
Gl (/ tht) (/ t<|¢(tx+(1—t)pb)|th) .
Pvb — Pa 0 0

Since |¢'|? is (s, 7)—convex on [pa, pp]. and |¢'(z)| < M, we get

/1 £ | (tr + (1= t)pa)|th);

0

(2.5)

(2.6) /OltC ' (tx + (1 — t)py)|* dt < M? /OltC (t" + (1 —t")%) dt

and
1 1
(2.7) / )¢ (tx 4+ (1 —t)pp)|" dt < Mq/ (7 + (1 —t7)%) dt.
0 0
Using the inequalities (2.5) — (2.7), we get

1

M 1 B s+1)\°
[ as ) S 1 - o :
| (¢7x7p pb C)‘ (C—i—l)l_a <<'_'_TS+1 _'_ r Cl‘ipa(x)

Corollary 2.2. In Theorem 2.2, one can see the following.

(1) If one takes s = 1 and r € (0, 1] in inequality (2.4), then one has the Ostrowski

inequality for r—convex functions in 15t kind via fractional integrals:

1
M 1 B(“,2)\*
1 1(p, 2, pas o, O)| < i <C+T+1 + ( . ) ¢Hpo ()
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(2) If one takesr =1 and s € (0, 1] in inequality (2.4), then one has the Ostrowski

inequality for s—convex functions in 2" kind via fractional integrals:

1
q

[1(®, 2, pas P, O)| < « +]\f)1_; (C n i 1 +B((+1,s+ 1)) GACIE

(3) If one takesr =1 and s € (0, 1] in inequality (2.4), then one has the inequality
(2.8) of Theorem 9 in [26].

(4) If one takes ¢ = r =1 and s € (0,1] in inequality (2.4), then one has the

inequality (2.3) of Theorem 4 in [1].

(5) If one takes r = 1 and s = 0 in inequality (2.4), then one has the Ostrowski

inequality for P—convex functions via fractional integrals:

1

M 1 a
e 01 € (g B 1) o)

(6) If one takes r = s = 1, in inequality (2.4), then one has the Ostrowski inequal-

ity for convex functions via fractional integrals:

M 1 q
s s O < (s Ber12) o

Theorem 2.3. Suppose all the assumptions of Lemma 1.1 hold. Additionally, assume
that |¢'|9 is (s,r)—convex function on [pa, po],q > 1 and |’ (z)] < M(M > 0), then

B(1s+1) ¢
0.9 om0l £ 22 (2 + 222) " o)

Vo € (pa, pp), where p~t + ¢t = 1.

Proof. From the Lemma 1.1 and using Hélder’s inequality [28], we have

11(2, 2, pas pi, Q)| < (@ = pa)™! (/1 thdt); </1 o' (tz + (1 —t)pa)|th)a
0 0

Pb — Pa
(=2 (N ([ :

(2.9) e (/ tcpdt) </ |’ (tz + (1 — t)pb)|th> :

Pb = Pa 0 0
Since |¢'|? is (s,7)—convex and |¢'(z)| < M, we have

1 1
(2.10) / |’ (tz + (1 —t)pa)|" dt < Mq/ "+ (1 —¢")dt
0 0

and

1 1
(2.11) / " (m+(1—t)pb)\thqu/ £5 4 (1 — 7).
0 0
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Using inequalities (2.9) — (2.11), we get

B(L,s+1) )¢
‘](SovxupmleC)‘ < (ij_:f[l)% (T’S{‘rl + ( r )) C’izfi(x)

Corollary 2.3. In Theorem 2.3, one can see the following.

(1) If one takes s = 1 and r € (0, 1] in inequality (2.8), then one has the Ostrowski

inequality for r—convex functions in 15 kind via fractional integrals:

1
M 1 B(%,2)\°
[ 1(¢, 2, pa; P, C)| < i) <T+1 + (; )) ¢k ().

(2) If one takesr =1 and s € (0, 1] in inequality (2.8), then one has the Ostrowski

inequality for s—convex functions in 2" kind via fractional integrals:

M 1 a
e Q1 oy (g B 0) " i)
p P

(8) If one takesr =1 and s € (0, 1] in inequality (2.8), then one has the inequality
(2.7) of Theorem 8 in [26].

(4) If one takes r = ¢ = 1 and s € (0, 1] in inequality (2.8), then one has the
inequality (2.2) of Theorem 3 in [1].

