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ALMOST GENERALIZED QUADRATIC FUNCTIONS OF THREE
VARIABLES IN LIPSCHITZ SPACES

ISMAIL NIKOUFAR

ABSTRACT. The notion of stability of functional equations was posed by Ulam,
and then, Hyers gave the first significant partial solution. This type of stability
has been established and developed by an increasing number of mathematicians in
various spaces. In Lipschitz spaces, the notion of stability was introduced by Tabor
and Czerwik. This notion has been considered less attention over the recent years
in Lipschitz spaces. In this paper, we consider this type of stability and we prove
the stability of the generalized quadratic functional equations of three variables in
Lipschitz spaces. We generalize the stability of a quadratic functional equation
from a special case to a general case and improve its approximation announced by

Crzerwik et al. in [4].

1. INTRODUCTION

The study of stability problems for functional equations concerning the stability of
group homomorphisms was raised by a question of Ulam [22] and affirmatively was
answered for Banach spaces by Hyers [9].

A stability problem for the following quadratic functional equation

(1.1) flx+y)+ flz—y)=2f(z)+2f(y)

was solved by Skof for functions f : Fy — FE5, where E; is a normed space and Fy

a Banach space (see [19]).
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1050 I. NIKOUFAR

The general solution and the stability of the following 2-variable quadratic func-

tional equation

(1.2) fla+z,y+w)+ flz—zy—w)=2f(x,y)+ 2f(z,w)

was established in complete normed spaces [1]. Ravi et al. [18] discussed the general

solution and the stability of the 3-variable quadratic functional equation
(1.3)  fle4+y,z+wu+v)+ fr—y,z—w,u—v)=2f(r,z,u) +2f(y, w,v).

In [5, 4], Czerwik et al. proved the Hyers-Ulam—Rassias stability of the quadratic
functional equation (1.1) in normed and Lipschitz spaces, respectively. The stability
type problems for some functional equations were also studied by Tabor [20, 21] in
Lipschitz spaces. The author of the present paper proved the stability of the cubic
and quartic functional equations in Lipschitz spaces (see [7], [11]-[16]).

Any solution of (1.1) in the space of real numbers is of the form h(z) = az? for
all x € R, where a € R. Any solution of (1.2) is termed as a quadratic mapping.
If X =Y =R, the quadratic form g(z,y) = az? + bry + cy?® is a solution of (1.2)
for all x,y € R, where a,b,c € R. When b = ¢ = 0, we obtain the quadratic form
h(z) = ax? satisfying (1.1). So, any solution of (1.1) is a solution of (1.2) when
viewed as a function of two variables, but not vice versa. Any solution of (1.3) in the

space of real numbers is of the form
(1.4) k(x,y, 2) = a1 + agy® + as2® + ayxy + asrz + agyz

for all z,y,z € R, where aq,...,as € R. It is remarkable that any solution of either
(1.1) or (1.2) is a solution of (1.3), but not vice versa.

The stability of the quadratic functional equation (1.1) was proved by Czerwik
et al. in Lipschitz spaces [4]. We remark that the solution of (1.1) is of the form
h(x) = az?. Our motivation is to find the stability of a quadratic form of the general
form (1.4). Note that the general form (1.4) contains any quadratic form of the
special case h(x) = ax?. For finding the stability of a quadratic form of the general
form (1.4), we introduce the notion of the 3-quadratic functions and then we verify
stability of these functions in Lipschitz spaces. Since a function f satisfies equation

(1.1) if and only if f satisfies equation (1.5) (see [8]), our results recover the results
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announced by Czerwik et al. in [4]. The advantage of our discussion is improving the
approximation that Czerwik et al. obtained in [4]. This improvement is possible by
considering a suitable set valued function which we will denote it by d.

Rassias [17] and Najati [10] proved the Hyers-Ulam stability problem for the fol-

lowing quartic functional equation

fQr+y)+ f2r —y) =4(f(x+y) + f(x —y)) +24f(x) — 6f(y)

for mappings from a linear space into a Banach space. Recently, EL-Fassi [8] inves-

tigated the general solution and the stability of the generalized qaudratic equation

(1.5) flx+y)+ flz—y) = fle+2y)+ f(z —2y) = 6f(y)

in Lipschitz spaces. Moreover, the stability of generalized multi-quadratic mappings
was proved in Lipschitz spaces [6].
We introduce the generalized quadratic functional equation of three variables as

follows:

flz+y,z+w,ut+v)+ flx —y,z —w,u—v)

(1.6) = f(r+2y,z + 2w, u+ 2v) + 2f(x — 2y, 2 — 2w, u — 2v) — 6 f(y, w, v).

