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GENERALIZED CONTINUOUS K-WEAVING FRAMES
SHIPRA("), CHANDER SHEKHAR(? AND RENU CHUGH®)

ABSTRACT. Motivated with the study of discrete weaving frames by Bemrose et
al. in 2015, we study generalized continuous K-weaving frames in Hilbert spaces
and prove some new basic properties. Also, we prove a sufficient condition for
generalized continuous K-frame to be woven. Further, we prove that generalized
continuous K-weaving frames remain woven under invertible operator. Finally, we
give Paley-Wiener type perturbation results for generalized continuous K-weaving

frames.

1. INTRODUCTION

Frames for Hilbert spaces were formally introduced by Duffin and Schaeffer [13]
who used frames as a tool in the study of non-harmonic Fourier series. Daubechies,
Grossmann and Meyer [11], reintroduced frames and observed that frames can be
used to find series expansions of functions in L?(R). As we know frames are more
flexible tools to convey information than bases, and so they are suitable replacement
for bases in a Hilbert space H. Finding a representation of x € H as a linear
combination of vectors of a frame, is the main goal of discrete frame theory. But
in case of a continuous frame, which is a natural generalization of the discrete case,
this property of frame is not straightforward. However, one of the applications of
frames is in wavelet theory. In fact, the practical implementation of the wavelet
transform in signal processing requires the selection of a discrete set of points in the
transformed space. Keeping applications in mind, various generalizations of frames

were introduced and studied namely Frames of subspaces in Hilbert spaces were first
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introduced and studied by Casazza and Kutyniok [8] and then in [4, 22]; Pseudo
frames were introduced by Li and Ogawa [23]; Oblique frames were first introduced
and studied first by Eldar [14] and then by Christensen and Eldar [10]; Outer frames
were introduced and studied by Aldourbi, Cabrelli and Molter [1] and Bounded quasi-
projectors were studied by Fornasier [15]. Sun [28] introduced a more general concept
called G-frames and pointed out that most of the above generalizations of frames may
be regarded as a special cases of G-frames and many of their basic properties can be
derived within this more general setup. Rahimi [24] studied Multipliers of generalized
frames in Hilbert spaces and Rahimi and Balazs [25] studies Multipliers for p-Bessel
sequences in Banach spaces.

Another generalization of frames was proposed by Kaiser [20] and independently
by Ali Tawreque, Antoine and Gazeau [2] who named it as continuous frames while
Kaiser used the terminology generalized frames. Recently, Gabardo and Han [16]
studied continuous frames and use the terminology (€2, u)-frame. Discrete and
continuous frames arise in many applications in both pure and applied mathematics
and, in particular, they play important roles in digital signal processing and scientific
computations. Alizadeh, Faroughi, and Rahmani [3] studied continuous K —G-frames
in Hilbert spaces. Continuous frames were further studied in [5, 12, 21]. In 2015,
notion of discrete weaving frames appeared for first time in [7] by Bemrose, Casazza,
Grochenig, Lammers and Lynch. In [19, 26], authors introduced and studied Near
exact operator Banach frames, A-Banach frames and O-frames. Duals of K-operator
frames in Hilbert spaces is also discussed in [27]. For a nice introduction to frames
an interested reader may refer to [9] and references therein.

In this paper, we define the notion of generalized continuous K- weaving frame in
a Hilbert space and we prove that if the sets of lower frame bounds of K-frames for
a Hilbert space are bounded below, then the corresponding generalized continuous
K-frames are woven. Also, we give a sufficient condition for generalized continuous
K-frame to be woven. Further, we prove that generalized continuous K-weaving
frames remain woven under invertible operator. Finally, we give Paley-Wiener type

perturbation results for generalized continuous.
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2. PRELIMINARIES

Through this paper H denotes seperable Hilbert spaces. L. Gavruta [17, 18]
recently introduced a frame with respect to a bounded linear operator K in a Hilbert
space ‘H, which is called K-frame, to reconstruct the elements in the range of K

(range of K is denoted by R(K)). In fact, they gave the following definition:

Definition 2.1. A system {f;} C H is called K-frame for H if there exists two

positive constants A, B > 0 such that
(2.1) AIKz|> <> [, fi)P < Bllz|f*, forall = €H
keN

We call A,B the lower frame bound and the upper frame bound for K-frame
{fr}ren C H respectively. If only the upper inequality in(2.1) is satisfied, then

{fx }ren is called Bessel sequence.

