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COMPLEX LINEAR DIFFERENTIAL EQUATIONS WITH
ANALYTIC COEFFICIENTS OF ITERATED ORDER IN THE
ANNULUS

BENHARRAT BELAIDI ) AND YAMINA LASSAL®

ABSTRACT. In this paper, we study the growth properties of solutions of the linear

differential equations
F® + By (2) f& D o+ Bi(2) '+ By (2) f =0,

FP 4B () f5 D 4+ Bi(2) f + Bo(2) f = F,
where By_1 (2),..., Bo (2) and F (z) are analytic functions of iterated order in an

annulus. We obtain some results concerning the estimates of the iterated order of

solutions of the above equations.

1. INTRODUCTION AND RESULTS

Throughout this article, we shall assume that the reader is familiar with the stan-
dard notations and fundamental results of the Nevanlinna value distribution theory of
meromorphic functions in the complex plane and in the unit discD ={z € C : |z| < 1}
(see [4],[5], [11], [15], [18]).

Several authors have investigated the growth properties of solutions in the com-
plex plane, in the unit disc and in a sector of the unit disc which are simple connected
domains, by using the theory of value distribution of Nevanlinna [3,6, 12,16, 19]. It
is well-known that Nevanlinna theory of meromorphic functions can be extended in
a modified form to multiply-connected plane domains, in particular in the annu-
lus [7,8,9,10,13, 14] which is a doubly-connected domain. In 2005, Khrystiyanyn

and Kondratyuk [7, 8] gave an extension of the Nevanlinna value distribution theory
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for meromorphic functions in annuli. In their extension the main characteristics of
meromorphic functions are one-parameter and possess the same properties as in the
classical case of a simply connected domain. From the doubly-connected mapping
theorem [1], we can get that each doubly-connected domain is conformally equiva-
lent to the annulus {z : r < |2| < R, 0 <17 < R < 400}. We consider only two cases:
r =0, R = 400 simultaneously and 0 < r < R < 4o00. In the latter case, the ho-

mothety z — \/i—R reduces the given domain to the annulus Rio < |z| < Ry, where

Ry = \/g . Thus, every annulus is invariant with respect to the inversion z — % in

two cases.

Before stating our main results, we give some notations and basic definitions of
the theory of Nevanlinna of meromorphic functions in the complex plane and then in
the annulus A = {z ; Rio < |z| < Ro} , where 1 < Ry < 400. Let f be a meromorphic

function in the complex plane, we define

m(r, f) = %/0 WlogJr ‘f (rew)‘dgo,

_ Tn(taf)_n(oaf)
N(r,f)_/o : dt +n (0, f)log r

and
T(r,f)=m(r, f)+ N(r, f) (r>0)

is the Nevanlinna characteristic function of f, where

logx, x> 1,
0,0<z <1

log* x = max (0,logz) =

and n (¢, f) is the number of poles of f lying in {z: |z| < t}, counted according to
their multiplicity. Now, we give some basic notions of the Nevanlinna theory in the

annulus A = {z : Rio <|z| < RO} , where 1 < Ry < +o00. Set

Nl(r,f):/lnl(?f)dt, N2(r,f):/Tn2(:’f)dt,

L 1
T

() = f) (1.5 ) = 2m(1,9),

No(r, f) = Ni(r, f)+ No(r, f),
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where ny (¢, f) and ny (¢, f) are the counting functions of poles of f lying in {z : t <
|z| <1} and {2z : 1 < |z] < t} respectively, counted according to their multiplicity.

The Nevanlinna characteristic of f in the annulus A is defined by

TO(va):mO(T7f>+N0(T7f)‘

Definition 1.1. ([17]) Let f be a nonconstant meromorphic function in the annu-
lus A = {z : Rio <zl < RO}, where 1 < Ry < 4o00. The function f is called a

transcendental or an admissible function in A provided that

T,
lim sup 20/ (r.f)

=40 if 1<r< Ry=+00
r—-400 10g7’

or

TO (Ta f)

lim sup — =+ooif 1 <r <Ry < +oo
r—Ry lOgm

respectively.