We say that f is 3-quadratic if f satisfies (1.3) and f is generalized 3-quadratic if
f satisfies (1.6). In this paper, we verify the stability of the generalized quadratic
functional equation of three variables in Lipschitz spaces.

We start by introducing some quite standard notation. Let G x G x G be the
Cartesian product of an abelian group G with itself and denote by G3. We denote
By B(G?,S(V)) the subset of all functions f : G* — V such that Imf C A for some
A € S(V), where V is a vector space, S(V) is a subset of P(V), and P(V) is the
power set of V. The family B(G?3,S(V)) is a vector space and contains all constant

functions.

Definition 1.1. The family B(G?, S(V)) admits a left invariant mean (briefly LIM),
if the subset S(V') is linearly invariant, in the sense that A + B € S(V) for all
A BeSV)andz+aAeS(V)forallz eV, a e R, A€ S(V) (see[2]), and there
exists a linear operator A : B(G3,S(V)) — V such that
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(i) if Imf C A for some A € S(V), then A[f] € A,
(i) if f € B(G®,S(V)) and (a,b,c) € G3, then A[f**<] = A[f],

where f%¢(x,y,2) = f(x +a,y + b,z +c).
Let d: G x G* — S(V) be a set-valued function such that
d((l’-‘-&,y—}—b,Z-l—C), (u—l—a,v+b,w+c)) = d((l’,y,Z), (U,'U,UJ))

for all (a,b,c), (z,y, 2), (v,v,w) € G> (cf. [3, 20]).
Definition 1.2. We say that a function f : G® — V is d-Lipschitz if

f(x7 Y, Z) - f(u7 v, U)) € d((.flf, Y, Z)7 (U, v, ’LU))
for all (z,y, 2), (u,v,w) € G3.
In particular, when (G2, d) is a metric group and V' a normed space, we define the
function MC} : R — R™ to be a module of continuity of the function f: G — V

if for all § > 0 and all (z,v, 2), (u,v,w) € G* the condition d((z,y, 2), (u,v,w)) < &
implies || f(z,y, 2) — f(u,v,w)|| < MC(5).

Definition 1.3. A function f : G®> — V is called Lipschitz function if there exists

a constant L > 0 such that
(1.7) 1f(z,y,2) = f(u,v,w)|| < Ld((z,y, 2), (u, v, w))
for every (z,y, 2), (u, v, w) € G3.

We consider Lip(G3, V') to be the Lipschitz space consisting of all bounded Lipschitz

functions with the norm
[ fllzip = I fls +P(f),

where [|.||s is the supremum norm and

Hf(x,y,z)—f(u,v,w)H 3
P(f :sup{ (x,y, 2), (u,v,w) € G, (z,y, 2) # (u,v,w }
o e, (o)) - (PR € G (2 )
The function ||-||L; is in fact a norm. Since ||.||s is a norm, it is enough to show that

the function P(-) is a norm. Let f € Lip(G®,V) and @ € R. Then it is clear that
(1) P(f) = 0 if and only if f = 0.
(2) P(af) = |a[P(f).
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(3) Let f,g € Lip(G3,V). For every (x,y, 2), (u,v,w) € G3, (x,y, 2) # (u,v, w) we
have
(f +9)(@,y,2) = (f + 9)(u, v, w)]|
= I(f(z,y, 2) = fu,v,w)) + (9(2,y, 2) — g(u,v,w))|]
(1.8) <|(f(z,y,2) = fu,v,w)|| + |[(9(z, y, 2) — g(u, v, w))||.

