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UNIQUENESS OF ALGEBROID FUNCTIONS CONCERNING
NEVANLINNA’S FIVE-VALUE THEOREM ON ANNULI

ASHOK MEGHAPPA RATHOD

ABSTRACT. In this paper, we prove a uniqueness theorem of derivative’s of alge-
broid functions on annuli which improve and generalize the Navenlinna’s five-value

theorem for algebroid functions on annuli.

1. INTRODUCTION

The uniqueness theory of algebroid functions is an interesting problem in the
Nevanlinna theory. The uniqueness problem of algebroid functions was first consid-
ered by Valiron, afterwards several scholars have got uniqueness theorems of algebroid
functions in the complex plane C (see [3]-[25] and [14]-[48]). In 2005, Khrystiyanyn-
Kondratyuk (see [21] and [22]) built the Nevanlinna Theory for meromorphic func-
tions on annuli. Applying the Nevanlinna Theory for meromorphic functions on
annuli, uniqueness questions of meromorphic functions sharing some values on annuli
have been recently treated as well ([23]). Recently Tan-Zhang [13] built the fun-
damental theorems of algebroid functions on annuli. Combining these fundamental
theorems and the notion of the weakly shared value, [11] first studied the uniqueness
questions of algebroid functions on annuli. Thus we consider the uniqueness problem
of algebroid functions in multiply connected domains. By Doubly connected mapping
theorem [24] each doubly connected domain is conformally equivalent to the annulus

{z:r <]z < R},0 <r < R < 4o00. We consider only two cases : r =0, R = 400
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400 ASHOK MEGHAPPA RATHOD

simultaneously and 0 < r < R < +oo. In the latter case the homothety z — =

reduces the given domain to the annulus A ( Ro) = {z : Rio < |zl < Ro} , where

Ry = \/; . Thus, in two cases every annulus is invariant with respect to the inversion

2 L
z

2. BASic NOTATIONS AND DEFINITIONS

We assume that the reader is familiar with the Nevanlinna theory of meromorphic
functions and algebroid functions (see [7],[8] and [10]).

Let A,, A,_1, ..., Ag be a group of analytic functions which have no common zeros

and define on the annulus A ( R(]) (1< Ry < +00),
(2.1) Y(z,w) = Ayw®’ + Ay_1w” ™ + ..+ Ajw + Ag(2) = 0.

Then irreducible equation (2.1) defines a v-valued algebroid function on the annulus
A (L,RO> (1< Ry < +00).
Let w be a v-valued algebroid function on the annulus A ( R0> (1< Ry < +00),

we use the following notations

Zm r,w;) ZQW/ log™ |w;(re')|db,

1 t 1 t
N1<r,w>=—ﬁ M, Nty =1 [y
1 1

v t v t

_ Lmy (¢, -2 — e
T
w—a vJi t w—a v Jq t

mo(r,w) = m(r,w) +m (%,w) —2m(1,w), No(r,w)= Nyi(r,w)+ Na(r,w),

_ 1 — 1 — 1
No(ﬁ )=N1<T7 )+N2<7’7 )7
w—a w—a w—a

where w;((j = 1,2, ...,v) is one valued branch of w, ny (¢, w) is the counting function

of poles of the function w in {z : ¢t < |z| < 1} and na(t, w) is the counting function of

poles of the function w in {z: 1 < |z| <t} (both counting multiplicity).7; (¢, -2 is

the counting function of poles of the function — in {z : ¢ < [z| < 1} and 7 (¢, =)

is the counting function of poles of the function w— in {z : 1 < |z| < ¢} (both

ignoring multiplicity). ﬁlf) (t L ) (ﬁgk (t, ﬁ)) is the counting function of poles of

T w—a
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the function — with multiplicity < k (or > k) in {z : t < |2| < 1}, each point

count only once; ﬁg) (t, ﬁ) <ﬁ§k (t, ﬁ)) is the counting function of poles of the

1

w—a

function with multiplicity < k (or > k) in {z: 1 < |z| < t}, each point count

only once, respectively.