For all r € R, we define exp; r = expr = ¢" and exp,,,; r = exp(expp r),p€eN=
{1,2,3,...}. Inductively, for all » € (0, +o00) large enough, we define log, r = logr
and log,,, 7 = log(log, ), p € N. We also denote exp,r = r = log, 7, exp_, 7 = log; r

and log_, r = exp,; 7.

Definition 1.2. Let p > 1 be an integer and f be a nonconstant meromorphic
function in the annulus A = {z : Rio <|z| < RO}, where 1 < Ry < 4o00. The
iterated p—order of f is defined as

. lOg TO (T, f)
Pp.a (f) = lim sup————
r——+00 Og r

ifl<r<Ry=+4o00

or

. lOg TO (Ta f)
pp.a (f) =lim suplp—1
0og

r—Ry Ro—r

if 1 <r< Ry<+o.

Remark 1.1 For p = 1, this notation is called order and for p = 2 hyper-order, see

17].
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Definition 1.3 The finiteness degree of the order of a meromorphic function f is

defined by

0, if f is non admissible,

) min{j € N : p; 4(f) < oo}, if fis admissible and p; 4 (f) < o0
A =

for some 7 € N,

+o00, if p; a4 (f) = +oo for all j € N.

\

For k > 2, we consider the linear differential equations

(1.1) O+ By (2) fE D+ + By (2) f' + By (2) f =0,
(1.2) fO 4By (2) f* DV 4+ Bi(2) f' + By (2) f = F,
where By_1(z),..., By (2) and F'(z) are analytic in the annulus

1
A:{ZZR—<‘Z|<R0} (1<R0§+OO)
0

Recently in [17], Wu and Xuan have studied the growth properties of solutions of
higher order linear complex differential equations in A and obtained the following

results.

Theorem A. ([17]) Let By_1(2),...., B1(2), By (2) be analytic functions in the an-
nulus A = {z : Rio <zl < RO} (1 < Ry < 400) that satisfy
ma‘X{pA (BJ) : j = 17 27 SE) k— 1} < pA (BO) :

Then every solution f # 0 of equation (1.1) satisfies pa (f) = +o0 and po,a(f) >
pa(Bo) -

Theorem B. ([17]) Let By_1(2),...,B1(2), By (z) be analytic functions in the an-
nulus A = {z : Rio <zl < RO} (1 < Ry < +00) that satisfy
m

ax  {pa(Bj)} < pa(B).

0<j<k—1,j#

Then every solution f #Z 0 of equation (1.1) satisfies pa (f) > pa(By) .
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Remark 1.2 Hypothesis of Theorem B do not provide that a solution is an admissible

in A, so it is a priori assumed that f is an admissible.

In this paper, by using the concept of iterated order, we obtain some results
which extend and improve Theorems A-B from usual order to iterated order for
every non-trivial analytic solution of equations (1.1) and (1.2) . We mainly obtain the

following results.

Theorem 1.1 Let p > 1 be an integer and By_1(z),..., B1(2), Bo(z) be analytic
functions in the annulus A = {z : Rio <|z| < Rg} (1 < Ry < +00) such that

max{p, 4 (B;):j=1,2,...,k— 1} < p, 4 (By).
Then every solution f # 0 of equation (1.1) satisfies p, o (f) = +00 and ppr1,.4 (f) >
Pp,A (BO)

Remark 1.3 Setting p = 1 in Theorem 1.1, we obtain Theorem A.

Theorem 1.2 Let p > 2 be an integer and By_1(2),..., B1(2), By (2) be analytic
functions in the annulus A = {z ; Rio < |z| < Ro} (1 < Ry < 400). Suppose that

there exist three positive real numbers «, § and p with 0 < 8 < a, pu > 0, such that

we have
(1.3) To(r, Bo) > exp,_q {ar}
and
(1.4) To(r, Bj) <exp, {8}, j=1,...,k—1
if 1 <r < Ryg=+00as |z| =r — 400 for r € E, which satisfies f% = 400, or
E;
a
(15) TO (7’, BO) 2 epr_l W
and

(1.6) Ty (r, B)) sexpp_l{i} =1 k-1
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if 1 <r < Ry <400 as |z| =r — Ry for r € F,. which satisfies % = +4o00.