Define

= Iz 2) = flw v, )] z,y,2), (u, v, w (2,2 U, v, W
A.—{ d((xayaz),(U,U,w)) ( 'Yy )7( ) )er( 'Y, )3&( » Uy )}7

- (ll9z.9.2) =g, v, W] x, 1, 2), (u,v,w 3 (x,y, 2 u, v, w
B'_{ d((x>yaz),(U,U,'w)) ( ' Yy )7( » Uy )GG,( ' Yy )7&( )y Uy )}7

Since f,g € Lip(G3,V), the sets A and B are upper bounded sets. So, using (1.8),

we get
P(f +g) < sup(A+ B)

= sup(A) + sup(B)
=P(f) +P(g).

Lipschitz spaces have a rich algebra structure and can be worked on for future

research. Some of open problems in this area are given in chapter 7 of [23].

2. STABILITY IN LIPSCHITZ SPACES

For a given function f : G3 — V we define its generalized 3-variable quadratic

difference as follows:
Qf(z,y, z,u,v,w) = f(r 4+ 2u,y+2v, 2+ 2w) + f(x — 2u,y — 2v, z — 2w)
—flztuy+v,z4+w)— flx —u,y—v,z—w) —6f(u,v,w)

for all (z,y,2), (u,v,w) € G3. Note that f is generalized 3-quadratic if and only if
Qs =0.

Lemma 2.1. Let G be an Abelian group. If f : G* — V s a function and
Q(rit, s, ) : G* — V is d-Lipschitz for all (r,t,s) € G®, then

Im(an('> 5, Y, Z) - an(" oy U, U,’LU)) g ad((l’,y, Z)’ (ua U,’LU))
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for all (z,y, 2), (u,v,w) € G3, and a € R.

Proof. Fix (r,t,s) € G®. By assumption we have

(2'1) an(/r’ t? S? z? y7 Z) - an(r7 t? S? u? U? w) E ad((x7 y? Z)? (u’ U? w))

for all (z,y,2), (u,v,w) € G3, and o € R. From this we deduce that

Im(an('> 5L, Y, Z) - an('a U, U,'LU)) g Oéd((!lf,'y, Z)a (U, U>w))'
for all (z,y,2), (u,v,w) € G3, and a € R. O

We generalize the stability of a quadratic functional equation from a special case

to a general case.

Theorem 2.1. Let G be an Abelian group and V' a vector space. Assume that the
family B(G®,S(V)) admits LIM. If f : G* — V is a function and Q(r,t,s,-,-,")
G? — V s d-Lipschitz for all (r,t,s) € G*, then there exists a generalized 3-
quadratic function S such that f — S is %d—Lipschitz.

Proof. Since the family B(G?,S(V)) admits LIM, there exists a linear operator A :
B(G?,5(V)) — V such that

(i) A[H] € A for some A € S(V),

(ii) if for (u,v,w) € G3, H**" : G3 — V is defined by H“V¥(r,t,s) := H(r +
u,t+v,s+w) for every (r,t,s) € G2, then H*** € B(G?,S(V)) and A[H| =
A[H™™].

Consider the function H,p,. : G* — V by

1 1
Hopelz,y, 2) = gf(zz + 2a,y + 2b, z + 2¢) + gf(x —2a,y —2b,z — 2c)

1 1
—éf(a:+a,y+b,z+c)—éf(a:—a,y—b,z—c)
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for all (a,b,c) € G*. We have

1
Hopelz,y, 2) = é[f(a? + 2a,y + 2b, z + 2¢) + f(x — 2a,y — 2b, z — 2¢)
—f(x—l—a,y+b,z—|—c) —f(l'—&,y—b,Z—C) _6f(a'>bac)]
1
- é[f(xvyvz) + f(xvyuz) - f(xvyuz) - f(xvyuz) - 6f(07070>]
_'_f(a?bvc) o f(0,0,0)
1 1
= éQf(xv Y, z,a, b7 C) - éQf(xa Y, z, 07 07 0) + f(a7 b7 C) - f(07 07 0)
for all (z,y, 2), (a,b,c) € G*. This implies H, ;. € B(G?,S(V)). Then, Im H, ;. C A,
where A := £d((a,b,¢),(0,0,0)) + f(a,b,c) — f(0,0,0) € S(V).