Definition 2.1. [12] Let w be an algebroid function on the annulus A (RLO,R0>
(1 < Ry < 400), the function

To(r,w) = mo(r,w) + No(r,w), 1<r <Ry
is called Nevanlinna characteristic of w.

Definition 2.2. For B C A and a € C U oo, we denote by NOB(’F, —L—) the reduced

counting function of those zeros of w — a on A, which belong to the set B.

In 1930, Valiron [1] firstly began to study the uniqueness questions of algebroid

functions ( cf.[1]), and proved the following result:

Theorem 2.1. Let w = w(z) and w = w(z) be two v-valued algebroid functions,
and let ay, ag, -+, A4y, Qg1 be v+ 1 distinct values in the extended complex plane

CU{oo}. If w =w(z) and w = w(z) share a; CM for 1 < j <Av+1, then w = 0.

Later on, He[2] proved the following result that improved Theorem 2.1:

Theorem 2.2. Let w = w(z) and w = w(z) be v-valued and p-valued algebroid
functions respectively, where p and v are two positive integers satisfying p < v, and
let ay, as, -+, G4y, Qg1 be 4v + 1 distinct values in the extended complex plane

CU{oo}. If w =w(z) and w = w(z) share a; IM for 1 < j < 4v+1, then w = .

Recently Tan-Zhang [13] built the fundamental theorems of algebroid functions on
annuli. Combining these fundamental theorems and the notion of the weakly shared
value, [13] first studied the uniqueness questions of algebroid functions on annuli, and

proved the following results:

Theorem 2.3. Let w = w(z) and w = w(z) be v-valued and p-valued algebroid
1

functions on the annulus A (— Ro) = {z : Rio < 20| < RO} with 1 < Ry < 400,

O’
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where v and |1 are positive integers satisfying i < v, let a1, as, -+, a, be p distinct
finite complex values, and let ki, ko, -+, k, be p positive integers. If
Lk 2k +1
¥ol T . j
Ekj)(aj,UJ)—Ekj)(CLj,UJ), — k]+1 — &l k+1 SO
and
I & 2k+1 &Kk
—_— A v) > 2 — J
k+1; (a;,w, @) "Er1 ki1

with k = max{k;}, then w = .
1<j<p

Theorem 2.4. [11] Let w = w(z) and w = w(z) be v-valued and p-valued algebroid
functions on the annulus A (RLO,RO) = {z : Rio < |20] < RO} with 1 < Ry < 400,
where v and |1 are positive integers satisfying i < v, let a1, as, -+, a, be p distinct
finite complex values, and let ky, ko, - - -, k, be p positive integers such that ky > ko >
-+« >k, where p is a positive integer satisfying p > 2v+1. ]fEkj)(aj, w) = Ekj)(aj, w)
for1 < g5 <p, then w = w.

3. SOME LEMMAS

Lemma 3.1. [21] (Jensen theorem for meromorphic function on annuli) Let f be a

meromorphic function on the annulus A (RLO, Ro) (1 < Ry < 4+00), then

No (r, — No(r, f) = i/zﬂlo 1£( ”)\d9+i/%10 f Lo )| ao
o\"7 ol ) = 57 | lolf(re e I
! /%1 | f(e")|d6
or /), loslite ,
where 1 < r < Ry.

Lemma 3.2. [11] (The first fundamental theorem on annuli) Let w be v-valued al-
gebroid function which is determined by (2.1) on the annulus A (Rlo, RO) (1< Ry <
+0), a € C

mo(r,a) + No(r,a) =Ty (r,w) + O(1).

Lemma 3.3. [11] (The second fundamental theorem on annuli). Let W be v-valued

algebroid function which is determined by (2.1) on the annulus A (Rio, R()) (1< Ry <
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+00), ar (k= 1,2,..,p) are p distinct complex numbers (finite or infinite), then we

have

(3.1) (p—20)Ty (r,w) < Z Ny <r, ” _1 ak) — Ni(ryw) + So(r, w)
k=1

3:2) =207 () < Mo (12 ) + Salr ).

k=1
Lemma 3.4. [11] Let w be v-valued algebroid function which is determined by (2.1)
on the annulus A (R%)’ Ro) (1 < Ry < 400), if the following conditions are satisfied

T,

i i L0 (7 @)
r—oo  logr
T,
nminfL’lw) <00, Ry< +o0,

r—Ry 108 =y

<00, Ry=-+oo,

then w is an algebraic function.

