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PROPER HELIX OF ORDER 6 AND LC HELIX IN
PSEUDO-EUCLIDEAN SPACE E}

BUDDHADEV PAL(® AND SANTOSH KUMAR, (®

ABSTRACT. In this paper, we used the result that complex hyperbolic spaces

—4c
3

CH?(—%) with holomorphic sectional curvature

3 are isometrically embedded

in E§. By considering a circle in CHQ(—%), we prove that the image of the circle
by isometric embedding is a proper helix of order 6 in E. Moreover, we define
a generalized LC helix on a submanifold of E§. Also, we show that the image
of a circle by isometric embedding from complex hyperbolic plane CH 2(—%) to

pseudo-Euclidean space Ef is a generalized LC helix on some submanifold of Ef.

1. INTRODUCTION

A curve 7y(s) parametrized by arc length parameter is said to be a circle in Ké&hler
manifold M, if there exist a unit vector field Y orthonormal to tangent vector field

X along v(s) and satisfies the relations
VxX = I{Y, VXY = —I{,X,

where k is some positive constant known as curvature of the circle and V is Riemann-
ian connection on M. The complex torsion for circle is defined as 7 = ¢(X, JY'), where
J is a complex structure and ¢ is a Riemannian metric on M. A Kahler manifold M
with constant holomorphic sectional curvature c is known as a complex space form
M(c). Two circles in M(c) are congruent by holomorphic isometries to each other
if and only if they have the same curvature and complex torsion [17]. In [3, 5, 6],
the various properties of circles in complex projective space and complex hyperbolic
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space were studied. O. J. Garay and A. Romeo [11] in 1990, studied the isometric
embedding from a complex hyperbolic space to a pseudo-Euclidean space. The au-
thors used the application of isometric embedding to study the real hypersurfaces in
complex hyperbolic space [11].

A smooth curve v(s) with frame {Vi, ..., V;}, of orthonormal fields in Riemannian
manifold M" is said to be a curve of proper order d, if frame fields satisfies the

following Frenet formula
wVi=—kKi-1Vier + ki Viga, 1<i<d,

where Vo = V1 =0, kg = 0. Also V' is a Levi-Civita connection on M™ and k; are
known as the " curvatures of y(s). If all the i'* curvatures of v(s) are constants,
then curve is called a helix of proper order d in M. The definition for proper curve
and proper helix of order d in pseudo-Euclidean space is slightly different from the
definition of Riemannian manifold [18]. The holomorphic helices of proper order d
were considered in [15, 4]. A holomorphic helix of proper order d in Kéhler manifold
is a helix of proper order d with constant torsion function. Also torsion for helix of

proper order d in Kéhler manifold is defined as

A general helix in Euclidean space is a curve whose tangent vector makes a constant
angle with some fixed direction. The necessary and sufficient conditions for a curve
to become a general helix in Euclidean space is that the ratio of curvature and torsion
of v is constant. In 1802, M. A. Lancret stated this condition, the first proof for the
condition was given by B. de Saint Venant in 1845. In 1997, M. Barros [9], proved
the same condition by using a Killing vector field. A slant helix in Euclidean space is
a curve whose principal normal makes a constant angle with some fixed direction. In
2004, S. Izumiya and N. Takeuchi [12], defined the slant helix in Euclidean space. A
curve v in E? is said to be a slant helix if there exist a constant direction vector say W
whose inner product with principal normal N of the curve is constant i.e, (W, N) = ¢
[8]. In [7, 14], authors studied the position vector and spherical indicatrix of slant

helices.