T

Then every solution f # 0 of equation (1.1) satisfies pp o (f) = +00 and ppi1,4(f) >
I

Remark 1.4 In [2], the Theorem 1.2 was obtained for p = 1 but under the condition
0<(k—1)p < ainstead of 0 < < a.

Theorem 1.3 Let p > 1 be an integer, let By_1(2),...,B1(z), Bo(z) and F (z) be

analytic functions in the annulus A = {z : Rio < |z] < Rp} (1 < Ry < +00) such

that for some integer s, 1 < s < k — 1, we have max{p, 4 (B;j) (j # 5), pp.a (F)} <
Pp.aA (Bs). Then every an admissible solution f of equation (1.2) satisfies ppa (f) >

Pp, A (Bs) .

Remark 1.5 Setting p =1 and F'(z) = 0 in Theorem 1.3, we obtain Theorem B.

Theorem 1.4 Let p > 1 be an integer, let By_1(2),..., B1(2), Bo(2) and F (z)
be analytic functions in the annulus A = {z : Rio <|z| < Rg} (1 < Ry < +00) such
that for some integer s, 0 < s < k — 1, we have p, 4 (B;) = 0o and max{p, 4 (B;)
(7 #8), ppa(F)} < oo. Then every an admissible solution f of equation (1.2) satis-
fies pp.a(f) = oo.

2. SOME AUXILIARY LEMMAS

We need the following lemmas to prove our results.

Lemma 2.1 [8,17] (The lemma of the logarithmic derivative). Let f be a nonconstant
meromorphic function in the annulus A = {z : Rio <zl < RO} , where 1 <r < Ry <

+00 and k > 1 be an integer. Then

O (logr), Ry =00 and pa(f) < +oo,
) O (log Rl_r> , Ry < 400 and py (f) < 400,
mo (T,—> = 0
O(lOgT—I—IOgTQ (Ta f))? r ¢ AT? RO = +09,
O <log Rol_r + lOgTO (T, f)) » T ¢ A;’a RO < +00,

\
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where A, C (1,+00) and A, C (1, Ry) are sets with [ % < 400 and f% < 400
A, Al
respectively.

In the next, we give the generalized logarithmic derivative lemma.

Lemma 2.2 Let p > 1 be an integer and f be a meromorphic function in the annulus
A= {z : RLO <z| < Ro} (1 < Ry < 400) such that p, o (f) = p < 00, and let k >1

be an integer. Then for any given € > 0,

(k)
mo (r, fT) =0 (exp,_, {r"™}), if 1 <r < Ry=+o0

holds outside a set A, C (1,400) with [ L < 400, or
Ay

mo(r,T):O epr_z{Ro—r} ,if 1<r < Ry < +o00

holds outside a set AL C (1, Ry) with [, 2= < +oc.

Ro

Proof. Case Ry = +o0. First for kK = 1. Since p, 4 (f) = p < o0, then for any given

¢ > 0 and sufficiently large r, we have

(2.1) To (r, f) < exp,_y {r"™}.

By Lemma 2.1, we have

(2.2) mo (r, f?) = O (logr +log Ty (r, f))
holds for all 7 outside a set A, with [ % < +oco. Hence, by (2.1) and (2.2) we obtain
Ar

(2.3) -0 pre A

) mo | T, 7)) (e:xqop_2 {r }) AN
Next, we assume that we have

) N

(2.4) mo (r, T) =0 (exp,_o {r"™°}), r ¢ A,

for a certain integer k > 1. Since Ny (r, f®) < (k4 1) No (r, f), it holds that
TO (Tv f(k)) =my (Tv f(k)) + NO (Tv f(k))

f(k)
< mo (7) oo (r f) + (k1) No (1. f)
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(2.5) < my (r, #

By (2.2) and (2.5), we again obtain

) +(k+ 1) Ty (r, ) = O (exp,_; {r"}) .

mo | r Uy =0 (logr +1 ®)) = pe
ol gr+ log Ty (r,f )) O(expp_z{r }), ré¢ A,

7@
(k+1) (k+1) (k)
o ( 5 ) = < o ) o (T’ fT)
= O (exp,_o {r"™°}), 7 ¢ A,

Case Ry < +o0. First for k = 1. Since p, 4 (f) = p < oo, then for any given € > 0

and hence,

and r — R, we have

(2.6) Ty (. f) < exp, | {L}pﬁ.