Remark 1. [11] Let w be a v-valued algebroid function which is determined by (2.1)
on the annulus A (RLO,R()), where 1 < Ry < +o00 and w be a p-valued algebroid
functions which is determined by the following equation on the annulus A (R%)’ R0>,

where 1 < Ry < +o00,
o(2,0) = B,w" + B, 0" ' + ... + By + By(z) = 0.

Without loss of generality, let p < v,fia(r,a) denotes the counting function of the
common values of w = a and W = a on the annulus A (RLO,R0> (1 < Ry < +0),

wgnoring multiplicity. And let

1 — ro—
Na(r,a) = “+V/ "Al(t’“)dt+“+”/ Moy (t:2)
1 1

2uv t 2uv t
— _ _ 1 _
ng(r,a) = N(] <T,w_a)+N0 (T,m)—2NA(T,a).

Let w be an algebroid function on the annulus A (Rio, Ro), where 1 < Ry < 400,
and a be a complex number in the extended complex plane. Write E(a,w) = {z €
A :w—a = 0}, where each zero with multiplicity m is counted m times. If we ignore
the multiplicity, then the set is denoted by E(a,w). We use Ey)(a,w) to denote the

set of zeros of w — a with multiplicities not greater than k, in which each zero is
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counted only once.
In this paper, we say that two algebroid functions on the annulus A( Ro)
(1 < Ry < +00), share a function a if we have w —a = 0 if and only if W —a = 0.

Now we consider the case that two algebroid function partially share small functions.

Definition 3.1. Let w be an algebroid function on the annulus A( RO) (1<

Ry < +00) and a be a small function of w. We define
E(a,w) = {z|w—a=0}
in which each zero is counted only once.

Lemma 3.5. Let w be v-valued algebroid function which is determined by (2.1) on
the annulus A( R0> (1 < Ry < 400) and ay,as,...,a, be ¢(> 2v + 1) distinct

complex numbers. If for a non-negative integer n, E(0;w) C E(0,w™), then

(g — 2v + o(1)) Ty (r, w) < Z:NO (T’ w(%) '

Proof. By Nevanlinna’s first fundamental theorem for algebroid functions on annuli,

we have

1
T(](T’,U]) = TO (T, E) +O(1)
1 w™ 1
S NO r,— _'_m(] r, +m0 r,— _'_O(l)

w w w®)

3.3 < N, ! T )y — N, ! S,

(3.3) < Ny T’,E + To(r, w'™) — Ny T,W + So(r, w).

By the Nevanlinna’s second fundamental theorem for algebroid functions on annuli,

we get

-1
— 1 — 1
_ (n) - .
(g — 1) To(r,w™) < No(r, w™ E < ey —aj)_l_NO(T’w(”))jLSO(T’w)'

Without loss of generality, we may assume that a, = 0. Otherwise a suitable linear

transformation is done. Then the above inequality reduces to

(3.4) (q—1)Tp(r,w™) < )+ Z Ny ( ) + So(r, w).
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Using (3.4) in (3.3), we obtain
D\ W™ SO 1
(= DTo(rw) < (¢=1Ty|r— ) +No(r,w™)+> No(r——
w w

—(g—1)Ny (r, ﬁ) + Sy(r, w).

(3.5) —(q— 1)N (n —) + So(r, w).

Since E(0,w) C E(0,w™), we have from (3.5)

(g — DTy(r,w) < No(r,w) + ZWO (r, w(n%) + So(r, w).

a;
Hence

(¢ — 20 + o(1))To(r, w) < ém (T’ uﬂ%—a]) '

This completes the proof of the Lemma 3.5.

4. MAIN RESULTS

By using the partly shared values and the notion of the weakly shared values
and the fundamental theorems of algebroid functions on annuli, in this paper we
have obtained some interesting and important new results concerning the uniqueness
question of the n-order derivatives of algebroid functions on the annuli based upon

some other assumptions.