(5) If one takes r = 1 and s = 0 in inequality (2.8), then one has the Ostrowski

inequality for P—convex functions via fractional integrals:

11(o, 2, pa, b, C)| < (1+B(1,1))7 kb ().

(Cp+1)»
(6) If one takes s = r = 1, in inequality (2.8), then one has the Ostrowski inequal-

ity for convex functions via fractional integrals:

1

M 1 a
[1(0, 2, pa; po, ¢)| < m <§ +B(1>2)) chipe ().
p p

Theorem 2.4. Let ¢ : [pa, pp) — R be differentiable on (pa, pp), ¢’ : [pa, pp] — R be

integrable on [pa,pp] and n : I C R — R, be a (s,7)—convex(concave) function in
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mized sense, then we have the inequalities

[o0) = L (5~ 05 pton) + I (Pues et

< (z)% [(x —payre! / jn [%} it

R =

Po— (pp = )'=¢

Vo € [pavpb] :

Proof. Utilizing the Theorem 1.2, we get

o) — pb”f)p oy — )" T, o) + TS (P po)plon)

= J5, (Pi(x, o) (p3))
_ L/pb Piat)—2 g

IN(Q) (pp —2)1=¢
T = pa p =)' [T{t = pa}y
_ ( p ) {(p ) {t—p }w(t)dt]

~\Pb— Pa T=pa Sy (pp—1)17¢

(- (22 [l ),

Po = Pa pp—r  Jo (p—t)7C

Vx € [pa, po] - Next by using the (s, r)—convex(concave) function in mixed sense of

n:IC[0,00) — R, we get

; {w) - pb“_opa 0y — )T (o) + I (Pa(a pbw(pb))}

< (>) ( T — Pa )‘W . [(pb — o) [T {t = pa} w’(t)dt]

Pb = Pa T—=pa Sy (po—0)1¢
d
r—pa\” (oo —2)' ¢ [ {t = pp} /(1)
+(1- n ——dt|,
Pb = Pa e A N

YV € [pa, pp) - Applying Jensen’s integral inequality [8], We get the Inequality (2.12).
L]

Corollary 2.4. In Theorem 2.4, one can see the following.
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(1) If one takes s = 1 and r € (0,1] in (2.12), then one has the Ostrowski in-

equality for r—convex(concave) functions in 1°¢ kind:

npuw-”O<m—mwﬁm@0a@%a@mw@m]

Po = Pa
< (2)% [(:c —pa)" /pn [%} at
Lo = pg; - S — Pa)" /:" " {%} dt] .

(2) If one takes s =1 andr = 0 in (2.12), we get quasi—convez(concave) function.

U [@(x) - pbr(_gi)a (op — )7 T5 0 (pe) + I3 (Pa(, pb)w(pb))]

<oy L [w ]

(3) If one takes r =1 and s € [0,1) (2.12), then one has the Fractional Ostrowski

type inequality for s—convex(concave) functions in 2™ kind:

npuw-”O<m—mwﬁm@0a@%a@mw@m]

Pb — Pa
+(pp — x)s—l /pr n [%] dt} .

(4) If one takes r =1 and s =0 in (2.12), then one has the Fractional Ostrowski

type inequality for P—convex (concave) functions:

Po — Pa

<)oo | [0

T=patp, L (pp—1)"¢
ey Rl el KL

(5) If one takes s = r =1 in (2.12), then one has the Fractional Ostrowski type

inequality for convex(concave) functions:

npm»~fﬁlwwww*ﬁy@w+ﬁfuuamwwm]

Pb — Pa

< (z)% Un {%} dt*/:b” {%} dt]'

ﬁam—lﬁlm—@Hﬁymwdiﬂamwmﬂ
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3. APPLICATIONS OF MIDPOINT INEQUALTIES

If we replace ¢ by —¢ and x = 2272 in Theorem 2.4, we get

Theorem 3.1. Let ¢ : [pa, pp) — R be differentiable on (pa, pp), ¢’ : [pa, pp] — R be
integrable on [pa,pp) and n : I C R — R, be a (s,r)—convezr(concave) function in

mized sense, then

) [r(é) ()™ e i) 1 (pa;pb) g ( P (pa;pb’ b) @(pb))]

Pb — Pa

9¢-1 1 Pa (t — pa)¢'(1)
< (Z) (pb _ pa)c [257’—1 /;;a+pb m {W] “

2

Patpyp

2 —1)° [ Tt —p)e(t)
(31) ‘I—W /pb n [W] dt] .