Again, by Lemma 2.1, we have

(2.7) mo <r, f7) =0 <1Og Rol_ —+log T (r, f))

holds for all r outside a set Al with [, Rf)l’;r < +00. Hence, by (2.6) and (2.7) we

obtain

! pte
(2.8) mo <r, f7> =0 (expp_2 {#} ) ,rd AL

Next, we assume that we have

(*) pre
(2.9) mo <r, fT) =0 (e:x;pp_2 {#} ) , T AL

for a certain integer k > 1. Since N (7’, f(k)) < (k+1) Ny (r, f), we deduce

2.10) T *)) < o k+1)T, =0 L

By (2.7) and (2.10), we again obtain

(k)Y
mo (r, (J;(k)) ) =0 (log Rol— -~ log Ty (r, f(k)))

I L
:O epr_2{ﬁ} ) T¢A;“
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(k+1) (k+1) (k)
o ( : f+ ) =mo ( fﬂ; ) o ( fT)

1 P+€
=0 epr_2{R0_r} , AL

and therefore

Lemma 2.3 Let f be a meromorphic function with finite iterated p—order p, 4(f) <

+oo. Then, for any set E, of (1,+00) with f% < 400, there ezists a sequence {ry,,
Er
rn & E.} such that

log, Tt (n,
lim —ept0m /) 0 (rn: /)

T'n—+00 log 7, = ppa(f) if 1 <rn < Ry = +o00,

or for any set El of (1, Ro) with [ % < 400, there exists a sequence {ré, rh ¢ ET/»}
E/

log,, Tj (7"7/1, f)
lim - = ppa(f) if 1 <7l < Ry < +o0.

r,é—)Ra IOg Ro—ﬁ/m

such that

Proof. Case Ry = +00. The definition of p, 4 (f) implies that there exists a sequence

{sn,n > 1}, s, — +o0 such that

. logp TO (Sn> .f)
lim ————
Sn—r+00 log s,

= Pp,A (f)

Setting [% = § < +oc. Then the interval [s,, (1 + €°) s,] meets the complement of
E;
E, since
(1+65)sn

/ ?zlog(1+e‘s)>5

Sn

Therefore, there exists a point 7, € [s,, (1 + 65) sp\E,. For r, € [sp, (1 + 65) sn]\Er,

we have

logp TO (Tna f) > 1ng TO (Sna f) _ logp TO (Sna f)
log r,, “log(l1+¢€%)s, log(l+e)+logs,

Hence

log, Tt (7, log, Tt (Sp,

T EUAIE DT ghlnl) .
T —00 log T Sn—++00 IOg (1 4 66)
14+ ———= ) logs,
log s,
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log, T4 (75, log, Tp ((1 + €°) s,
lim 08p 204, J) (ra /) < lim g 1o (1+¢) 50, f)
T'n—>=400 log Tn Sn—>+00 log Sn

Y <longo((1+65) sn,f) log (1—|—e5) +log s,
= lim .

log (14 ¢€%) s, log s,

Sp—+00

)ZPp,A(f)a

we deduce that
. logp TO (TVH f)
lim ——M=
Tn—>+00 log Tn

= pp.a(f)-
Case Ry < 400. The definition of p, 4 (f) implies that there exists a sequence {s],,n >
1}, s), — Ry such that

. IOg TO (8;7 f)
lim o0 L) ().