Now we state and prove our main result in the following way

Theorem 4.1. Let wy and wy be two v-valued and p-valued algebroid functions deter-

mined by (2.1) on the annulus A (Rio, R()) (1 < Ry < +00), respectively and p < v,



406 ASHOK MEGHAPPA RATHOD

let a; (j = 1,2,...,q) be ¢ > 4v + 1 distinct complex numbers or co. Suppose that
ki > ko > ... > k, are positive integers or oo and §;(> 0)(j = 1,2, ...,q) are such that

1 1\ & 1 q—2v 1
—+(1+— 146 14+ — ).
k:1+( +km)21+kj+ oS TT ( +k:1)

for a non-negative integer n. Let B; = Ey(aj, w1)\Ey,(a;, ws) forj =1,2v,...,q and

E(0,w;) € E(0,w™) fori=1,2. If

and
4 <) 1
;No (r, m)
lim inf ]; -
r—00 —k
NOJ)(Ta ﬁ)
j=1 2 J
1)k
- (n+ Z 1 ’
(p=2v)(1+k)—(n+1)(1+ k) Z; ﬁ —(n+D{(14+ )k + 1}
j=2v
then w!™ = wi.
Proof. By Lemma 3.5, we have
SN 1
(4.1) (q = 2v+ o(1))To(r,wr) < Y Ny (7’, T)
j=1 Wy~ — 4y

and

(4.2) (4= 20+ o(L)Ta(r, w2) < Y- No (r %) .

Y (TL
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From (4.1), we have

Therefore

(q—2

IA

IA

IN

IN

IN

(¢ —2v+0(1))To(r,w)

Torw1

1
g = T )

Similarly from (4.2), we get

1 1
(q—2v—(n+1) (1) To(r, we) < (,n7>
j=11+kj j=1 wé)—aj

Let B; = Ey, (a],wl )\A for j =1,2v,...,¢q.

Now

M=

1 4, 1 B 1
ZN ( ) = ZNOJ <r,7(n) ) —I—ZNOJ <7“,7(n) )
1 — Gy j=1 wy " — a4y j wy a4y

(4.3)

If !

n 1
< 0Ty (r, wg )) + No (7’7 ﬂ)
w w

< (140)(n+D)To(r,wi) + Y Nis(r,a;) +2 ) Na(r,a)).

= wé"), then we have

Srsogts)
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R(ip, 1) denotes the resultant of ¢(z,w™) and (z,w™), it can be written as the

following

R(p.¥) = [A "B [T Wi —a).

1<j<v
1<k<p
It can be written in the another form

Ay Ay_1 ... .. Ay O ... 0
0 A, Ap_1 .. A1 Ag.. 0
o0 0 A A Ao
R(p, ) = By Bu-1 .. .. By 0 .. 0
0 By, Bu1 .. Bl By..DO0
0 0 0 BuBu1 . .. Bo

So we know that R(p,%) is a holomorphic function and using Jensen Theorem for

meromorphic function on annuli, we have

% (- am)

1 27 ) ]
= o [ Tom R wf).olre” wf ) dp
0

Lo Lo Lo
+ — log|R|Y [ —€ewy” ), 0| —€7,wy do
2w Jo r r

1 21 ) " . "
+ 25 [ log RIE", wl ), (e, w8
0

m 2 ) v 27 .
= = / log |A,,(7“626)|d9 + — / log |BM(T629)|d9
27T 0 27T 0

1 2 " ] n )
+ o i log H [w]( )(7“6’9) —wj(» )(7’6’9)] do
1<j<v
1<k<p
27 2
1 . 1 .
+ L 10gla, (—e’e)‘d9+ 2| log|B, (—6’9)‘d9
2m Jo r 2m Jo r

L o (Lo _ g (Lao\]|ao— 2.2 [ tog |4 (e#))d6
+ o og II wi (e ) Twi | e o ), og|A,(e”)]