Remark 4. In Theorem 3.1, if we put ( =1 in (3.1). we get

1 /”" (ﬂa+pb))
t)dt —
n(pb_pa 5 plt)dt — o | —

Pa+prp
2

<(2)-— [233_1 [ o= ol

o Pb — Pa

S / " ol t)<p’(t)]dt] .

pPatprp

2

Remark 5. Assume thatn: 1 C [0,00) — R be an (s, 7)—convex(concave) function

i mazed kind:

(1) If we take ¢ = 1,¢(t) = 1 in inequality (3.1) where t € [pa, pb] C (0,00), then

we have

B A(pa, pv) — L(pa, po)
(Po = pa)n [ A(pa, po) L(pas pb) }

pa+tprp

1 7 [t—pa O O A ey
< (> T ors—1 )
= (—) 287”—1 /pva n |: t2 :| dt + 27’5_1 /paJer 77 t2 dt

2
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(2) If we take ¢ = 1,¢(t) = —Int in inequality (3.1), where t € [pa, pp] C (0, 00),

then we have

(Ps = pa)nl [ln (%)}

pPa+tpp

Y s S (2r —1)° [7 t— pp
S(z)er—l/pa "{ t }dHW/amb" P |4

2

(8) If we take ¢ = 1,p(t) = tP,p € R\ {0, —1} in inequality (3.1), where t €
[Pas pp] C (0,00), then we have

(06 = pa)n [LE(pa> o) + A7 (pa, p1)]

Patpy
1 2 p(pa—1t) (2 —=1)° ™ p(pp —1)
< (250 /p o {7751_17 dt+ o || |t

Remark 6. In Theorem 2.2, one can see the following.

2

(1) Let x = 22222 ( =1,0< p, < pp, ¢ > 1 and ¢ : R — R, o(z) = 2™ in (2.4).
Then

| A (pas pv) = Ly (Pa, p)| <

M (pp — pa) 1 _'_B(%,S—l—l) ‘
(2)2—% ST+ 2 r ’

(2) Let v = L2222 ¢ = 1,0 < py < py, ¢ > 1 and ¢ : (0,1] = R, ¢(z) = —Inz in
(2.4). Then

M@rﬁd( 1 +B@»+n>?

(2)2—% sr+ 2 r

Remark 7. In Theorem 2.3, one can see the following.

IIn 1 (pa; pp) — I A (pa, pp)| <

(1) Let v = L2322 ¢ =1,0 < p, < pp, ¢ =1 and ¢ : R — R, p(z) = 2" in (2.8).
Then

| A (pas pv) = Ly (Pa, p)| <

Mip—p) (1 Bt

2(p+1)% sr+1 T )

(2) Let v = L2222 ¢ =1,0 < py < py, ¢ > 1 and ¢ : (0,1] = R, ¢(z) = —Inz in
(2.8). Then

Jun

|hl] (pm pb) —InA (pavpb)| <

M(m—m)( 1 +B(%75+1)>q_

2(])—0—1)% sr+1 T
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4. CONCLUSION AND REMARKS

4.1. Conclusion. Ostrowski inequality is one of the most celebrated inequalities,
we can find its various generalizations and variants in literature. In this paper, we
presented the generalized notion of (s, r)—convex functions in mixed kind, this class
of functions contains many important classes including class of s—convex functions
in 1" and 2" kind [4], P—convex functions, quasi convex functions and the class of
convex functions. We have stated our first main result in section 2, the generalization
of Ostrowski inequality [23] via fractional integral and others results obtained by using
different techniques including Holder’s inequality [28] and power mean inequality [27].
Also, various established results would be captured as special cases. Moreover, some

applications in terms of special means would also be given.

4.2. Remarks and Future Ideas.

(1) One may do similar work to generalize all results stated in this article by
applying weights.

(2) One may also do similar work by using various different classes of convex
functions including Godunova-Levin s—convex function in 1% and 2" kind
and Godunova-Levin (s,r)—convex function in mixed kind and h—convex
functions.

(3) One may try to state all results stated in this article for fractional integral
with respect to another function.

(4) One may also state all results stated in this article for higher dimensions.

(5) One may also generalize all results using time scale domain.

(6) One may also generalize all results using Fractional sets, intutionistic Frac-

tional sets and single valued Neutrosophic sets.
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