PROPER HELIX OF ORDER 6 AND LC HELIX IN PSEUDO-EUCLIDEAN SPACE E§ 1079

In [13], generalized LC helix on hypersurfaces of Minkowski space E}"™ were stud-
ied. A non null regular curve v lying on hypersurface M of Minkowski space E7*! is
said to be generalized LC' helix if there exist a vector field X along the curve v such
that (7', X) = c(constant) and V., X = 0, where V is Levi-Civita connection on hy-
persurface. Any line parallel to vector field X is said to be an axis of the generalized
LC helix. A regular curve in hypersurface of Minkowski space Ej be a generalized LC'
helix iff ratio of curvatures (k1 = K, ke = 7) are constant i.e, 2 = c(constant) [13].
In [16], authors studied the helices of order 6 in Euclidean sphere by using minimal
embedding from complex projective space to a 7— dimensional Euclidean sphere.

We organize our paper as follows: In section 2, we discuss some definitions and
important results that are useful to prove our main Theorems. In section 3, we study
the proper helix of order 6 in E$ by using isometric embedding with parallel second
fundamental form from complex hyperbolic space CHQ(—%) to pseudo-Euclidean

space ES. After that, we discussed the behavior of a curve into a submanifold M2 of

manifold E¥ in which the curve is lying on.

2. PRELIMINARIES AND SOME RESULTS

Let C™*! be a complex vector space equipped with Hermitian metric

i=n+1
g(z,w) = —ZHwy + E Ziw;,
i=2

where z = (21, ...2,41) and w = (wy, ...w, ;1) are vectors of C""!. Then the hypersur-

face anti-di Sitter space of vector space C"*! is defined as
HP" W ={ze 0" g(z,2) = -1}
The tangent space at z € H2"!, is given by
T.H M = {(z,w);w € C"" and Re(§(z,w)) = 0}.

If H,(T,H) and V,(T,H"™), representing the horizontal and vertical decompo-

sition of tangent space T, H:"™, then
H(T.H) = {(z,w);w € C" M and §(z,w) =0},

VAT, H ) = {(2,ivz);v € R}.
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Consider II is a canonical projection from hypersurface anti-di Sitter space to CH"

with S'— fiber bundle. Then the tangent space at II(z) € CH™ is identified as a

horizontal subspace of T, H?"*! and follows by

Ty CH™ = {dII((z,w)); 2 € H and (z,w) € H.(T.H?*)}.

Let g is the restriction of Hermitian metric § on C"*! to H,(T,H;"™"), then

4
g(u,v) = —Re(g(u,v)), u,v € TpyCH" ~ H,(T,H{"),
c
is a positive definite metric on C H". For some positive constant ¢, C H"(—c) is known
as a complex hyperbolic space with constant holomorphic sectional curvature —c and
complex structure J. Where complex structure .J is induced from canonical complex

structure on C"*+1.

Let V, V and V are the Riemannian connections on C"t!, H?"*' and CH"(—c)

respectively, then we get
Lemma 2.1. [2] For all horizontal vector fields X,Y on H{"*', we have

VY = VxY + g(X,Y)N,
(2'1) X X 9( )

VxY = VxY —g(X,JY)JN,
where N is normal to real hypersurface Hi"*t c C"*! and g(N,N) = —1.

LC Helix in Pseudo-Euclidean space E}

Pseudo-Euclidean n— dimensional space £}’ with index v is a real vector space R"

equipped with the metric

i=v j=n
g (xy) ==Y a'y'+ Y oIy,
i=1 Jj=v+1
where z = (2!, ..2") and y = (y',...y") € R". Let v: (a,b)—E"; a,b € R be a
curve parametrized by arc length parameter s, then the curve is said to be, spacelike if

g (7' (s),7'(s)) = 1, timelike if ¢'(7'(s),7'(s)) = —1 and lightlike if ¢'(7'(s),~'(s)) = 0.
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Definition 2.1. [18] A non - null curve ¥(s) in a pseudo-Euclidean space parametrized
by arc length is called a proper curve of order d if there exists a frame {V7, ..., V;} of

orthonormal fields along ~(s) and satisfy the Frenet formula
WV = =XisaAisikicVier + KiViga, 1 <7 <d,

where Vo = V1 = 0, kKo = 0 and V' is Levi-Civita connection on pseudo-Euclidean

space. Now

ki =l Vi, Vi + XNicaAic1kim Viga |, 1<i<d,

Aic1 = g/(Vi, Vi), 1<i<d,

where r; are known as the i’ curvatures of y(s). If k; (1 <i < d — 1) are constants

along 7(s), then ~y(s) is said to be a proper helix of order d in pseudo-Euclidean space.