0 1<j<v
1<k<p

v 27 ‘ 1 o ' '
— 2— [ log|B,(e")|d — 2— log| I] () (i0) _ 5 (V1] 49
27/0 og |B,.(e")] 27r/0 0g 1<j<u[w] (e”) w; ()]
1<k<p
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- -—:/’ log | A, (re’ |d9%———¥/ log | A (—e )'d@ zli”/i log|A,(e")|d6
+ —/ log | B, (re' |d6’+—/ log | B <—e’9)‘d9—2—/ log | B,.(e”)|d6

1 2w

2m
_ oL / tog | TT 1w () — @ (%)) | b
1<]<1/
1<5k<p

" [mo(r, A) = mo <7“, Ai)} e lmo(r, B,) — mo (n Biu)}

Fuv[mo(r,wl™) + mo(r, ws”)] + O(1)

IA

= w[To(r,w™) + To(r,wy”)] + O(1).

Then we get

IN

> Walray) < T 0f”) + Tafruf”)] +0()

(4.4) < (n+ Vu[Ty(r,wy) + To(r, we)] + O(1).

By the condition of Theorem 4.1, we know that the set of zeros of w; —a; and ws —a;

in which each point counts only once, at the same time we get Nio(r, aj) = 0.

Therefore Therefore

)

(4.5) <

VAN
Bl
M1
=
o
VR
=3
S
s
—_
s
N~

I
—_

/N .

n+ Dv[To(r,w) + To(r, wz)] + O(1).

From (4.3) and (4.5), we have

(4.6) ZN ( - ) < (140)(n+ 1)To(r,wy) + (n+ 1)Ty(r, wa).
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Hence

< 1 i_k.) 1
(n+1) +0(1)> Ny’ <7“,n7>
j=1 1+ k; j=1 w§ ) — a;

q q
ki k) 1 kj Aok 1
1 2

j=1 — G j=1 — aj
k k k 1
Since 1 > " le 1 > s j 1 > ... > e j_ 1 > 27 we get from the above inequality
R | CE 1
ki)
Jj=1 j=1 1 j
k1 L 1 k1 Ik, 1

< (1496 1 N - 1 N — .
< (1+9)(n+ )1+/€1; 0 (Tngn)—aj>+(n+ )1+l{:1; 0 Tawén)_aj

Since that implies

k’l I —k; 1
1 NJ) -
( =1 T )>; ’ <T7w§n)—aa‘>
k d —k; 1
< (n+1)1_|_1k1 ZNO) (7’7 710(”) > .
‘ .

=1 2 T4
Therefore
L~k 1
ZlNO ( ) wi—a )
lim inf ]q .
r—00 =k
> Ny (r, )
j=1
S (n —|— l)kflq
(q—20) 1+ k) —(n+1)(1+k) > H% —(n+D{(1+ )k
j=1
(g —=2v)(1 4 k1) —(n+1)(1 + k1) Z 1+k —(n+ {1+ )k +1
Jj=2v
Which is a contradiction.
Thus, we have wl ) £ w2 .
Therefore we complete the proof of Theorem 4.1. O

From Theorem 4.1, we can get the following consequences.
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Corollary 4.1. Let k; = oo for j =1,2v,...,q and

—k;) 1
NOJ (T, wgn)_aj) n 4 1
>

r—00 NISJ)<’ 1 ) q—(n+21/—|-1)

”
)

2 T4

If NOAj(r, 7) < ;T (r, w1 ) where 6(> 0) satisfy 0 < §; < %ﬁl"ﬂ) — %
(n)

If we assume Ey(a;, wy"”) C Ey )(a],w2 ) then A; = ¢ for j = 1,2v, ..., q and so we

can choose § = 0.

Therefore Theorem 4.1 is an improvement of following theorem

Theorem 4.2. Let w(z) and wo(z) be two v-valued and p-valued algebroid functions
determined by (2.1) on the annulus A (RLO,R0> (1 < Ry < +00), respectively and
pw<v,leta;(j=1,2,..,q) be ¢ > 4v + 1 distinct complex numbers or co. and for
a non-negative integer n, Eoo)(aj,wgn)) C Eoo)(aj,wén)) for 1 < j < q,Ex)(0,w1) C
By (0, ™), Boy (0, w3) C Eouy(0, wS™) and

ZN”( o)

lim inf 2= ’ > (n+1)

wl—a;

then wi”) = wén).

