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GE-FILTER EXPANSIONS IN GE-ALGEBRAS
YOUNG BAE JUN(®) AND RAVIKUMAR BANDARU(2%)

ABSTRACT. The notions of GE-filter expansion and &-primary GE-filter are intro-
duced and their properties are investigated. Different ways to create a GE-filter
expansion are provided. The notion of good GE-filter expansion is introduced and
its properties investigated. The conditions for an image and an inverse image of a

&-primary GE-filter of a GE-algebra to be a £-primary GE-filter are provided.

1. INTRODUCTION

Y. Imai and K. Iséki (see [2, 9]) introduced BCK-algebras in 1966 as the alge-
braic semantics for a non-classical logic with only implication. Various scholars have
studied generalized notions of BCK-algebras since then. L. Henkin and T. Skolem
introduced Hilbert algebras in the 1950s for research into intuitionistic and other
non-classical logics. A. Diego demonstrated that Hilbert algebras constitute a locally
finite variety (see [0]). Later, several researchers expanded on the theory of Hilbert
algebras (see [5, 7, 10, 12]). The notion of BE-algebra was introduced by H. S. Kim
and Y. H. Kim as a generalization of a dual BCK-algebra (see [13]). A. Rezaei et al.
discussed relations between Hilbert algebras and BE-algebras (see [15]). Y. B. Jun
(see [11]) introduced the notions of expansion of subalgebras (resp., ideals), o-primary
ideals, and residual divisions, and investigated related properties. In the study of al-
gebraic structures, abstraction is an important methodology. As a generalization of
Hilbert algebras, R. K. Bandaru et.al. introduced the notion of GE-algebras, and

investigated several properties (see [1]). For the general development of GE-algebras,
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the filter theory plays an important role. With this motivation, R. K. Bandaru et.
al. introduce the notion of belligerent GE-filters in GE-algebras and studied its prop-
erties (see [2]). A. Rezaei et.al. introduced the concept of prominent GE-filters in
GE-algebras and discussed its properties (see [16]). R. K. Bandaru et.al. introduced
the concept of bordered GE-algebra and investigated its properties (see [3]). Later,
M. A. Oztiirk et. al. introduced the concept of Strong GE-filters, GE-ideals of bor-
dered GE-algebras and investigated its properties (see [11]). A. Borumand Saeid et.
al. introduced the concept of voluntary GE-filters of GE-algebras and investigated its
properties (see [1]). S. Z. Song et. al. introduced the concept of imploring GE-filters
of GE-algebras and discussed its properties (see [18]).

In this paper, we introduce the notions of GE-filter expansion and &-primary GE-
filter and investigate their properties. We provide different ways to create a GE-filter
expansion. We introduce the notion of good GE-filter expansion and investigate its
properties. Finally, we provide the conditions for an image and an inverse image of

a &-primary GE-filter of a GE-algebra to be a &-primary GE-filter.

2. PRELIMINARIES

Definition 2.1 ([1]). By a GE-algebra we mean a nonempty set X with a constant

Wy ”

1 and a binary operation “x” satisfying the following axioms:
(GE1) usxu =1,
(GE2) 1 xu = u,
(GE3) ux (v w) =ux*(v*(u*w))

for all u,v,w € X.

Let (X, *,1) be a GE-algebra. Define a binary relation “ <” on X by u < v if and

only if ux v = 1. We can observe that < is only a reflexive relation on X.

Definition 2.2 ([1, 2]). A GE-algebra X is said to be

e transitive if it satisfies:

(2.1) (Vu,v,w € X) (uxv < (wxu)* (w=*v)).
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o commutative if it satisfies:
(2.2) (Vu,v € X) (uxv)*xv=(v*ku)*u).

Proposition 2.1 ([1]). Every GE-algebra X satisfies the following properties.

(2.3) (Vue X)(uxl=1).
(2.4) (Va0 € X) (u* (usv) = u*v).

(2.5) (Vv € X) (u<v*u).

(2.6) (Va, v,w € X) (u* (v w) < vk (uxw)).
(2.7) VueX)1<u = u=1).

(2.8) (Va0 € X) (u < (v+u)*u).

(2.9) Vi, v € X) (u < (uv) %),

(2.10) (Vu,v,w € X)(u<vsw < v<uxw).