We know that B(G3,S(V)) contains constant functions. By using property (i)
of A it is easy to verify that if f : G> — V is constant, i.e., f(z,y,2) = k for
(z,y,2) € G3, where k € V, then A[f] = k. Define the function S : G*> — V by
S(z,y,2) = A[H,, ] for (z,y,2) € G

We now show that f—S'is %d—Lipschitz. For every (x,vy, z) € G define the constant
function k. : G* — V by k. (u,v,w) := f(z,y, 2) for all (u,v,w) € G3. Then,

(f(l’, Y, Z) - S(l’,y, Z)) - (f(u7 va) - S(U,U, w))
= (A[k%y,z] - A[HLZ/,Z]) - (A[ku,v,w] - A[Hu,v,wD

= A[km,y,z - Hm,y,z] - A[ku,v,w - Hu,v,w]

1 1
= A[ng(v 5, Y, Z) - éQf('v K -,u,v,w)]

for all (z,y, 2), (u, v, w) € G3.
Due to Lemma 2.1 and property (i) of A we have

A[éQf(v K ',ZL’,y,Z) - éQf('v K -,u,v,w)] S ld((:c,y,z), (uvvvw))

6
for all (z,y,2), (u,v,w) € G3. So,
(f(:)s,y,z) - S(l’,y, Z)) - (f(u,v,w) - S(u,v,w)) S %d((a?,y, Z)> (u,v,w))

for all (z,y,2), (u,v,w) € G3 ie., f—Sisa %d-Lipschitz function. We have

25(x,y, 2) + 25 (u, v, w) = 2A[Hy (1, T, 5)] + 2A[Hy (7, T, 5)].
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By using property (ii) of A, we obtain

Aoy = AT, Al ) = A

x?y7z x?y7z

A[Huvvvw] = A[H2:c,2y,2z]’ A[Hu,v,w] = A[H—Qx,—2y,—2z]

U,V W U,V W
for (u,v,w) € G* and hence

25(x,y, 2) + 25 (u, v, w) = 2A[Hy ] + 2A[Hy 0
— A[Hu,v,w] _I_A[H—u,—v,—w] +A[H2x,2y,2z]

x7y7'z x7y7'z u7v7w

+ A[H—2x,—2y,—2z]‘

UV, W

On the other hand,

A[Hu,v,w] _I_A[H—u,—v,—w] +A[H2x,2y,2z] +A[H—2x,—2y,—2z]

Ty,z e wow w0,
:A[éf(r—l—2x+u,t+2y+v,s+2,z+w)+%f(r—2:B+u,t—2y+v,s—2,z+w)
—éf(r+x+u,t+y+v,s+z+w)—%f(r—:v%—u,t—y%—v,s—z%—w)]
+A[éf(r—l—2x—u,t—l—2y—v,s+2z—w)+%f(r—Q:B—u,t—Qy—v,s—Qz—w)
—éf(r+x—u,t—l—y—v,s—l—z—w)—éf(r—x—u,t—y—v,s—z—w)]
+A[éf(r+2u+2x,t+2v+2y,s+2w+2z)+%f(r—2u+2x,t—2v+2y,s—2w+2z)
—éf(r+u+2x,t+v+2y,s+w+2z)—%f(r—u—|—2x,t—v+2y,s—w+2z)]
+A[éf(r+2u—2x,t+2v—2y,s—|—2w—2z)+éf(r—2u—2x,t—2v—2y,s—2w—2z)
1 1
—6f(r+u—2x,t+v—2y,s+w—2z)—éf(r—u—2x,t—v—2y,s—w—2z)]

=S +u,y+v,z+w)+Sx—uy—vz—w).
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This means that S is 3-variable quadratic. It remains to prove that S is generalized

3-variable quadratic and so Qg = 0.
S(x+2u,y+2v,z+2w) + S(x — 2u,y — 20,z — 2w) — 65 (u, v, w)
=Sx+utuy+tv+v,z+wtw)+Sr—-—u—uy—v—v,z—w—w)—65u,v,w)
=Sz+u+tuy+v+v,z+w+w)+S(z,y z)— Sz, vy, 2)
+Sr—u—uy—v—v,z—w—w)+ S(xy,z) —S(z,y,z) —65u,v,w)
=25z +u,y+v,z4+w)+25u,v,w) — S(z,y, 2)
+25(z —u,y — v,z —w) 4+ 2S(u, v,w) — S(x,y, z) — 6S(u,v,w)
=2[S(x+u,y+v,z+w)+ S —uy—vz—w)—25x,y,z) —25(u,v,w)
= 2[25(z,y, 2) + 25 (u,v,w)] — 25(z,y, z) — 25(u, v, w)
=25(x,y, z) + 25(u, v, w)
=S(x+uy+v,z+w)+S(T—uy—vz—w).
U

Corollary 2.1. Under the hypotheses of Theorem 2.1, if ImQ)y C A for some A €
S(V), then Im(f — S) C $A.