Corollary 4.2. Let n =0, k; = oo for j = 1,2v,...,q and

N (rwts) .
7_117¥T_1>£fN§)< 1 >>q—21/+1

T, w2—a;

Ifﬁfj( ey ——) < 6;To(r,wr) where §(> 0) satisfy 0 < Z §; < k— (21/—1—1)—%, then

w
1— ‘7 1

wy(z) = ws(z).

If we take ¢ = 4v+1 and E(a;,w;) C E(aj, ws), then A; = ¢ for j = 1,2, ..., dv+1.
Therefore, if we choose §; = 0 for j = 1,2,...,4v + 1 and take any constant -, such
that 0 < 2V—% in Corollary 2; we can get that wy(z) = wsy(z). Especially, if ¢ = 4v+1
and E(aj,w;) = E(aj,ws), then vy =1 and §; = 0 for j = 1,2,...,4v + 1. We can

obtain w; = ws,.
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Corollary 4.3. Let wy(z) and wy(z) be two v-valued and p-valued algebroid func-
tions determined by (2.1) on the annulus A (RLO,RO) (1 < Ry < +00), respec-
tively and p < v, let a;(j = 1,2,...,q) be ¢ > 5 distinct complex numbers or
00. Suppose that ki, ko, ..., k, are positive integers or oo; with ky > kg > ... > k, if

Ey;)(aj,wy) € Ey,(aj, wy) and :

Lk ky

=2 ]{Zj + 1 B ’y(lﬁ + 1)

—2v >0,

where ~ is stated as in Corollary 4.2; then w; = ws.

Corollary 4.4. Let w;(z) and wy(z) be two v-valued and p-valued algebroid func-
tions determined by (2.1) on the annulus A (RLO, Ro) (1 < Ry < +00), respectively
and p < v, let a; (j = 1,2,...,q) be ¢ > 5 distinct complex numbers in C U oo.
Suppose that ki, ks, ..., k,; are positive integers or oo; with k; > ks > ... > K, if

Ekj)(aj,wl) = Ekj)(aj,wg) and :

q
k; kq
— —2v >0,
2T T

1

then w; = ws.

Corollary 4.4 is an extension of Theorem 2.4 and also from Corollary 4.4 we obtain

Nevanlinna’s five-value theorem as follows

Theorem 4.3. Let wy(z) and we(z) be two v-valued and p-valued algebroid functions
determined by (2.1) on the annulus A (RLO,R0> (1 < Ry < +00), respectively and
pw<v,leta;(j=1,2,..,5) be 5 distinct complex numbers in CUoco. ]fEkj)(aj,wl) =
ij)(aj,w2) for j=1,2,....5, then then w; = w,.

Corollary 4.5. Let w; and wy be two v-valued and p-valued algebroid functions
determined by (2.1) on the annulus A (R%)’ Ro) (1 < Ry < +00), respectively and
pw<v,leta;(j =1,2,..,q) be g >4rv+ 1 distinct complex numbers or co. Suppose

that ki, kg, ..., k, are positive integers or oo; with ky > ko > ... > K, if Ekj)(aj,wl) C
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Ey;y(a;, ws) and :

Lk ) (m—2v — %)km 0y~ 0
— 2w+ —2v >0,
S+l k1) Y

where 7 is stated as in Corollary 4.2; then w; = ws.

In Corollary 4.1 if n = 0 and ¢ = 4v + 1 then we get the following theorem

Theorem 4.4. Let wi(z) and wy(z) be two v-valued and p-valued algebroid functions
determined by (2.1) on the annulus A (RLO,R0> (1 < Ry < +00), respectively and
p < v osuch that Exy(aj, w1) € Exy(a;,ws) for ar,as,...,a5 of CUoo. If

w1,
> N (r o)
wi1—a
. 7=1 1
lim inf > —
r—00 4u+1_k 21/

then wy(2) = ws(2).
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