If X is transitive, then

(2.11) Vu,v,we X)(u<v = wrxu<w*v, viw < u*xw).
(2.12) Vu,v,w € X) (uxv < (vxw)* (uxw)).
(2.13) Vu,v,w € X)(u<v,v<w = u<w).

If X is commutative, then

(2.14) (Vu,v,w € X) (ux (vxw) =vx*(uxw)).

(2.15) (Vu,v,w € X) (ux* (v*w) = (u*xv)* (u*w)).

Theorem 2.1. If X is a commutative GE-algebra then X is antisymmetric and

transitive GE-algebra.

Proof. Let X be a commutative GE-algebra and x,y, 2z € X. Suppose x *xy = 1 and
yxx = 1. Then, by (GE2) and (2.2), x = 1xx = (yxx)xx = (r*y)*y = lxy = y. Hence
X is antisymmetric GE-algebra. Also, by (2.15) and (2.5), (zxy)* ((zxx) * (2xy)) =
(x*y)* (2 x (x*y)) = 1. Hence X is transitive GE-algebra. O



1156 YOUNG BAE JUN AND RAVIKUMAR BANDARU

Example 2.1. Let N be the set of all natural numbers and x be the binary operation
on N defined by:

Y if x=1;

1 ifz £l
Then (N, *,1) is not a commutative GE-algebra, since (5x1)x1 =1 (1%5)%5=05.

TRy =

Example 2.2. Let Ny = NU {0} and x be the binary operation on Ny defined by:

0 ify<ux;
THY =
y—x ifx<y.

Then (Ng, *,0) is a commutative GE-algebra.

Definition 2.3 ([!]). A subset F' of a GE-algebra X is called a GE-filter of X if it

satisfies:
(2.16) 1eF,
(2.17) Vu,v € X)(ue F,uxveF = veF).

Lemma 2.1 ([1]). In a GE-algebra X, every GE-filter F' of X satisfies:

(2.18) Vu,veX)(u<v, ueF = velF).

Definition 2.4 ([10]). Let X be a GE-algebra. Then a mapping f : X — X is called

a GFE-endomorphism if it satisfies:
(Va,y € X)(f(zxy) = f(z) = f(y)).
Note that the kernel of f is given by ker(f) ={z € X | f(z) = 1}.

Definition 2.5 ([3]). If a GE-algebra X has a special element, say 0, that satisfies
0 <wforallue X, we call X a bordered GE-algebra.

For every element u of a bordered GE-algebra X, we denote u * 0 by u°, and (u°)°

is denoted by u®.

Definition 2.6 ([3]). If a bordered GE-algebra X satisfies the condition (2.1), we
say that X is a transitive bordered GFE-algebra.
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3. GE-FILTER EXPANSIONS
In what follows, X represents a GE-algebra and F(X) represents the set of GE-

filters in X unless otherwise stated.

Definition 3.1. A GE-filter expansion of X is defined to be a self-map £ on F(X)
that satisfies:

(3.1) (VA € F(X))(A € &(A)),

(3.2) (VA,Be€ F(X))(AC B = &(A) C&(B)).
It is clear that the identity self-map & on F(X) is a GE-filter expansion in X.

Example 3.1. (1) The constant map & : F(X) — F(X), A — X, is a GE-filter
expansion in X.

(2) Given a GE-filter A of X, the self-map & on F(X) given as follows:

(

X if A=X,
( M4 is a maximal GE-filter of X, that is,
§(A) = it is a proper GE-filter of X which is not a
(4) N{ M prop it ALX
proper subset of any proper GE-filter of X,
\ \ which contains A )

1s a GE-filter expansion in X.
(8) Let X = {1,a,b,c,d, e} be a set with the binary operation “«” in the following
Cayley Table:

x|1 a b ¢ d e
111 a b ¢ d e
all 1 1 1 d d
b|l ¢ lx ¢ d d
cll b b 1 d e
dil a b ¢ 10
e/l ¢ 1 ¢ 11

Then (X, *,1) is a commutative GE-algebra and the set of all GE-filters of X is

‘F(X):{FlaF2>F3>F47F5aF6}
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where Fy = {1}, Fo = {1,b}, F3 ={1,d}, Fy = {1,a,b,c}, F5 = {1,b,d,e} and Fs =
X. Let & be a self-map on F(X) defined by {(Fy) = E(F) = Fy, E(F3) = &(Fy) = F,
E(Fy) = Fy and £(Fg) = Fg. It is easy to verify that & is a GE-filter expansion in X .