Gavruta [17] also proved the following result:

Theorem 2.2. ([17]) Let { fr}ren C Hand K € B(H). Then the following statements

are equivalent:

(i) {fx}ren is an atomic system for K;
(ii) {fx}ren is a K-frame for H;

(iii) there exists a Bessel sequence {gx}tren C H such that

keN

We call the Bessel sequence {gx}tren C H as the K-dual frame of the K-frame
{ [k }ren

Theorem 2.3. ([6]) Let H be a Hilbert space and S, K € B(H). Then the following

statements are equivalent:
(i) R(K) C R(S).
(ii) AKK* < SS*for some A > 0.
(iii) K =5Q for some Q € B(H).
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Let By be the collection of all Bessel sequences in a Hilbert space H. Let I be
an at most countable index set. The following definition of a generalized continuous

frame introduced and studied in [12] .

Definition 2.4. Let H be a complex Hilbert space, K € B(H) and (€, ) be a
measure space with positive measure . A mapping F': Q — By;w — {fi(w) }ier is

called a generalized continuous frame with respect to (€2, u) if:

(i) F' is weakly measurable, i.e., for all f € H,i € I,w — (f, filw)) is a
measurable function on €;

(ii) there exist positive constants A, B such that

(22) Al < [ YOI ) Paut) < BISIE, ¥ f € M
iel
The positive constants A and B are called generalized continuous frame bounds. F

is called A-tight generalized continuous frame if condition (i) holds and

Al = [ S AP f e
er
The mapping F is called Bessel if the upper inequality in (2.2) holds. In this case,
B is called the Bessel bound. If the cardinality of I is one, F is a continuous frame,

and if, further, p is a counting measure and €2 := N, F' is called a discrete frame.
Next we give the definition of generalized continuous K-frames.

Definition 2.5. Let H be a complex Hilbert space, K € B(H) and (Q,u) be a
measure space with positive measure . A mapping F': Q — By;w — {fi(w) }ier is

called a generalized continuous K-frame with respect to (€, u) if:

(i) F' is weakly measurable, i.e., for all f € H,i € I,w — (f, filw)) is a
measurable function on €;

(ii) there exist positive constants A and B such that

(23)  AJKfIP < / SO, f(@))Pdu(w) < BIfI?, forall f € H.

iel
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The positive constants A and B are called generalized continuous K-frame bounds.
F is called A-tight generalized continuous K-frame if condition (i) holds and
AIK T = [ S AP forall f e
Qer
The mapping F is called Bessel if the upper inequality in (2.3) holds. In this case, A
is called the Bessel bound. If the cardinality of I is one, F is a continuous K-frame,
and if, further, y is a counting measure and () := N, F' is called a discrete K-frame.

Let A be a counting measure and F' be a Bessel sequence with bound B.
The analysis operator associated with F' is defined by
Up:H— LXQxLux)), Urf(wi)={(f filw))
and the synthesis operator associated with F' is defined as

Up i @ x Lpx ) 1, Upo= [ 3 ol ibfiw)dnte).
er
The frame operator for generalized continuous K-frame is defined as
Sef = | SUf ) f@)dn(w), forall f e
© er

3. MAIN RESULT

Definition 3.1. A family of generalized continuous K-frame

{Fi(@)}een i€ ml} = {{fi(2)}er}oen i € [m]},

forH w.r.t. p is said to be woven, if there exists universal positive constants A and

B such that for any partition {o; }icim)} of Q, the family

Uieim{ F:(2) }aeo, = Usepm{{ (@) Yrer Yoo,

is a generalized continuous K-frame for H with lower and upper frames bounds A

and B respectively.

Theorem 3.2. Suppose that {F;(x)}rea = {{fi(x)}rertzea is a generalized
continuous Bessel sequence in H w.r.t. p and with Bessel bound B;(i € [m]). Then for
any partition {0;}icpm) of Q, the family Uicpn) {Fi(7) }aeo, s a generalized continuous

Bessel sequence in ‘H with Bessel bound Z B;.

1€[m)]
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Proof. Let {0;}icpm) be any partition of 2. Then for all f € H, we have

S [ Sl it < 3 [ Y1 i) Pdute)

i€lm] Y kel i€[m] kel

(S5 sen

1€[m]

IA

U

Theorem 3.3. Let {F;(x)}rea = {{/i(2)}rer}zea be a generalized continuous K-
frame for H w.r.t. p (i € [m]). For each x € Q, i € [m], assume that {f}(z)}rei is
a K-frame for H with lower bounds A.. If the set {A% : x € Q}(i € [m]) is bounded

below with positive lower bound, then the family {{F;(z)}req : i € [m]} is woven in

H.