S,I,L—)Rg ]-Og RO_S{n

Setting [ % = log ¢’ < +o0. Since

Ef
RO—R(?/;?%
d
L —log(1+6) > logd,
R(] - T
. . / / __ Ro—s, / / / __ Ro—s), /
then there exists a point ry € [s],, Ro — ~57*]\Er. For my € [s],, Ro — ~57*]\ Er, we
have
/
o8, To (1 1) tog, To (s, ) 1o, To (5. /)
1 = / - 1 -
log - log 713 log (14 ¢") + log 7o~
Hence
log, Ty (7",/1 f) loo Th (s
. ’ . g 0 (Srm .f)
lim l - > lim P = ppa(f).
iRy 108 ) log (14 0) )
0 n ]_ —I— 1 10g Ro—s’
log oo n
By
log,, T <r7/1, f) log, Ty (Ro — R(So,fln, )
lim T < lim T
ré—)R& lOg Ro—rl, sp— Ry 10g Ro—s/,
' log,, T (Ro - P}O/—:j", ) log (6’ + 1) + log ROI_S,
= hrni 1 1 : ] 1 = = Pp,A (f) )
S,In—>RO Og Ro_srn Og Ro—s!
we obtain

log, Ty (rh, f)
lim = pp.a(f).
r,é—)Ra lOg ! P ( )
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3. PROOF OF THEOREM 1.1

Proof. Let f # 0 be a solution of (1.1). Set b = max{p, a(B;):j7=1,2,..,k—1} <
pp.A(Bo) = a. We divide through equation (1.1) by f to get

IR IO S W LI C)
(3.1) B () = 5 +;B]<z> )

By (3.1) and Lemma 2.1, it follows that

k1 k Jil
myo (T, Bo> S Zmo (7’, BJ) + Zmo <7’, T) -+ O (1)

O(logr—l—logTo (Taf))> RO - —|—C)O, r ¢ Aw

k-1
(32) < myo (Tv B) +
; j O (logﬁ +log Ty (r, f)) , Ry < 400, ¢ Al

where A, and A/ are sets with [ % < +o00 and [ Rf)l’;r < 400 respectively.
A/

Case Ry = +00. Since p, 4(By) = a and Ny(r, BO)TE 0, then by the definition of the
characteristic function and Lemma 2.3, there exists a sequence {r,, r, ¢ A,} such
that

lng TO (Tn, Bo)

lim = lim =aq.
P —34-00 log Tn rp—>+00 lOg Tn

log,, mo(7y, Bo)

Then, for any given € (0 < e < (a — b)/2), we have
(3.3) mo(rn, Bo) > exp,_; {re =}
and for j =1,2,...,k — 1, we have
(3.4) mo(rn, B;j) < exp,_; {rh}.
By substituting (3.3) and (3.4) into (3.2), we conclude for r,, ¢ A, sufficiently large
(3.5) exp, 1 {re°} < (k—1)exp,_; {ri™} + O(logr, + log Ty(ry, f)).
Noting that a —e > b+ ¢, by (3.5) we obtain
(1—-o(1))exp, ; {TZ_E} < O(logr, +logTo(ry, f))

which leads to p, 4(f) = 4+o00 and pp+1.4(f) > a = pp,a(Bo).
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Case Ry < +o00. Since pp 4(Bo) = a and Ny(r, By) = 0, then by the definition of the
characteristic function and Lemma 2.3, there exists a sequence {rl, i, & Al'} such

that

iRy 108

Then, for any given ¢ (0 < e < (a — b)/2), we have

(3.6) mo(r!, By) > exp,_; { <RO 1_ 7‘4) }
and for j =1,2,...,k — 1, we have

1 bte
(3.7) mo(rl, B;) < exp, { (RO - ré) } .

By substituting (3.6) and (3.7) into (3.2), we conclude for rh — Ry, rh ¢ A

1 a—¢e 1 b+e
exp, _ _ < (k—1)exp,_
p“{(Ro—r,é) } =1 ppl{(Ro—r,é) }

(3.8) +0 (log = ! ; +logT0(r{L,f)) :

0 — Tn

Since a — ¢ > b+ ¢, then by (3.8) we obtain

1 a—¢e 1
(1-oW)esp, , { () } <0 (los - +los B0, )

which leads to p, 4(f) = +o00 and ppr1.4(f) > a = p,.a(Bo). O

4. PROOF OF THEOREM 1.2

Proof. Case Ry = +00. Let f % 0 be a solution of (1.1). By substituting (1.3) and
(1.4) into (3.2), we conclude for r € E,\A, sufficiently large