Let us introduce a way to make a GE-filter expansion.

Lemma 3.1. FEvery transitive bordered GE-algebra X satisfies:
(3.3) (Va,y € X)((z +y)? < 2% % y%).

Proof. Let z,y € X. Then (x*y)% < (29%4%)% by (2.11) and (2.12). Using (GE1),
(2.6), (2.9) and (2.11), we have

1= (:L'OO % yOO) % (:L'OO % yOO)
S 1,00 % ((:L’OO % yOO) % yOO)

S 1,00 % (yO % (:L'OO % yOO)O)

IA
8

00 " (yO % (:L’OO % yOO)OOO)

and 50 (2% * y90)%0 % (2% x y%%) = 1 by (2.7), that is, (2% % y9°)% < 29 % ¢y Now

(3.3) follows from (2.13). O

Theorem 3.1. Let X be a transitive bordered GFE-algebra. Define a self-map & on
F(X) as follows:

(3.4) £ F(X) = F(X), A A°
where A° = {x € X | 2% € A}. Then & is a GE-filter expansion in X .

Proof. Let A, B € F(X). We first show that A°is a GE-filter of X. Since 1°° =1 € A4,
we have 1 € A°. Let 2,y € X be such that 2 € A° and z xy € A°. Then 2%° € A
and (z x y)? € A. Since (x x y)% < 2% % ¢y by Lemma 3.1, it follows from Lemma
2.1 that 2%° % y% € A. Hence y*° € A, and so y € A°. Therefore A° is a GE-filter
of X. Hence we know that the map € is well-defined. Let z € A. Since x < 2% by
(2.9), we have 2°° € A by Lemma 2.1, that is, z € A°. Thus A C A°. Assume that
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ACB. Ifx € A% then 2 € A C B and so z € B°. Hence {(A) = A° C B® = ¢(B).

Consequently, £ is a GE-filter expansion in X.

U

The following example illustrates Theorem 3.1.

@y »

Example 3.2. Let X = {0,1,a,b,¢,d, e} be a set with the binary operation “¢” in

the following Cayley Table.

*x|0 1 a b c d e
ofr 111111
110 1 a b c d e
al0 1 1 b e d e
b0 1 1 1 ¢ d c
cld 11 1 1 d 1
die 1 1 b e 1 e
eld 1 1 1 1 d 1

Then (X, x,1) is a transitive bordered GE-algebra and all GE-filters of X are Fy =
{1}, F5, = {1,a}, F3 = {1,a,b}, Fy = {1,a,d}, F5 = {1,a,b,d}, Fs = {1,a,b,c, e}
and F; = X. Hence F(X) = {F, Fy, F3, Fy, F5, Fs, F;}. Define a self-map & on

F(X) as follows:

£ F(X)— F(X), A

\

if Ae{F,F,Fs}
it Ae{Fy,F;},

if A= Fg,

if A= Fry,

where FY = Fy = Fy = Fy, FY = FY = F5, Fg = Fg and F? = Fr. It is routine to

verify that £ is a GE-filter expansion in X .

Theorem 3.2. The intersection of two GE-filter expansions in X is also a GE-filter

expansion in X , that is, given two GE-filter expansions o and 8 in X, the intersection

&:=anpf on F(X) given as follows:

£:=anf: F(X) = F(X), A a(A)NH(A)

1s a GE-filter expansion in X.
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Proof. Assume that o and § are GE-filter expansions in X. Let A € F(X). Then
AC a(A) and A C B(A). Hence A C a(A)NB(A) = &(A). Let A, B € F(X) and
A C B. Then a(A) C a(B) and B(A) C 5(B). Thus

§(A) = a(A)NB(A) € a(B) N B(B) = ¢(B).
Therefore ¢ is a GE-filter expansion in X. O

The union of two GE-filter expansions in X need not be a GE-filter expansion in
X, that is, given two GE-filter expansions o and f in X, the union n := o U 3 on
F(X) given as follows:

n:=aUpf:F(X)— F(X), A~ al(A)UBA),
is not a GE-filter expansion in X.