Definition 2.2. [1] A curve v in pseudo-Riemannian manifold is said to be a circle if it
satisfies the following differential equation V' x V' x X 4+¢'(V'x X, V'x X)¢' (X, X)X =

0, where X is a tangent vector field along ~ .

Next, we generalize the definition of generalized LC' helix in hypersurface of E}

[13] to any submanifold of pseudo-Euclidean space EJ'.

Definition 2.3. Let M? be a sub-manifold of E”, then a non null curve v(s) lying
on M? is said to be a generalized LC helix, if there exist a vector field U such that
¢'(T,U) = C (some constant) and VU = 0. Where T is tangent vector field of (s)

and V is Levi-Civita connection on M . Any line parallel to U is said to be an axis

of y(s).

Definition 2.4. Let v : I C R — M? be a generalized LC helix, then harmonic
curvatures of v are defined by H; : I C R — R,

Hy = MM,
)
. 1 .
Hj = (AjidjriHj—p + Vi Hjy ) —, 2sj=d-2,

Kj+1

where Hy = 0 and k1, ko, . . ., Kg_1 are curvature functions of ~.
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Let f : M — N be an isometric embedding from Riemannian manifold M into a
Riemannian manifold N. Also let V and V are Riemannian connections on M and

N respectively. Then the Gauss Weingarten formulae are given as follows
ViU = ViU +o(T,U),

Von = —A,T + Dgn,

where T', U are smooth sections of TM and 7 is a smooth section of NM. The symbols
o(T,U) and A, X are known as second fundamental form and shape operator on M
respectively. The connection V of the second fundamental form ¢ on the space of

tangent bundle and normal bundle is defined as [10]
(V2o)(U, V) = Dr(a(U,V)) = o(V4U, V) — o(U, V7 V),

where T, U and V' are smooth sections of tangent bundle T'M. The second funda-
mental form is said to be parallel if Vo = 0. An isometric embedding from complex
hyperbolic space CH™ to pseudo-Euclidean space Z;If"“ was defined in [11] and
provides the following remark.

Remark. The isometric embedding from CH™ to EZ; 27 has a parallel second fun-
damental form.

For n = 2, the above remark ensure the existence of an isometric embedding from

the complex hyperbolic plane CH? to E} with parallel second fundamental form.

3. MAIN RESuULTS

4c

Theorem 3.1. Every circle of curvature k > (/5

and torsion 0 < 7 < 1 in complex
hyperbolic plane of holomorphic sectional curvature —% (C’H2(—4—3C)) are proper heliz
of order 6 in Ef by an isometric embedding i : CH*(—%) — E} which has parallel

second fundamental .

Proof. Let i : CH?*(—%) — E§ be an isometric embedding with parallel second

fundamental form. Now Gauss Weingarten formulae are

VU = VylU + o(T, U),
(3.1) T ’ (T.0)

V/Tn = _AnT + DT77>
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where T', U are smooth sections of TC H*(—4¢) and 7 is smooth section of NC H?(—4¢).

_4c

<) and E} respectively. The

Also V and V' are Riemannian connections on C'H?(
scalar product of first normal space is defined as [11, 10]
(UCEID,UUCVV)>='—g{QCTJYMVCWU‘+<T/V>QLVV>+<TEWW<U}V>

(3.2)
+ (T, JVIU, JW) + (T, JWWU, JV)}.