Proof. We know that

In(5Qy (2,2, )) € Tn(5Qp) € A

and so 3Qy(z,y,2,-,-,-) € B(G*,S(V)) for all (z,y,2) € G*. By property (i) of A,
we have

£(2,,2) = 8(2,0,2) = AlgQy 2,0, 2)] € A
for all (z,y,z) € G®. Therefore, In(f — S) C ¢A. O

We now recover and refine [4, Theorem 1] as follows.

Corollary 2.2. Let G be an Abelian group and V a wvector space. Assume that
the family B(G,S(V)) admits LIM. If f : G — V s a function and Q% (x,-) =
Qf(2,0,0,-,0,0) : G — V is d-Lipschitz for all x € G, then there exists a quadratic
function K such that f — K 1is %d—Lipschitz.
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Proof. Define f; : G> — V by fi(-,y,2) := f(-) for all y,z € G. By assumption
Q@ (2,0,0,-,0,0) : G x {0} x {0} — V is d-Lipschitz for all z € G. Using Theorem
2.1, one deduces there exists a generalized 3-quadratic function S such that f; — S is
%d—Lipschitz. Consider K(z) := S(z,0,0). So, K is a generalized quadratic function
and hence K is a quadratic function (see [8]). Since fi(z,0,0) — S(z,0,0) is d-
Lipschitz for all z € G and fi(2,0,0) — S(2,0,0) = f(z) — K(z), f — K is ¢d-
Lipschitz. U

Remark 1. The advantage of our discussion is improving the approximation that
Czerwik et al. obtained in [4]. This improvement is possible by considering a suitable

set valued function. Let G be a group with metric d and let V be a normed space. Let
(2.2) d(z,y) := d(z,y)B(0,1),

where B(0,1) is the closed ball with the center at 0 and the radius 1. Czerwik et al.
proved in [4, Theorem 1|, under some hypotheses, there exists a quadratic function
K such that f — K 1is %d-Lipschitz. We indicated in Corollary 2.2, under some
hypotheses, there exists a quadratic function K such that f — K is %d-Lipschitz.
Now, if we apply the suitable set valued function d defined in (2.2), then we conclude

that our approximation is better, indeed

(F(@) ~ K@) - (f(0) ~ K() € d(e.y) = B, 222
c 50, "0 = Laay)

forall x,y € G.

Definition 2.1. Suppose (G3,+) is an Abelian group. We say that a metric d on

(G3,+) is invariant under translation if it satisfies the following condition

d((z +a,y +b,z+¢c), (u+a,v+b,w+c)) = d((z,y, 2), (u,v,w))

for all (a,b,c), (z,v, 2), (u,v, z) € G>.
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Definition 2.2. A metric d on G® x G? is called a product metric if it is an invariant

metric and the following condition holds

d((a'7 b’ C’ x? y? Z)’ (a'7 b7 C7 u’ U? w)) = d((l’, y’ Z? a’ b? C)? (u7 ,1‘}7 w7 a’ b? C))
= d((:ﬂ,y,z), (u,v,w))

for all (a,b,c), (z,y, 2), (u,v,w) € G3.

We use the following corollary to establish the next result.