Proof. Let C; be a positive lower bound of the set {A% : x € Q},7 € [m]. For any

partition {o; }icpm) of 2, we compute

S [ SR APt = 3 [ AR S Pduta)

i€[m] ¥ 9% kel i€[m]
> S [ cll pPdut)
ic[m] ¥ 7
> min{C;: i € [m]} > p(os)||K*fI”
1€[m]

= (min{C; :i € m]}u(Q))||K*f|]} for all f € H.
Hence, the family {{Fi(z)}req : ¢ € [m]} is woven in H. O

Now, we give an example to show that the condition of positive lower bound on the

sets of lower frame bounds given in Theorem 3.3 is only sufficient but not necessary.

Example 3.4. Let H = (*(N),Q = (0,1),K € B(H) and u be a Lebesgue
measure. Let {e;} be an orthonormal basis for H. For x € Q, define {f}(z)}ren
as fi(z) = \/xKep. Then {fl(z)}ren is a tight K-frame for H with frame bounds
A, = B, = . Also define {f2(z)} as f3(x) = V22K (ep +epy1) and K : H — H by
Kz =", (z er)(ex+epp1). Then, {fZ(z)}ren is a tight K-frame for H with frame
bounds A, = B, = 2z. The sets of lower frames bounds {Al : z € Q = (0,1)} and
{A2:z € Q} = (0,2) have no positive lower bounds. But the family {f}(x)}ieq and
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{f2(x)}req are generalized continuous K-woven frames for H with universal bounds
1

3 and 1.

Theorem 3.5. Let {Fi(x)}rea = {{/i(2)}rer}zea be a generalized continuous K-

frame for H w.r.t. p (i € [m]). The following statements are equivalent :

(1) {{fi(x)}kerzen : @ € [M]} is K-woven.
(i) {{Ufi(x)}kerzeq : @ € [m]} is UK-woven for all bounded linear operator
U e B(H).

Proof. (i) = (ii) Let A and B be universal generalized continuous K-frame bounds
for the family {{F;(z)}secq : i € [m]}. Let {0;}icpm be any partition of €2. Then for
any f € ‘H , we have

> [ Susvsiaa = X [ S si)lau)
” i[m) ” 7

i€[m] ” 7 kel i kel

IN

B||lU* f1*

IN

BllU |l

Similarly, for any f € H, we have

> [ Sl vsia) P = 3 [ SIS i) Pdute)
' i€[m] 7 7

i€[m] ¥ 7t kel i kel

> AlKUfI?

= A[|(UE) f|?

Hence the family {{U f}(z)}rerzea : @ € [m]} is UK-woven with universal generalized
K-frame bounds A and B||U*||2.
(17i) = (1) Choose U = I, the identity operator on H. Then, the family

{{fi(x) brerzea : @ € [m]} is K-woven. 0

In the next result we prove the sufficient condition for generalized continuous K-

frames.
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Theorem 3.6. Let {f}(z)}req,i € [m] be a generalized continuous K-frame for H
w.r.t. p with frame bounds A; and B;. Suppose that there v > 0 such that

/Z\ffk (@) du()<7mln{/2|ffk ) Pdpz),

[ X105 st
g k=1
for all f € H and for all measurable subsets J C Q. Then the family of generalized
continuous K- frames { fi(x)}eeq : i € [m]} is a woven with universal frame bounds

A1+A2+ FAm
2(m—1)(k+1)+1 and E :B

1€[m]

Proof. Let {0;}icpm be any partition of Q. Clearly, the family Uiepn{ fi(%)}zeo, 1S
generalized Bessel sequence with universal upper frame bound Zz’e[m} B;. For the

lower frame inequlity, we compute

(A + Ayt ok A|EFIP < / S I ) )

/QZ\ffk ) Pdu(e) +

k=1
- [0 arnPs
(/Ulgﬁf%(x )Fdp(r /kD (F fi @) Pdu(a) +
/M;Ufk Pauta) ) +

(/Uiﬁ,fé”(fv 2du(z) /JZUfk ) Pdu(z) +

1 k=1 2 k=1

/a Z| f: flzn(f)ﬂzdu(x))

m k=1

[ / S I, F @ Paute)

L k=1

(/ S 20 — 2 Pau(a)