As (Aov)T,U) = (o(T,U),o(V,W)), therefore from equation (3.2), we obtain
(3.3) AT = —§{2<v, WAT 4 (T, VYW (T, WV + (T, JV)JW + (T, JW) IV},

Consider v be a circle of curvature £ > /% and torsion 0 < 7 < 1 on CH?*(—%).

Then by the definition of circle
(3.4) VT = kU, and VU = —kT,

where T is tangent vector field of v(s) and U is some vector field orthonormal to 7.
Let {T,U,V,W,X,Y,Z N} be an orthonormal frame along i oy. Then T, U,V and
W will be smooth sections of tangent bundle TC'H 2(—%). Whereas the remaining
vector fields X, Y, Z and N will be sections of normal bundle. The vector fields V
and W are already calculated in [5]. The vector fields X and Y are easy to assume
from (3.1) and whether they are independent or not can be checked by using equation
(3.2). Since (o(T,U),c(U,U)) = 0. Therefore, Z can be calculated by taking the

combination of X and Y. Whereas the vector field N is orthogonal to the first normal

space. Thus
V_JT+TU _JU—7T _o(T,T)
V1—r2’ V=72’ % ’
v _ o(T.U) 4 o(U,U) — (H2)a(T, T)’
c(1-72) c(3—74-272)
3 3

where T, U,V and W are spacelike vector fields whereas X,Y and Z are timelike
vector fields. Also

U(T,JU) :CL1X+CE2Y+CL32

C
Z.
3(3 =714 —272)

(3.5) =70(T,T)+27(1 — 7‘2)\/
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Here a1 = (o(T,JU),X) = 7, as = (o(T,JU),Y) = 0 and a3 = (o(T,JU), Z) =
27(1—72%) 337y Now, for circle v of curvature £ > \/; and torsion 0 < 7 < 1
on CH?(—%), from (3.4) and (3.1), i oy holds the relation

T = VT +o(T,T)

. <%1(KU +o(T, T)))

(36) = /€1F2.

Here k; = \/# and Fy = %(KJU + o(T,T)) is a spacelike unit vector field.
To calculate the k;, we use the property that i is parallel embedding and equation
(3.2). Now, the covariant derivative of F» with respect to T', will follow the following

equation
Tl = %V%U + kVio(T,T)
1
- /‘?—1 (K’(VTU + U(T’ U)) - AO’(T,T)T + DT(O'(T, T))) .

As i is parallel, therefore Dy (o(T,T)) = o(V7T,T) + o(T,VT). Thus above equa-

tion gives us

(37) VITFQ = —I‘{,lT + /€2F3,

where ko = 3k 2(12 T4 and Fy = (sz =Y is a timelike vector field. Now the

covariant derivative of Fj with respect to T, gives the relation
(38) V,TF;J, = K,QFQ + I‘{,3F4,

K2—2c)? ck272 Kk2—4c /
where s = \/(6 23/12 iz) and Fy = \/(6R2 3(230 2 ;170.%27—2{ 7_2 3/@2 4
5TV + Ry = St T4 272 —2V1 — 72(335% + £)X} is a spacelike unit vector field.

Similarly

(3.9) VirFy = —k3Fs + ry 5,
where k4 = 3KT % and [y =W = % . Now

(3.10) Vi Fs = k4Fy + k5 F,
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o 2 der2(1-72) 1 274/ c(1-712)
where Ry = \/:‘i4 + K2 — 33—r1—272) and F6 = H—{)(-Iiv - H4F4 + \/WZ) The

covariant derivative of Fy along the curve i oy, will be
(311) V/TF6 = —H5F5.

Equations (3.6) - (3.11), showing that {T" = F}, F5, F3, Fy, Fy, Fs} is an orthogonal

frame satisfying the condition
V'rFy = =Xi—aAiciki Fioy + KiFiga, 1< <6,

where Fy = F; = 0 and kg = 0, along the curve i o v in E}. Thus, the curve i o is
a proper curve of order 6 in Ef. Since curvature functions along i o y are constants.
Thus i o v is a proper helix of order 6 in Ef.