Example 3.3. Let (X, *,1) be a GE-algebra given in Example 3.1(3). Let « be the
GE-filter expansion £, defined in the Example 3.1(8), and B is the GE-filter expansion
defined by

B(F1) = B(F3) = F3, B(Fy) = B(Fs) = Fs, B(Fy) = B(Fs) = Fs.
But aU B is not a GE-filter expansion of X, since
(aUPB)(F) =a(F)UB(F) =F,UF;={1,b,d} ¢ F(X).

Definition 3.2. Let X be a GE-algebra and let £ be a GE-filter expansion in X.
Then a GE-filter A of X is said to be

o first E-primary if it satisfies:
(3.5) Vr,ye X)(x+tye A x¢é A = yel(A)

e second &-primary if it satisfies:
(3.6) Ve,ye X)(x+ye A y¢d A = xe€(A)

e {-primary if it is both first &-primary and second &-primary
where z +y := (zxy) xy for all x,y € X.

It is clear that if X is commutative, then the notion of first {-primary coincides

with that of second &-primary. In this case, it is only called &-primary.
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Example 3.4. Consider the GE-filter expansion & in Example 3.1(3). It is routine

to verify that Fy := {1,a,b,c}, F5 ={1,b,d,e} and Fs = X are {-primary GE-filters

of X. But Fy = {1}, Fy = {1,b} and F5 = {1,d} are not {-primary because of
(axd)xd=dxd=1€ Fyand a ¢ F, but d ¢ {(Fy) = F5,
(axd)xd=dxd=1€ Fyand a ¢ F, but d ¢ (Fy) = F5,
(bxc)xc=cxc=1¢€ Fyand b ¢ F; but ¢ ¢ {(F3) = F5.

Example 3.5. Let X = {1,a,b,c,d, e} be a set with the binary operation “«” in the
following Cayley Table:

x|1 a b c d e
111 a b ¢ d e
all 1T 1 ¢ 1 e
bl d 1 ¢ d 1

1l al11al
di1 1 1 ¢ 1 e
ell a b c d 1

Then (X, *,1) is a GE-algebra and the set of all GE-filters of X s
'F(X) = {FlaFQaF3aF47F5}

where Fy = {1}, Fy = {1,b,e}, F3 = {1,b,c,e}, Fy = {1,a,b,d,e} and F5 = X. Let
§ be a self-map on F(X) defined by §(F1) = §(Fy) = Fy, {(F3) = I3, §(Fy) = Fy
and {(F5) = Fs. It is easy to verify that £ is a GE-filter expansion in X. Also, we
can observe that F3 is a first &-primary GE-filter of X and Fy is a second &-primary
GE-filter of X.

Theorem 3.3. Let & and n be GE-filter expansions in X that satisfies:
(3.7) (VA € F(X))(&(A) € n(A)).

Then every first (resp., second) &-primary GE-filter is a first (resp., second) n-primary
GE-filter.

Proof. Let B be a first &-primary GE-filter of X and let x,y € X be such that
x+y € Band x ¢ B. Then y € £(B) Cn(B) by (3.7). Hence B is a first n-primary
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GE-filter of X. Similarly, if B is a second &-primary GE-filter, then it is a second
n-primary GE-filter. U

Corollary 3.1. If £ and n are GE-filter expansions in X that satisfy (3.7), then
every &-primary GE-filter is an n-primary GE-filter.

Proposition 3.1. Let £ be a GE-filter expansion in X. Then every first &-primary
GE-filter A of X satisfies:

(3.8) (VF,Ge FIX))(F+GCA FZA = GCEA)
where F+G={zx+y|z € F, yeG}.

Proof. Let A be a first &-primary GE-filter of X and let F,G € F(X) be such that
F+GCAand F ¢ A It G € £(A), then there exist 7 € F\ A and s € G\&(A), such
that r+ s € F+ G C A But r ¢ A and s ¢ £(A). This contradicts the assumption
that A is &-primary. Hence A satisfies (3.8). O

Similarly, we have the following result.

Proposition 3.2. Let € be a GE-filter expansion in X. Then every second &-primary
GE-filter A of X satisfies:

(3.9) (VF,Ge F(X))F+GCA GZA = FCEA).

We provide one way to create a new GE-filter expansion using a given GE-filter

expansion.

Theorem 3.4. Let o be a GE-filter expansion in a commutative GE-algebra X.