(4.1) exp, ; {ar"} < (k —1)exp, ; {Br"} + O(logr +log To(r, f)).
Noting that p > 2 and a > > 0, by (4.1) we obtain
(1 —=o(1))exp,_; {ar"} < O(logr + log To(r, f))

which leads to p, 4(f) = 4+00 and pp41.4(f) > p.
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Case Ry < 4+00. Let f # 0 be a solution of (1.1). By substituting (1.5) and (1.6)
into (3.2), we conclude for r € F,\A!, r — Ry

«

Pyt |y < = Do { g |

1
(4.2) +0O(log B

o—T

+log To(r, f)).

Since p > 2 and o > 8 > 0, then by (4.2) we obtain

(1—o(1) exp, 4 {ﬁ} < O(log !

o—T

+log To(r, f))

which leads to p, 4(f) = 400 and ppi1.4(f) > p. O

5. PROOF OF THEOREM 1.3

Proof. Case Ry = +00. Set d = max{p, 4 (B;) (j # ), ppa(F)} < ppa(Bs) =c. If
pp.a (f) = 0o, then the result is trivial. Suppose that f is an admissible solution of

(1.2) with p = p, 4 (f) < oo. It follows from (1.2) that

F (k) (k—1) (s+1)
=T Lo B L
(s—1) /
(5.1) B, (2) ffT =B (2) % )(2) f{S).
Since Ny (r, fU+D) =0, it holds for j =0,...,k — 1 that
TO (7", f(j+1)) =My (7", f(j+1)) < my (T, f(?l)) + myo (T, f)
fU+D
(52) :To(’f’,f>—|—m0 <7’,T>.

By using (5.2), we can obtain from (5.1) that

To(r,B,) < Ty (r, F) + M- Ty (r, f) + > Ty (r, B))
J#s

k—1 ,
(5.3) +> “mg (r, f(];l)> +0(1),
§=0

where M > 0 is a constant. Applying Lemma 2.2, we have

(G+1)
(5.4) mo (r, / 7 ) =0 (exp, o {r"**}) (j=0,...k—1)
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holds for all  outside a set A, C (1,+00) with [ % < +oco. By substituting (5.4)
Ar

into (5.3), we obtain

To (r,Bs) < To (r, F) + MTy (r, f) + ZTO (r, B;)
s

(5.5) +0 (exp,_y {r"*°}), r ¢ A,.

Since pp 4(Bs) = ¢, then by Lemma 2.3, there exists a sequence {r,, r, ¢ A,} such

that

_ log, To(rs, Bs)
im =c.
Tn—+00 logr,

Then, for any given ¢ (0 < € < (¢ — d)/2) and sufficiently large r,, ¢ A,, we have

(56) TO(TTH BS) Z epr_l {chl_s}
and
(5.7) To (rn, F) < exp,_; {rff’e} , To(rn, Bj) < exp, {rff’e} (j #s).

By substituting (5.6) and (5.7) into (5.5), we conclude for r, ¢ A, sufficiently large

(58)  exp,y {17} < hexpy g {ri7} + MTy (. ) + O (exp, {r7}) -

Noting that ¢ —e > d + ¢, it follows from (5.8) that for r, ¢ A, sufficiently large

(5.9) (1 —o(1))exp,_y {ry "} < MTy(rp, ) + O (exp,_p {ri*°}) .