In frame {F}, Fy, F3, Fy, F5, Fg}, the vector fields F3 and Fj are timelike vector fields

whereas the remaining vector fields are spacelike vector fields. U

Corollary 3.1. Ifio~y be a curve with ki(s) = \/2,:—3 and ko > /3c in E, then
K’Z_ C

i o~ is a proper heliz of order 4 in Ef.
Proof. From equation (3.6) and (3.7), we have k = 4/ @ and 7 = %.
After substituting these values of k, 7 in k3 and k4 of above theorem, we get k3 =

VK2 4+ K2+ 5c and k4 = 0. Thus 7 o is a proper helix of order 4 in Ef. O

Theorem 3.2. For a circle y(s) with 0 < k < /5 and 5 < 7 < 1 in complex
hyperbolic plane CH?*(—%¢). The image iovy is a proper heliz of order 6 in EY, where

4c

1 18 an isometric embedding from C’Hz(—g) to ES with parallel second fundamental

form.

Proof. Let 4(s) be a circle with 0 < k < /5 and 3 < 7 < 1 in complex hyperbolic

plane CH?*(—%). If i : CH?*(—%) — E} be an isometric embedding with parallel

second fundamental form, then similar to Theorem 3.1, we define the orthonormal

frame along ¢ o v. Now from (3.1), (3.2) and (3.4), we obtain
(3.12) VT = 1By,
where i = /232 and B, = %(FLU +0o(T,T)). Now, we have

(3.13) ViEy = kT + ko Es,
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where Ry = 3k i(cl 3T2 and Fs = ((:C T) =Y. Also

3

(3.14) 1Es = —Ro By + RsEy,

Kk2—2c)? ck2712 c—3k2)
where k3 = (6 3(240) 325) and B, = \/(6# 3(240 232705272{\/m 46 352 +
STV 4y [ETER 7 4 oy — (3% — £)X ). Similarly

(315) V/TE4 - f_i3E3 + I?L4E5,

where k4 = 3,“-\/ c(4c—3k2) — and E5 =W = JU—1T

(6K2—2¢)2—27cK?2 .z - Now

(3.16) "Es = —RyEy + Rs B,

— — CT T A/ C 1—T2
where Ry = \/Hi—li2+3j(?)7(_+22 and E6 ( KV+K4E4+\/ﬁZ). The

covariant derivative of Eg along i o 7y, gives us
(3.17) Vi Ee = ks Es,

From equation (3.12) - (3.17), we get the frame {T' = E, Es, B3, Ey4, Es5, Eg} of

orthonormal fields satisfying the condition
V'rE; = =Niohic1iki1Eio1 + ki By, 1 <4 <6,

where Fy = E; = 0 and k¢ = 0, along the curve i oy in E§. Thus, the curve i oy is
a proper helix of order 6.
In frame {E}, Es, E3, Ey4, Es, Eg}, the vector fields Es, E3 and Fg are timelike vector

fields, whereas remaining three vector fields are spacelike vector fields. O

Theorem 3.3. Any circle with torsion T = 1 in CH?*(—%) be remain a circle in E§ by
an isometric embedding i : CH?*(—%) — E} which has parallel second fundamental

form.

Proof. Let 7y be a circle in CH?*(—%) with 7 = 1, then the unit tangent vector field
T of v and the vector field U orthogonal to 7', holds the relation

VT = kU, and VU = —kT,
where £ is some positive constant function. From equation (3.1), we have

V4T = k1 Vs,
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. . 2_ . _ 2 .
were k1 is either, ky = \/% if K > ,/%, or kK1 = \/% if Kk < ,/%. Thus, the

covariant derivative of Vo = I}l(HU +0o(T,T)), along i o is
V'iVy = —eri T,

where € = ¢'(Va,V2). Also V' V'rT + ¢/ (V'¢T,V'tT)g (T, T)T = 0, hence i o v is a

circle in Ef. O

Theorem 3.4. A circle of curvature Kk > \/g and torsion 0 < 7 < 1 in complex

hyperbolic plane CHQ(—%) s a generalized LC' heliz in some submanifold of dimension

6 and index 2 (M3) of manifold EY by an isometric embedding i : CH*(—5) — E}

with parallel second fundamental form.