Define a self-map &, on F(X) as follows:
(3.10) &0 :F(X) = F(X), A~ (B € F(X)| AC B and B is a-primary}.

Then &, is a GE-filter expansion in X.
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Proof. 1t is clear that A C £,(A) for all A € F(X). Let F,G € F(X) be such that
F C @G. Then

EL(F) = ﬂ{B € F(X)| FC B and B is a-primary}
C m{B € F(X)| GC B and B is a-primary}

=&.(G).
Therefore &, is a GE-filter expansion in X. U

Given a nonempty subset A of a GE-algebra X and an element a in X, consider

the following set:
(3.11) a'A={re X |(axz)*xc A}

It is clear that if A and B are nonempty subsets of X and A C B, then a™'A C
a'Bforallac X.
The following example shows that a='A is not a GE-filter of X.

Example 3.6. Let X = {1,a,b,c,d, e} be a set with the binary operation “«” in the
following Cayley Table:

x1 a b c d e
111 a b ¢ d e
all 1 b c d b

111 dd 1
cll 1 e 1 1 e
di1l a b 1 10
ell a 1 d d 1

Then (X, *,1) is a GE-algebra. Let A = {1,a,b} and e € X. Then it is easy to see
that e *A = {1,a,b,c,d}. But e7'A is not a GE-filter of X sincebxe =1¢€ e A
andb e e 1A but e ¢ e 1 A.

We provide conditions for the set a=*A to be a GE-filter.
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Lemma 3.2. Fvery commutative GE-algebra X satisfies:

(3.12) (Vz,y € X)(((x*xy)*xy)xy =z *y).
(3.13) (Va,z,y € X)(a+ (zxy) < (a+x)*(a+y)).

Proof. For every x,y € X, we have z xy < ((z*y) *y) *y by (GE1) and (2.14). On
the other hand, we get

by (GE1), (GE2), (2.12) and (2.14), that is, ((z *xy) * y) * y < x *y. Since every
commutative GE-algebra is antisymmetric, it follows that ((x*y)*y)*xy = z*y, i.e.,

(3.12) is valid. Let a,z,y € X. Using (2.12), (2.14), (2.15) and (3.12), we have

(a+ (zxy))* ((a+2)*(a+y)
= ((z*y) +a)* ((z+a) * (y+a))
=((xxy)+a)* ((x+a)*((y*a)xa))
- ) x (x4 a) * a))
) (
)

8
*
<
*
—
<
*
S
~—
*
—~
8
*
S
N~—
N~—
I
—_

which shows that (3.13) is valid. O
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Theorem 3.5. If A is a GE-filter of a commutative GE-algebra X, then a™'A is a
GE-filter of X which contains A.

Proof. Assume that A is a GE-filter of X. It is clear that 1 € a 'A. Let 2,y € X
be such that zxy € a™'A and z € a™'A. Then a + (zxy) € A and a +x € A.
Hence (a+x)* (a+vy) € A by Lemma 2.1 and (3.13), which implies from (2.17) that
aty € A, e,y € altA Therefore a=tA is a GE-filter of X. Let y € A. Since
y < (axy)*xy=a-+yby (2.8), it follows from Lemma 2.1 that a +y € A, that is,
y € a A, Thus A is contained in a='A, and the proof is complete. O

Proposition 3.3. Given a nonempty subset A of a GE-algebra X and an element a

m X, we have

(1) Ifa'A= X, then a € A.
(2) If A is a GE-filter of X, then

(3.14) acA = a'A=X.
(3) If X is commutative and A is a GE-filter of X, then
(3.15) (Vr,ye X)(x <y = 2 'ACy'A).

Proof. (1) If a™'A= X, thena € a'Aand so a=1xa= (a*xa)*xa € A by (GE1)
and (GE2).

(2) Assume that A is a GE-filter of X and let a € A. Tt is clear that a7 *A C X.
If x € X, then a < (axz)*x by (2.9) and so (a*x) *x € A by Lemma 2.1, that is,
re€alA Thusa'A=X.