2 k=1
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/f]ffzx Pdpuz) )+ +2</ Zlffk (@) du()

b [ Sk >)}

mk_

Lyt )

o [ S - e Pants
AR |du())

Om=1 f=1

/Z|ffk )) 2 )]

mk_

< [/Z\ £, £ ) Pt +2<v/@gl(f,f§(w)>|2du(x)
o [ S RePan) -
+2(/Z|ffk )du(z) /Z|ffk ) 2 ))]

Im k=1 Tm k=1

#[2(0 [ 1r i Paute /fok DPdute)) +-

+2(/ Z|ffk 2))Pdu(z / Z|ffk \du())
/Z\ffkm Idu()]

om =1

_ [2(m—1)(7+1 +1} (/ Z|<f,fk1(x)>|2du(x)+_,_

/ Z| {f, fom ()P du(x )) for all f € H.

mk_

1119
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Therefore for all f € H we have

A+ A+ ..+ A,
2(m - 1)(y+1)+1

11 < Joy 2 S S (@) Pdp(a) +

ﬂ@ZLMﬁmwwwms<awﬁﬂww

This completes the proof.
O

Theorem 3.7. Assume that for i € [m] the family {F;(2)}rca = {{/i(2)}rer}zen
of a generalized continuous K-frame for H is woven with universal bounds A and B
and let Q@ : H — H be a bounded bijective operator such that K*(Q1)* = (Q71)*K*.
Then the family of generalized continuous K-frames {Q{ fi(z)}rerzeq : © € [m]}
is woven with universal bounds A||Q7Y||"2andB||Q||?. Furthermore, if Ay, By and
Ag, By are optimal universal frame bounds for {{fi(z)}reizeq : © € [m]} and
{H{Ofi(x) bheraea = i € [m]}, respectively then A;]||Q7||72 < Ay < A]|Q||* and
BIQ7|[2 < By < ByJ|QIP.

Proof. Let {0;}icim) be any partition of 2. For any f € H, we have

T [ Tusoseitat = 3 | SHe L@

i kel v kel

< BlQIPIIfIP.

Again, let f € H. Then, there exists a ¢ € H such that Qg = f. So we have
IEfI* = |IK*(QQ™") Qgll”
Q7Y Pl Q Qg

MWMZ/ZM%%|%U

ic[m] ¥ 7% kel

1B/ Y [ 3 1Qs. Qfite) Pduta)

ie[m] ¥ %% kel

=HQWMZ/2]MMWWW)

ic[m] ¥ 7% kel

IN

IN

Hence the family of generalized continuous K-frames {{Qfi(x)}rerzeq : ¢ € [m]} for

‘H is woven.
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U

Theorem 3.8. Suppose the family {{fi(x)}rerweq: @ € [m]}| of a generalized
continuous K-frames for H w.r.t. u is a woven with universal bounds A and B.
If there exists 0 < § < A and a measurable subset N of Q and n € [m] such that
S U@ Pdute) < S AP for all £ € H
iefm]\fn} 7PV ker
then for any partition {o;}icpmof £, the family Uicpm{ fi(2) rerzeo; is a generalized

continuous K-frame for H with frame bounds A — 9 and B.

Proof. Let {o;}icm be any partition of N. Let {7;}icm be any partition of Q\N.
Then Usepm{ fi(%) }rerpeoun 18 a generalized continuous K-frame for . Therefore,

for f € H, we have

ST fi@) Pdu(a)

N=Ulepmo: €l
/Z|ffk ) 2du(z) /Z\ffk ) Pdu(a)
kel kel
/Zlf,fk ) Pdu(x / SN £ @) Pdu(a)
o1UT1 kel omUTm kel
< Bl

Again, let {m;}ic[n be any partition of Q\L such that 7, = ¢. Then {m; U 0;}icpm is

a partition of 2. We compute

/Z|ffk ) () /Z|ffk ) [Pdu(z) +

kel kel
/fok ) [2du(x)
kel
(/fok \dp(e /Zlffk du())

/Zlffk ) Pdu(z)

kel
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[ S fiepPaut) - [ SISt Pauto

ze[m]\{n} oiom keI o\ kel
/ ST f @) Pdp(x)
kel
D DIETFC RO S I Sl et
i€mly U, keI Elm\nloin kel

> (A—6)||K*f||? for all f € H.
O

Theorem 3.9. For each i € [m], Let {Fi(x)}rca = {{fi(2) brer fueq s a generalized
continuous K-frame for H w.r.t. p with frame bounds A; and B;.If there exists a
measurable subset N of Q such that the family of generalized continuous K-frame
/i) Yeerzen : 1 € [m]} is a woven in H with universal bounds A and B, then the

Jamily {{fi(x) }rerzeq : © € [m]} of generalized continuous K-frame for H w.r.t. p

s woven with universal bounds A and Zie[m] B;.