Proof. Let i : CH*(—5) — E} be an isometric embedding with parallel second
fundamental form and 7(s) is a circle with k > \/g and 0 < 7 < 1 lying on CHy(—3),
then

V7T = kU, and VU = —kT,

where T' is tangent vector field of v(s) and the vector field U is orthonormal to
T. As we proved in Theorem 3.1, there exists a frame {T' Fy, F3, Fy, F5, Fg} of
orthonormal vector fields along i o v in Ef. Now corresponding to this frame we
consider a submanifold of dimension 6 and index 2 (M) of the manifold Ef in which
i o~ is lying and these orthonormal fields are smooth sections of Tjo, MS . Now to
prove i o 7y is a generalized LC helix in MJ, we have to find a vector field U which
is parallel along i o v and g(U,T) = a = constant. The metric g and the Levi-Civita
connection V on M$ are defined as g = ¢/| mg and V=V| ug respectively.

Let U be a vector field parallel along i oy and ¢g(U,T) = a, then U can be expressed

as a linear combination of orthonormal fields {7, Fy, F3, Fy, Fy, Fg} i.e,

(318) U=aTl + UQFQ + U3F3 + U4F4 + u5F5 + UGFG,
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where u; = \;_19(U, F;), 2 <i <6 and \;_1 = g(F}, F;). Now

0="Tg(T,U) =Tq |ys(T,U) = k1g(F,U),
0="Tg(F,U) = —k19(T,U) + kaog(F3,U),
0="Tg(F3,U) = k292, U) + k39(Fs, U) = k39(Fs, U),
0="Tg(Fy,U) = —k3g(F3,U) 4+ k4g(F5,U),
) =

0="Tg(F5,U) = —rs59(Fs, U).

Substituting these values in equation (3.18), we obtain

(3.19) U=aF, —a2F; + a2 F;,
K2 R R4

Since, g(U,U) = a® — (a2)? + (a2 £2)2. Therefore using data from Theorem 3.1, we

K2 K2 K4

obtain

27k 12(27TK? — (3K% — 4)? — 2(6K% — 2)%) + (6K2 — 4)*
2
(3.20)  g(U,U)=a ( 307 ) :
Next we shell show that g(U, U) # 0. Suppose g(U,U) = 0, then

_ (652 — 4)*
2TK2(—2TK2 + (3K2 — 4)2 + 2(6K2 — 2)2)

(3.21) 72

Since 0 < 7 < 1, therefore the equation (3.21), will have a solution only if the right

hand side of the equation is also lie between zero and one, whereas
(6K — 4)* — 27K2(—27K* 4 (3K% — 4)* +2(6K% — 2)%) > 0,

which implies that

(6k2 — 4)*

> 1.
2TK2(—2TK? + (3Kk% — 4)2 + 2(6K% — 2)?)

(3.22)

From (3.21) and (3.22), we can conclude that g(U,U) # 0. Thus U is non null vector
field and an axis of generalized LC helix i oy in M$. O