(3) Assume that X is commutative and A is a GE-filter of X. Now let z,y € X
be such that x < y. Then y *x a < x % a, and so

(3.16) r+a=(xxa)xa<(yxa)xa=y+a

for all a € X by (2.11). If 2 € 7' A, then x 4 2 € A which implies from Lemma 2.1
and (3.16) that y + 2z € A, that is, 2 € y ™' A. Hence z71A4 C y1A. O
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Theorem 3.6. Let X be a commutative GE-algebra. Given an element a of X, the

self-map &, on F(X) defined as follows:
(3.17) £ F(X) = F(X), A atA
is a GE-filter expansion in X .

Proof. Tt is derived from Theorem 3.5. O

Lemma 3.3. Fvery commutative GE-algebra X satisfies:

(3.18) Ve,y,z€ X)(x <y = z+z2<y+2),

(3.19) (Ve,y,ze X)(z<z,y<z = z+y<z).

Proof. Let x,y € X be such that + < y. Then y * 2z < x % z by (2.11), and hence
xtz = (rx2)*xz < (yx2)*z = y+zforall z € X. This proves (3.18). Let z,y,z € X
be such that z < zandy < z. Thenz+2 < z+z = zand 24y = y+2 < 242 = z+2.
Hence z + y < z since X is commutative and hence transitive. Therefore (3.19) is

valid. O
Lemma 3.4. If X is a commutative GE-algebra, then (X, 4) is a semigroup.

Proof. Let z,y,z € X. Then x x (x +y) = 1l and (z +y)*« ((x +y)+2) =1 by
(2.9). Hence x < (x +y) and x +y < (z + y) + z. Since X is commutative, we get
x < (x+y)+z. Since, by (2.8), y*x(z+y) = 1, we get (y+2)*((x+y)+2) = 1 by (3.18).
Thus y+ 2 < (z+y)+ 2 which implies from Lemma 3.3 that 2+ (y+2) < (z+y) + 2.
Similarly, we can show that (z +vy) 4+ z <z + (y + 2). Since X is commutative, we

get x + (y+ 2) = (r + y) + 2. Therefore (X, +) is a semigroup. O

Theorem 3.7. Let & be a GE-filter expansion in a commutative GE-algebra X and
let B be a &-primary GE-filter of X. If A is a GE-filter of X, then the set () a 'B

acA

is a &-primary GE-filter of X. Also, if F' is a GE-filter of X which is not contained
in &(B), then B= () ™ 'B.

zeF

Proof. Let A be a GE-filter of X. Then () a'B is a GE-filter of X which contains
acA
B by Theorem 3.5. Assume that B is &-primary and let x,y € X be such that
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r+y € Na'Band v ¢ (Na'B. Then a +x ¢ B for some a € A and so

acA acA
(a+2)+y=a+(x+y) € Bby Lemma 3.4. Since B is {-primary and a4z ¢ B, we
have y € £(B). Hence y € £(B) C & ( N a‘lB) . Therefore () a™!'B is a {-primary
acA acA
GE-filter of X. Now, assume that F' is a GE-filter of X which is not contained in

&(B). It is clear that B C [ 2 'B by Theorem 3.5. Let z € F+ ()2 'B. Then

zeF zeF
z=a+yforsomea e Fandye |z !B. It follows that 2 = a +y € B. Hence
zeF
F+()2'BCB.
zeF
Since F' ¢ £(B), we have () 2~'B C B by Proposition 3.2. Therefore B = [ ' B.
el zeF

0

Lemma 3.5 ([106, 17]). Given a GE-morphism f: X — Y, we have

(1) If G is a GE-filter of Y, then f~1(G) is a GE-filter of X.
(2) If f is onto and F is a GE-filter of X, then f(F') is a GE-filter of Y.

Definition 3.3. Let X be a GE-algebra and f : X — X a GE-endomorphism. A
GE-filter expansion £ in X is called f-good (or good with respect to f) if

(3.20) (VA € F(X)(E(f71(A) = f7(£(A)).

Example 3.7. (1) The identity self-map & on F(X) is a good GE-filter expansion in
X.