Proof. Let {0;}icim) be any partition of 2. For any f € H, we have

/Z|ffk \dp(e /Z|f,fk ) Pdpu(a)

kel kel

/Z|ffk )Py /fok ) Pdpu(x)

kel kel

< (> B)IAP

1€[m]
The family Usepm{ fi(2) brereq satisfies the upper frame inequality with frame bound
E:iehn]lgu
Let {0;}icpm be any partition of Q, {o; N N}icpy is a partition of A, Therefore,

Uietm{ f1(%) Yher veoinn is a generalized continuous K-frame for H w.r.t. p and with

lower frame bound A. This gives

| Sl @ Pdute)+o+ [ SIS uta)

01 kel m kel
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> [ SRR 4+ [ SR @)duta)

0'1ﬂN kel TN kel
> AllK* fI]?
for all f € H. This completes the proof. O

Theorem 3.10. For eachi € [m], Let {F;(x)}zecq = {{fi(x) }rer fzeq is a generalized
continuous K-frame for H w.r.t. p with frame bounds A; and B;. Assume for any
partition {7;}icpm) of a finite subset of 0 and for every A > 0 there exists a partition
{0:}iepm of the set Q/ (1 U U...UTy,) s.t. Uicpm{ fi(2) }ocosun has a lower K-frame
bound less than A. Then, there exists a partition {m;}icpm) of Q s.t. Uieim){ F5(2) }oen,

1s not a generalized continuous K-frame for H.

Proof. Since (€2, 1) is a o - finite measurable space, {2 = U;cnY;, where Y; are disjoint
measurable sets and p(Y;) < oo for all ¢ € N. Suppose 11; = ¢ for all i € [m] and
A = 1. Then, there exists a partition {o1; }iepm) of Q such that Usepm{ () }oconun,
has a lower bound less than 1. Therefore there exists a vector h; € H such that

S [ S b i Pdute) < 1Kl

i€lm] Y oY ke
Since 3, Jo 2Zorer [(P1, fi(2)) [Pdp(x) < oo. there exists 71 € N such that

> [ 3 b fiPaue) < 1K

€[m] uY; keN
Z>k1+1

Choose {7 }icpm) = {1 U (o, N (Y1 U ... U Ykl))}ie[m} a partition of Y7 U ... U Yy,
1
and A = 5 Then, there exists a partition {0y }icpm) of @\ (Y1 U...UY},) such that

: 1
the family Uiepm{f5(%) o, has a lower frame bound less than 5 Therefore, there
exists a vector hy € H such that

S [ S b e Pdue) < 1Kl

i€[m] ¥ o1Vl per
Since > Jo 2orer [(h2, fi(2))[Pdp(x) < oo. there exists r; € N s.t.

S [ S T (e, @) Pdu(e) < L1 ol
2

i€[m] UY; keN
i>k1+1
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Proceeding in this manner, for A = % and for a partition {7, }icpm =
{T(p_l)i U <a(p_1)i N <Y1 uYs.. .Yk( 71)>) } of YUY, .. -Yk(p,l), we can find a partition
of {op, }icpm) of Q\Y1UY5 .. Yeo
less than 1 5~ Thus there exists h, € # such that

o Bty < Mo
S [ X e i) Paut) < )

i€[m] keN

such that Uiepm{ f1(2) }seo,ur,; has a lower bound

Op; UTpi

and there exists r, > r,_; such that

S [ sl < sl

€[m] Y, keN
1>kp+1

Choose a partition {7}icpm) = {UjenTis } of . Then the family Ujcpm {F() }zenr,

i€[m]

is not generalized continuous K-frame for H. Indeed, let Ucpn{Fi(®)}rer, be

generalized continuous K-frame for H with frames bounds o and [, respectively.

Then, by using the Archimedean Property there exists a ¢ € N such that ¢ > %

Then, we get
/Z\hq,fk Ddta) /qu,fk dut)
keN keN
<>/ Xt M) + 3 / S [{hy, Fi ) ()
i€lm] Uog, eN €[m] keN
“ z>kp+1
1 1
<-—4+-< othqHQ.
q q
which is a contradiction. O
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