Theorem 3.5. Ify(s) be a circle with 0 < Kk < ﬁ and 3 <7 < 1in CH*(—3)), then

v(s) is a generalized LC' helix in some submanifold M of manifold ES by isometric

embedding i : CH*(—3) — E} with parallel second fundamental form.
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Proof. Let i : CH*(—5) — E} be an isometric embedding with parallel second
fundamental form and v(s) is a circle with 0 < & < \/% , 5+ < 7 < 1 lying
on CHy(—3). As we proved in Theorem 3.2, we can find an orthonormal frame
{T,E,, B3, E,;, E5,Eg} along i oy in ES. In frame {T, Ey, E3, Ey4, E5, Eg} vector
fields Fs, F3 and Eg are timelike vector fields whereas the remaining vector fields are
spacelike vector fields. Now corresponding to this frame we consider a submanifold
of dimension 6 and index 3 (M) of the manifold E$ in which i o~ is lying and these
orthonormal fields are smooth sections of T}, M$. To prove i oy be a generalized
LC helix in M$, we have to find a vector field S which is parallel along i o v and
g(S,T) = a(constant).

Let S be a vector field parallel along i oy and ¢(S,T) = a, then
(323) S =al -+ 82E2 + SgEg -+ S4E4 + S5E5 -+ SGEG,

where s; = A\;_19(S,T),2 <i < 6and \;_; = g(E;, E;). As V7S =0 and 9(S,T) = a.

If we use these two relations to solve equation (3.23), we get
g(E2> S) = g(E4> S) = g(Eﬁa S) = 07

9(By,S) = —a™t and g(Bs,S) = a2 52,

R2 Ro R4

Substituting these values in equation (3.23), we obtain

(3.24) S=al —a By +at 22 B,
Ko Ro Ky

Since g(9,5) = a® — (a£)* + (a£L£2)?, therefore substitution of &y, &g, Kz and Fy

from Theorem 3.3, provides

(325)  ¢(S,S)=a

o ((2TK*T2(27K* — (3K? — 4)% — 2(6K2 — 2)%) + (6K2 — 4)*
T29k472 '

Next we shell show that ¢(S5,5) # 0. If g(S,S) =0, then

_ (652 — 4)!
©2TK2(—2TkK2 + (3K2 — 4)2 + 2(6K2 — 2)2)

(3.26) 72
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In our problem % < 1 < 1, whereas

(6K — 4)'—27K*(—27K> + (3k* — 4)* + 2(6K> — 2)?)
= 12896k° — 3915K° + 3537k* — 840K2 + 16

1
= B2 -8 - 1B —4)? >0V 0<k < —,
(3r ) (48K )(3k ) K 3

which implies that

(6k2 — 4)*

> 1.
2TK2(—2TK? + (3Kk%2 — 4)2 + 2(6K% — 2)2)

(3.27)

From (3.26) and (3.27), we can conclude that ¢(S,S) # 0. Thus S is non null vector
field and an axis of generalized LC' helix ¢ oy with 0 < kK < ﬁ and % <717 <1lin
MS. O

Conclusion

In this article, we use an isometric embedding, so we can conclude that there exists
both bounded and unbounded proper helix of order 6 (generalized LC helix) in Ej.
For example,

Let v(s) be a circle of curvature s and torsion 7 = +1 in CH?(—4), then from [3]

27
VK2—4"

(2) For k < 2, ~ is a simple two sides unbounded open curve.

(i) For k > 2, 7 is a simple closed curve with prime period

Since 7 is an isometric embedding, therefore from Theorem 3.1 (¢ = 3), we can
conclude that

(1) For k =3 and 7 = 1, 1 0 v is a circle of length

27
VK2—4
(2) For k =1 and 7 = 1, i o 7y will be unbounded circle.

Similarly, if we consider 7(s) be a circle of curvature x and torsion —1 < 7 < 1 in
CH?*(—4), then for k < k(7), 7(s) is a simple two sides unbounded curve [3], where
k(7) is a unique solution of

4
K’ — —(k* = 1)* = 0.

27

Now, using the fact that ¢ is an isometric embedding in Theorem 3.1 (Theorem

3.2), we have
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1
3 2 1
NG (108—%—12\/69) ( (108+12v69) * +12+6(108+12v69) ° )

(3) For k < ¢ T and 72 = oL io~is
(108+12v69) °
a unbounded proper helix in Ef.
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