Corollary 2.3. Let (G3,+,d,d) be a product metric, and V a normed space such
that B(G3,CB(V)) admits LIM, where CB(V) is the family of all closed balls with
center at zero. If f : G* — V is a function, then there ewists a generalized 3-
quadratic function S : G3 — V such that MC, ¢ = éMC’Qf. Moreover, if Qf €
B(G? x G3, BC(V)), then

1 =51l < iyl

Proof. Let © : G* x G3 — R™ be a positive real-valued function defined by

for all (x,v, 2), (u,v,w) € G3. Define the set—valued function d : G* x G — S(V)
by

d((z, y, 2), (u,v,w)) := O((x,y, 2), (u, v, w))B(0, 1)
for all (z,y,2), (u,v,w) € G3, where B(0,1) is the unit closed ball. Since MC’Qf is
the module of continuity of )¢, then

d((/r7s7t7m7y7z)7(T7'S7t7u7v7w)) Sé

Qs(r,s,t,x,y,2) — Qp(r, s, t,u,v,w)|| < inf MC’Qf(é)

= inf MC,, (0)

((a,,2),(w0,0)) <5
= 9((:177 y? Z)’ (u7 /U7 w))

for all (z,vy, 2), (u,v,w) € G* and hence Q;(r, s,t,-,-,-) is a d-Lipschitz function. On
the other hand, Theorem 2.1 implies there exists a generalized 3-quadratic function

S :G* — V such that f — S is a ¢d-Lipschitz function. Thus,

(f(a:,y,z) - S(I,y, Z)) - (f(uvv7w> - S(uvvvw)) S %d((xayv Z>7 (u,v,w))
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for all (z,y,2), (u,v,w) € G3. So,

N(f(z,y,2) = S(2,y, 2)) = (f(w,0,w) = S(u, 0,w))][ < é@((x,y, 2), (u, v, w))

— it ZMC, (9)

d((z,y,2),(u,0,w)) <5 6
for all (z,y, 2), (u,v,w) € G3. Consequently,

1
MCf—S = BMOQf.

Suppose that Q; € B(G® x G, CB(V)). Then, clearly ImQ; C ||Q/||sB(0,1). By
applying Corollary 2.1, we get

1
Inm(f = 8) C &l1Q¢l:B(0,1)
and hence || f — S]|s < §l1Qyl]s. 0

We prove the stability of the generalized 3-quadratic functional equation in the
Lipschitz norm. One can arrange a similar corollary like Corollary 2.2 for a quadratic

function.

Corollary 2.4. Let (G3,+,d,d) be a product metric, and V a normed space such
that B(G3,CB(V)) admits LIM, where CB(V) is the family of all closed balls with
center at zero. If f : G* — V is a function and Q; € Lip(G* x G*, V), then there

exists a generalized 3-quadratic function S such that

1

1/ = Sllza < Gl1@sllzip-
Proof. Define the function ® : Rt — R* by
P(t) :==P(Qy)t
for all t € R*. Since Q; € Lip(G® x G*, V'), we conclude that
HQf(Tv t,s,a,b, C) - Qf(xv Y,z u,v, w)H < P(Qf)(i((?”, t,s,a,b, C), (x7 Y,z,u,v, w))

for all (r,t,5), (a,b,¢), (z,y,2), (u,v,w) € G*. The definition of ® implies

||Qf(r7 t’ S’ a’? b? C) - Qf(x7 y? Z? u? U7w)|| S ®(d~((/r’ t? S? a’ b? C)? (ZE, y’ Z? u7,U7 w)))
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for all (r,t,s), (a,b, ), (x,y, 2), (u,v,w) € G®. So,  is the module of continuity of Q;
and Theorem 2.3 ensures there exists a generalized 3-quadratic function S : G® — V

such that MC, ; = 1®. Hence,

(2.9, 2) = S(z.y.2)) = (f(w0,w) = S(u,v,w))|| < MC,_(d((z,y, 2), (un,v,0)))
_ %(I)(d((:c,y, 2), (1, v,w)))
_ %p@f)d((x,y, 2), (u,0,w))

for all (x,vy,2), (u,v,w) € G2 From the last inequality it follows that f — S is a

Lipschitz function and

(2.3) P(f—5) < ZP(Qy).

=

Since Q; € Lip(G® x G*,V), then Q; is bounded and Im@Q; C B(0, M) for some
M > 0. This implies Q; € B(G® x G*,CB(V)) and Theorem 2.3 entails

1
(2.4) 1f = SIls < Z11Qls-
This means the function f — S is bounded and hence, f — S € Lip(G3, V). By using
(2.3) and (2.4) we find that
Lf = Slleip = [1f = Slls + P(f = 5)

1 1 1
< Qs + EP(QJ‘) = gHQfHLz‘p-
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