Therefore, by (5.9) we obtain

log, Tt (7,
Tpt>=400 1Og Tn

and since € > 0 is arbitrary, we get p, 4(f) > pp.a(Bs) = c.
Case Ry < 4o00. Set d = max{p,a(B;j)(J#s),ppa(F)} < ppa(Bs) = c. If
pp.a(f) = oo, then the result is trivial. Suppose that f is an admissible solution

of (1.2) with p = p, .4 (f) < co. Applying Lemma 2.2, we have

f(j+1) 1 pte
(510) mo (T, f ) =0 <epr_2 {m} ) (j = 0, ceey k— 1)
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outside a set Al C (1, Ro) with [, Rgir < 400. By (5.10), we can obtain from (5.3)
that
TO (’l“, Bs) S TO (T> F) + MTO (’l“, .f) + ZTO (T> Bj)
j#s
1 pte
- /
(5.11) +0 | exp, {Ro — r} (r¢ Al),

where M > 0 is a constant. Since p, 4(B;) = ¢, then by Lemma 2.3, there exists a

sequence {7“,/1, rh ¢ A’} such that

Then, for any given ¢ (0 < ¢ < (¢ —d)/2) and rh — Ry, rh ¢ Al we have

1 c—E€&
5.12 To(rl, B,) > exp,_ < )
(5.12) of ) M{%qg

and

Ro—rp

tofrh, B) < ew, 1 { (57) ) G #9)

Ro —7‘7/1

(5.13) %%QSWHHIJW}

By substituting (5.12) and (5.13) into (5.11), we conclude for rh — Ry, rh ¢ Al

c—¢ d+e
e ( 1 ) <ke ( L )
XD, _ E— ~ XP,_
pp 1 RO _ 7’7/L pp 1 RO . ’["T/L

1 pte
(5.14) +MT, (r,/L,f) +0 <expp_2 {ﬁ} ) .

0 — Tn

Noting that ¢ — e > d + ¢, it follows from (5.14) that for rh — Ry, rh ¢ Al

(1= o(1)exp, { (5= /)} < MT(r, f)

1 pe
5.15 +0 | exp,_ {7} )
( ) p—2 RO . ’["7/L
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Therefore, by (5.15) we obtain

rhsry  log

and since € > 0 is arbitrary, we get p, a(f) > p,.a(Bs) = c¢. This proves Theorem
1.3. U
6. PROOF OF THEOREM 1.4

Proof. Case Ry = +oco. Contrary to our assertion, we assume that f is an admissible
solution of (1.2) with p = p, 4 (f) < co. For any given ¢ > 0 and sufficiently large r,

we have

(6.1) To (r, f) < exp,_y {r"*}.

Set max {p, 4 (B;) (J # ), ppa(F)} = n < 4oo. Then, for the above ¢ > 0 and

sufficiently large r, we have
(6.2) To (r, Bj) < exp,_y {r"} (j#s), To (r, F) < exp,_, {r"}.

Thus, by substituting (5.4), (6.1) and (6.2) into (5.3), we get for any given € > 0
and sufficiently large r ¢ A,

To (r, Bs) < kexp,_y {r"*} + Mexp,_, {r*™}

(6.3) +0 (exp,_ {r"*}).

Therefore

ppa(Bs) <max{n+e,p+e} < 0.
This contradicts the fact that p, 4 (B;) = co. Hence, every an admissible solution f
of (1.2) satisfies p, 4 (f) = o0.

Case Ry < +oo. We suppose the contrary. Let f be an admissible solution of (1.2)

with p = p, 4 (f) < oo. For any given ¢ > 0 and r — R, , we have

(6.4) Ty (r, f) < exp,_4 { (Rol— T)pﬂ} :
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Set max {p, 4 (B;) (j #$),ppa(F)} = n < +oo. Then for the above ¢ > 0 and
r — R, we have

(6.5)

Ty (r, Bj) < exp,_, { (Rol_r)”“}’ (j#s), To(r,F) < exp,_, { (Rol_ T)nﬁ} |

Thus, by substituting (5.10), (6.4) and (6.5) into (5.3), we get for any given € > 0
and r — Ry, r ¢ AL

Ty (r, Bs) < kexp,_, { (Rol_ T)ﬁ-i—e} e { (Rol_ T)’“’s}
(6.6) 0 <epr_2 { (R%)}) |

Therefore

Ppa(Bs) <max{n+e,p+e} <oo.

This contradicts the fact that p, 4 (Bs) = oo. Thus, every an admissible solution f
of (1.2) satisfies p, 4 (f) = oco. This proves Theorem 1.4. O
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