(2) Let X = {1,a,b,c,d, e} be a set with the binary operation “«” in the following
Cayley Table:

x*x11 a b c d e
111 a b ¢ d e
all 1 1 d d 1
bl 1 1 ¢ ¢ e

16061 11
dil a b 1 1 e
ell a b c c 1

Then (X, *,1) is a GE-algebra and the set of all GE-filters of X is

‘F(X):{FlaFQaF3aF47F5}
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where Fy = {1}, Iy ={1,e}, F3={1,c,d, e}, Fy ={1,a,b,e} and F5 = X. Define a
self-map f: X — X defined by

1 ifx e {l,e},
f@)=4a ifze{abl,
d ifx e {cd}.
Then we can observe that f is a GE-endomorphism. Also, f~Y(Fy) = f~Y(F) = Fy,
Y F3) = F3, f7Y(Fy) = Fy and f~'(F5) = Fs. Let & be a self-map on F(X) defined
by E(F1) = E(Fy) = Fa, E(F3) = F3, £(Fy) = Fy and £(F5) = Fs. It is routine to verify
that € is a f-good GE-filter expansion in X.

Theorem 3.8. Let f : X — X be a GE-endomorphism and & an f-good GE-filter
expansion in X. If A is a first (resp., second) &-primary GE-filter of X, then so is
f7HA).

Proof. Assume that £ is a f-good GE-filter expansion in X. If A is a first {-primary
GE-filter of X, then A is a GE-filter of X and so f~!(A) is a GE-filter of X by Lemma
3.5(1). Let z,y € X be such that x +y € f~1(A) and = ¢ f~'(A). Then f(z) ¢ A

and
f(@)+ fy) = (f(z)* f(y) * f(y)
= flzxy) = f(y)
= f(z*y)*y)
= f(z+y) € fF(f71(A) C A

Since A is a first &-primary, it follows that f(y) € £(A). Hence y € f7'(£(A)) =
£(f7Y(A)), and therefore f~1(A) is a first &-primary GE-filter of X. Similarly, if A
is a second &-primary GE-filter of X, then f~1(A) is a second &-primary GE-filter of
X. U

Corollary 3.2. Let f : X — X be a GE-endomorphism and & an f-good GE-filter
expansion in a commutative GE-algebra X . If A is a &-primary GE-filter of X, then
sois fH(A).
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Lemma 3.6. Let f: X — X be a GE-endomorphism. If A is a GE-filter of X that
contains the kernel of f, then f~1(f(A)) = A.

Proof. Tt is sufficient to show that f~(f(A)) C A. If z € f~(f(A)), then f(x) €
f(A) and so f(z) = f(y) for some y € A. Hence f(y*z) = f(y) * f(x) = 1, which
implies that y *x 2 € ker(f) C A. Thus x € A. This shows that f~*(f(4)) C A, and
the proof is complete. O

Theorem 3.9. Let f : X — X be a GE-endomorphism and £ an f-good GE-filter
expansion in X. Let A be a GE-filter of X that contains the kernel of f.
(1) If f(A) is a first (resp., second) &-primary GE-filter of X, then so is A.
(2) If f is a one-to-one and onto GE-morphism, that is, f is a GE-automorphism,
and A is a first (resp., second) &-primary GE-filter of X, then f(A) is also a
first (resp., second) &-primary GE-filter of X.

Proof. (1) Assume that f(A) is a first (resp., second) &-primary GE-filter of X. Then
A = f7Y(f(A)) is a first (resp., second) &-primary GE-filter of X by Theorem 3.8
and Lemma 3.6.

(2) Assume that f is a one-to-one and onto GE-morphism and let A be a first
&-primary GE-filter of X. Then f(A) is a GE-filter of X by Lemma 3.5. Using (3.20)

and Lemma 3.6, we have

and so

Let x,y € X be such that © +y € f(A) and © ¢ f(A). Then f(a) =x and f(b) =y

for some a,b € X. Hence

fla+b) = fla) + f(b) =z +y € f(A),

and so a+b € f71(f(A)) = A. Since f(a) =z ¢ f(A), we have a ¢ A. Since A is first
&-primary, we have b € {(A) and so y = f(b) € f({(A)) = &(f(A)). Therefore f(A)
is a first &-primary GE-filter of X. Similarly, if A is a second &-primary GE-filter of
X, then f(A) is also a second &-primary GE-filter of X. O
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4. CONCLUSION

We have introduced the notions of GE-filter expansion and &-primary GE-filter
and investigated their properties. We have provided different ways to create a GE-
filter expansion. We have introduced the concept of good GE-filter expansion and
investigated its properties. We have provided the conditions for an image and an

inverse image of {-primary GE-filter of a GE-algebra to be a &-primary GE-filter.
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